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Abstract

This dissertation comprises three essays under the title "Three Essays on Trade,

Resource and Environment".

The first essay develops a model of international duopoly involving competition

both in prices and in levels of environmental friendliness, and studies the implications

of government policies. It is shown that, contrary to the conventional wisdom, a

regulatory increase in the minimum required level of environmental friendliness of the

imported goods may harm the home firm, and may result in an increase in the volume

of imports. It may also have adverse effects on the environment. Whether consumers

lose or gain from such a regulatory increase depends on consumption spillover effects.

We also show that, under certain conditions, the duopoly' s equilibrium choice of levels

of environmental friendliness is socially optimal.

The second essay investigates the properties of the dynamics of population and

resource in a model where the objective function is to maximize the utility level of the

least advantaged generation. Unlike in models with a utililiarian objective where the

typical outcome is a unique steady state, it is found in our model that there is a

continuum of steady states. Which steady state will be approached depends on the

initial conditions. We show that for relatively large values of the resource stock, each

steady state is conditionally stable inthe saddlepoint sense; but for small values of the

resource stock, the approach path to a steady state is non-monotone in the state space.

Along the approach path to a steady state, the implicit discount rate varies over time.

The third essay extends the existing literature on regulation of polluting firms by

taking into account the dynamics of investment in pollution abatement capital. It
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confirms that, under perfect competition, a Pigouvian tax can create the correct

incentive for firms to invest and guide firms to achieve the social optimum. This tax

path is time consistent. However, when there is a large polluter with priee taking

behavior, while an efficient and time consistent tax path exists, it is no longer subgame

perfect unless the damage cost function is linear in emission. A non-linear taxation rule

needs to be designed to achieve the socially optimal outcome. In the case of monopoly,

a pair of instruments, an emission tax and a production subsidy, can lead the

monopolist to achieve the social optimum. However, if pre-commitment is not possible,

it is shown that linear feedback rules cannat achieve the first best outcome.
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Résumé

Cette thèse, intitulée « Trois essais sur le commerce international, les resources

naturelles, et l'environnement », se compose de trois essais.

Dans le premier essai, on développe un modèle d'un oligopole international avec

deux firmes qui se font concurrence en choissant leur prix et le niveau de qualité

environnementale de leur produits différenciés. On utilise le modèle pour étudier les

conséquences de politiques environnementales du gouvernement. On démontre que,

contrairement à la sagesse conventionalle, une hausse obligatoire du niveau minimum

de la qualité environnementale des biens importés peut nuire à la firme domestique et

agrandir le volume d'importation. Elle peut aussi générer des effets néfastes à

l'environnement. Quant aux consommateurs, la réglementation peut entraîner des

pertes ou des gains, selon l'importance des effets externes. On démontre aussi que, sous

certaines hypothèses, les niveaux de qualité en équilibre sont optimaux au point de vue

social.

Dans le deuxième essai, on étudie les propriétés de l'évolution de la population et

d'un stock de ressource naturelle en utilisant un modèle ayant comme fonction

d'objectif la maximisation du niveau de bien-être de la génération la moins dépourvue.

Contrairement aux modèles ayant comme objectif la maximization d'une somme

actualisée d'utilité qui ont un seul état stationnaire, on démontre que dans ce modèle

maximin, il y a un continuum d'états stationnaires. Lequel de ceux-ci est approché

dépends des niveaux initiaux des stocks. Les états stationnaires correspondant aux

niveaux de ressource initiaux qui sont assez élevés sont conditionellement stables au

sens de point de selle. Pour des niveaux faibles de ressource initiaux, le sentier optimal

Vlll



n'est pas monotone. Le long des sentiers optimaux, le taux d'actualisation implicite

n'est pas constant.

Dans le troisième essai, on cherche à enrichir la littérature concernant la

réglementation des firmes polluantes, en tenant compte de l'accumulation du stock de

capital qui sert à réduire la pollution. On confirme que, en concurrence parfaite, la taxe

Pigouvienne peut donner aux firmes l'incitation à investir, et implémenter l'optimum

social. Le sentier de taxe sur l'émission satisfait la conditionde cohérence dynamique.

Quand il y a une grande firme polluante, le sentier optimal de taxe retient la cohérence

dynamique du point de vue du governement, mais ne constitue pas un équilibre à sous

jeu parfait, à l'exception du cas où la fonction de dommage est linéaire. Généralement,

on doit construire une règle de taxation qui n'est pas linéaire par rapport au taux

d'émission pour soutenir l'optimum social avec un équilibre à sous-jeuparfàit. Dans le

cas d'un monopole polluant, on montre qu'il y a un couple d'instruments (la taxe sur

l'émission et l'aide pour la production) qui peuvent implémenter l'optimum social. On

démontre que si l'engagement n'est pas possible, les règles de taxe et d'aide qui sont

linéaires par rapport au stock du capital ne peuvent pas assurer l'optimum social.
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Introduction

There have been, for the past three decades, a lot of concerns about the impacts of

economic activities on natural resources and the environment. While there exists a

large literature on these issues, sorne areas have not yet been thoroughly studied. This

thesis consists of three papers under the title "Three essays on trade, resource and

environment", in an attempt to apply economic theory to sorne real world issues and

also to explore sorne areas that have not been fully studied in the theoreticalliterature.

The contributions of this thesis are in terms of both modelling new issues and

applying more advanced analytical techniques. In chapter one, ecolabelling issues are

modelled in an international duopoly framework involving competition both in price

and in levels of environmental friendliness. This essay studies the implications of

government policies in order to provide sorne insights into these CUITent issues. In

chapter two, the maximin approach is used to explore sorne concrete properties of the

sustainable development. The distinct feature of this essay is its detailed analysis of a

complicated dynamic system, thus contributes sorne new features to this maximin

approach. In chapter three, the design of incentive schemes for pollution abatement is

analyzed. While there is a large literature on the regulation of polluting firms, sorne

relevant issues have not been fully explored. This essay, by setting up a dynamic

diffèrential game model, explores sorne implications of the interactions between the

regulator and the polluting firms.

In the first chapter, entitled "Ecolabelling, Environmental Protection and

Protectionism", the issue of ecolabelling and its impacts on trade and environment are

studied in a theoretical framework. According to the conventional wisdom, an increase
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in the level of environrnental friendliness of imported goods is a protectionist device,

and can also improve the quality of the environment. Ecolabelling has become a

popular issue due to the widespread public awareness of the environment. There are a

lot of activities taking place, such as the global ecolabelling networks. Several case

studies have been carried out in the late 1990s. There are, however, very few analytical

studies. This essay, by adopting a standard mode1 in Industrial Organization, attempts

to provide answers to sorne questions such as: (1) Would the domestic firm be better

off by requesting its governrnent to impose a mandatory ecolabel leve1 on imported

goods? (2) Would consumers gain or lose from such governrnent intervention? (3)

Does the increase in the level of environrnental friendliness really improve the

environrnent?

By setting up a two-stage international duopoly model consisting of a home firm

and a foreign firm that face home consumers who are concerned about the

environmental impacts of the products they consume, this essay attempts to provide

sorne answers to the above questions. After having characterized the equilibrium

properties of the game, this essay determines the conditions under which the home

government would have an incentive to intervene in the trade activities by imposing a

minimum requirement on imported goods.While a governrnent that seeks to maximize

its political support objective may want to interfere with trade activities by simply

imposing certain requirements of environrnental friendliness on the products, the

effects of such intervention on consumer surplus and domestic firms' profit are showed

to vary from case to case.
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Chapter one highlights sorne pitfalls in the literature on trade and environmental

protection: it seems too hasty to conclude that a legislated increase in the level of

environmental friendliness of the imported goods will protect domestic firms. It is not

always true that an increase in the level of environmental friendliness of products will

improve the environmental quality. There are two main results in this essay: First, a

legislated increase of the level of environmental friendliness of the imported good can

result in an increase in the volume of imports, thus cause the market share of the

domestic firm to fall. Second, an increase in the level of environmental friendliness of

the product may have adverse impacts on the environment. The results obtained in this

essay confirm the view that good intentions are not enough in decision-making process.

As to the second chapter, entitled "Evolution of Population and Resource with

Maximin Objective", a relatively new approach, the maximin approach, is adopted to

study the issue of optimal allocation of resources. In the context of the optimal

exploitation of natural resources, there are two streams: the utilitarian approach and the

maximin approach. In the maximin literature, Robert Solow has analyzed, in a

particular setting, the feasibility of an efficient constant consumption path across

generations. John M. Hartwick has found an interesting property ofthis path, that is, if

the net investment equals zero at every point of time, then a constant consumption path

can be achieved. This property has become so weIl known that it is referred to as

'Hartwick's Rule'. Although many economists have generalized this sustainability

issue, little has been done to study the concrete properties of the optimal path.

Therefore, the model in the second essay is the first model that deals with a global

characterization of the maximin solution in a complicated dynamic framework.
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In the model of the second essay, since population is endogenous and the natural

resource is renewable, there exist steady states, in contrast to Solow's model (1974)

where is no steady state. Moreover, unlike the typical utilitarian model, it can be shown

that there exists a continuum of steady states. The essay starts with a brief survey of

the maximin literature, followed by a simple set up of a general maximin problem. By

relaxing sorne conventional assumptions such as constant population and exhaustible

resource, this essay systematically examines the properties of maximin paths and the

associated path of the implicit discount rate. There are two main interesting findings.

Firstly, for relatively large values of the resource stock, steady states are conditionally

stable in the saddle point sense. But for small values of the stock, the approach path to

a steady state is not monotonie in the state space. Secondly, along the approach path to

a steady state, the implicit discount rate varies with time. It can also be shown that the

implicit discount rate converges to a constant that depends on the initial values of the

state variables.

The techniques used in the second essay are more advanced than the usual

optimal control theory model. The difficulties arise because of the non-standard

objective function, a maximum constant utility level, and the complicated dynamic

system in which the two state variables are intertwined in a more complex way.

Numerical simulations have been carried out and the outcomes support the general

theoretical conclusions.

The third chapter deals with incentive-based environmental policy issues. One of

the roles of the government in a market economy is to design policies that would help

the economy to achieve efficiency in the allocation of resources, whenever there are
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market failures. For the issue of pollution control by means of emission taxes, there is a

large literature. But there are still sorne questions that have not been fully studied. For

example, if the pollution abatement capital has to be built up gradually, what are the

properties of efficiency-inducing taxation in a dynamic context? How do these efficient

taxes depend on the market structure? The model in this chapter, by setting up a

differential game, explores the possibility of designing efficient emission taxes that

would satisfy sorne desirable properties, such as time consistency and subgame

perfection.

The conventional approach in the study of emission taxes has relied on a two or

three period model, thus the conclusions on time consistency and subgame perfection

of the optimal taxes are constrained by the setting up of the finite horizon model. This

chapter, by adopting an infinite horizon model, considers a more realistic pattern of

investment behavior of polluting firms, and sorne more plausible conclusions have been

obtained.

This essay starts with a brief literature review. By setting up a basic model - the

benchmark scenario - the social optimum is examined. Then in the perfect competition

scenario, this essay confirms that the social optimum can be achieved by levying an

emission tax on polluting firms, and the time path of this emission tax is time

consistent. Sorne interesting results are obtained when different market structures are

taken into account. In the case where there is a large polluter with price-taking

behavior, it can be shown that there exists a time consistent path of emission tax that

can lead the firm to achieve the social optimum. If the emission tax is restricted to be

linear in emission, the property of subgame perfect can be satisfied only if the marginal
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damage cost function is independent of emission level. Nonetheless, if emission tax can

be non-linear in emission, subgame perfection then can be ensured even if the marginal

damage cost function is increasing in emission level. In the case of monopoly, the

model shows that a pair of instruments - an emission tax and a production subsidy,

{e(t), s(t)} , can correct the two distortions and guide the polluting monopolist to

achieve the social optimum. This pair of instrument is time consistent. Under

monopoly, however, subgame perfection cannot be achieved by linear tax rules even

when the damage cost function is linear.

The model of the third essay utilizes a differential game methodology to capture

the dynamic interactions between the government, as the leader, and the polluting

finns, as followers. The leader, while designing its policy, needs to take account of the

response of the followers to such policy. The differential game framework captures

these strategic interactions.

These three essays share a common theme: how to improve the economlC

efficiency in the context of resource exploitation and environmental management.

Different techniques are employed to facilitate the analyses. The first essay utilizes a

standard economic approach - comparative statics - to shed some lights on the current

ecolabelling issue. The second and the third essays apply the dynamic optimization

techniques to study the interactions betweeneconomic agents, and the environment as

weIl. It is hoped that this dissertation can fill in some gaps in the literature and provide

some stimuli for further research.
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ESSAY ONE

Ecolabelling, Environmental Protection and Protectionism

1.1 Introduction

While it is widely accepted that international trade is generally gainful for

aIl countries, the increase in trade volume in the past two decades has also been

accompanied by environmental problems such as deforestation, increased use of

chemicals in agriculture, depletion of scarce resources (such as sea horses, etc.).

In fact, the growth in trade volume and trade liberalization have gradually led

to a widespread public awareness of environmental issues. Such awareness has

found its expression in the formation of environmentally minded pressure groups,

and even political parties (such as the Green Party) that seek to put pressure

on governments to influence policies on trade and the environment. It has also

been manifested in the market place, as more and more consumers are becoming

increasingly concerned with the environmental and health properties of goods and

serVIces.

Consumers, especially those in developed countries, have voiced their concerns

about the impact of the production processes on the environment. They become

more responsive to product labelling schemes, and sorne consurners are even willing

to pay more for a product if its production process is more "friendly" to the

environment. As a result, in sorne industry sectors, firms have strong incentives to

label their products as "environmentally friendly". Consumer activism not only
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affects consumption demands for environmentally friendly goods, it is also refiected

in investment choice, as examplified by the "socially responsible investing" (SRI)

principles. According to the magazine "The Economist" (July 8, 2000), among

Britain's top 25 pension funds, 21 of them intend to incorporate SRI principles.

As oLJuly 3rd, 2000, British pension funds have been required by law to disclose

whether they will take account of the environmental, ethical and social impacts of

their investments.

Firms have recognized that environmental awareness can be a source of market

opportunities, and have used it as a theme for advertisements as weIl. For exam-

pIe, the Body Shop, a cosmetics producer and retailer, pledges the company's

commitment to environmental and animal protection. Home Depot, a huge and

widely admired home improvement retailer, has pledged to give preference to lum-

ber certified by Forest Stewardship Council (FSC) 1 and to stop buying wood from

endangered areas by the end of 2002. More and more firms are offering products

labelled as "green products". Eco-Iabelling schemes are becoming more and more

popular not only in western economies, but also in emerging market economies,

for example, the "green food" in China, and the "green cotton" in India.

In several countries, working groups have proposed the adoption of eco-labelling

schemes, which either require or encourage producers to supply the information on

1 See Ford Foundation Report, Fa1l2000, 4-8. According to this report, the Forest Stewardship
Council (FSC), an international non-profit organization which has national working groups in 16
countries, accredits certifying organizations that evaluate management practices in forests. As of
now, about 45 million acres, or about 5% of the world commercially logged forestland, including
about 6.2 million acres in the US, are certified by FSC. To be certified, a forest operation must
show evidence of environmetally friendly management practices.
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the environmental characteristics of a commodity to the public. These schemes are

based on the so-called life-cycle analysis2 (LCA) and are essentially aimed at fur-

thering environmental objectives. Currently, many developed countries are actively

involved in eco-Iabelling schemes. Even though there still remain disagreements

on sorne ethical issues concerning trade and the environment, and on the effective-

ness of such schemes, sorne attempts at formulating criteria and implementation

have been undertaken, mainly by European countries. A prominent example is the

German "Blue Angel" schemé.

Sorne limited evidence has lent support to the presumption that eco-labelling

could result in positive environmental effects. (1) Norway's imports of fine papers

originating from Brazil declined significantly after the introduction of an eco-label;

(2) a few years after the introduction of the eco-labels for oil and gashe'1ting ap-

pliance under the German "Blue Angel" programme, emission of sulphur dioxide,

carbon monoxide, and nitrogen oxides were reduced by more than 30%; (3) in the

D.S., the tuna product without "dolphin-safe" designation have disappeared from

the supermarket shelves4.

The environmental effects of eco-labelling depend largely on the relevance and

significance of eco-labelling criteria as weIl as the market share of eco-labelled

2 A LCA or "cradle-to-grave analysis" is an assessment of environmental factors present in
the production, use, and disposaI of a product.

3 Eco-Iabelling schemes exist in Germany, Canada, Japan, Norway, U.S., Sweden, New
Zealand, India, Austria, Australia, Republic of Korea, Singapore, France, Netherlands, and Croa
tia. At present, eco-Iabelling schemes are mostly voluntary.

4 See Jill McClusky (2000a). Sorne firms have boycotted the importation of certain products
that are not environmentally friendly. For example, Lowe's Companies have stopped buying
ramin dowels produced in Indonesia, switching ta US poplars. Lowe's said it would stop buying
wood from the Great Bear Rain Forest in British Columbia, Canada (see Ford Fondation Report,
2000.)
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products, which depend on consumers's preference and on the responsiveness of

producers. Eco-labels which serve to inform and educate consumers on a product's

environmental advantage are regarded as being able to create demand pressure,

which may encourage innovation towards environmental friendliness, thus lead to

a reduction in harmful environmental impacts of production and consumption.

However, there is so far no systematic assessment on how, and how much, eco-

labelling can contribute to reducing environmental stress hence improve social

welfare.

One argument that has been made against eco-labelling is that it can be used

as a technical barrier to trade (TBT). Even if sorne eco-labelling schemes might

initially recommend voluntary eco-labelling practice, would the adoption of such

schemes eventually lead to sorne countries requiring certain products to satisfy

sorne minimum level of environmental friendliness? In fact, today's voluntary la-

bels may become tomorrow's mandatory minimum standards5 . The United States

has protested against the European attempts to require eco-labelling of agricul-

tural products containing genetically modified organisms, on the ground that such

labelling would discriminate against American products. In addition, in sorne cases

certification of eco-labels can be quite costly. For example, Vietnamese exporters

of the skin of farmed crocrodiles have not been able to find funds to acquire ISO

certification.

5 The ISO lists 440 environmental standards. According to Moenius (1999b), the nurnbers
of environmental standards in the Netherlands, Germany, France, and USA are respectively 89,
40, 60, and 21 respectively. For a thought-provoking survey of issues involving the entwining of
environmental and trade policies, see Anderson (1997).
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As more and more eco-labelling schemes imposed by developed countries are

beginning to have impacts on international trade, developing countries are be

coming more exposed to the effects of eco-labelling. Sorne developing countries

(e.g,. Brazil, Indonesia) have introduced their own eco-labelling system in order to

counter the impact of the schemes of developed countries. Eco-labelling schemes

may result in de facto discrimination against imported products and serve as tech

nical barriers to trade; in particular, they may have an impact on cost competi

tiveness and on the attractiveness of a product, labelled or unlabelled product, in

the market.

Several case studies have highlighted sorne possible impacts of eco-labelling

schemes on trade fiows. Pedro da Motta et al. (1997) concluded that the proposed

EU labels in relation to textile, pulp and paper, and footwear will be difficult for

sorne Brazilian firms to acquire because of their small size, and of other techno

logical constraints. They also questioned the relevancy of the criteria. Lily Ho et

al. (1997), in their investigation of the Colombian case, concluded that the costs

of complying with EU standards were much higher for Colombian producers than

for EU producers because of the way the criteria are framed.

To the extent that less developed countries may find it difficult to satisfy sorne

eco-labelling requirements imposed by developed economies, sorne interesting ques

tions arise: (1) would firms in developed economies gain by exerting pressure on

their governrnents to impose mandatory eco-labelling, or sorne minimum require

ment of environmental friendliness on the imported goods? (2) would governments
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of developed countries act in response to such pressure? (3) Do consumers gain or

lose from such policy? (4) Does the volume of imports neeessarily fall as a result

of increased environmental requirement? (5) Does an increase in the level of envi

ronmental friendliness of the products really improve the environmental quality?

In an attempt to provide sorne answers to the above questions, this paper

presents a model of an international duopoly, consisting of a home firm and a for

eign firm that face consumers who are coneerned about the environmental impacts

of the production proeesses of the goods they consume. The priee that consumers

are willing to pay for a good is assumed to be an increasing function of the de

gree of environmental friendliness of its production proeess. The firms therefore

compete on their levels of environmental friendliness. However, the more environ

mental friendly a production proeess is, the higher is the average variable cost of

producing the good. In addition, the firms must incur a set-up cost that is a non

decreasing function of the level of environmental friendliness. The game between

the two firms is modelled as a two-stage game. In the first stage, firms choose the

level of environmental friendliness of their own products, and incur a set-up costs.

In the second stage, they compete in priees.

Using this model, we characterize the equilibrium of the game between the

dllopolists. We then proceed to find sorne policy implications. Suppose the gov

ernment of the home country wishes to maximize its political support function,

which is a weighted average ofthe gain in consumers' surplus (which includes their

evaluation of environmental quality) and the gain to the home firm. We wish to find
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conditions under which the home government would have an incentive to intervene

in the market by imposing a minimum requirement of environmental friendliness

on the imported goods. Would such an action be beneficial, or harmful, to the

home firm? Would it result in an environmental improvement?

It turns out that, under certain conditions, imposing a minimum level of envi

ronmental friendliness on the imported goods may result in an increase in import

volume, and a fall in both the market share and the net profit of the home firm.

Thus, contrary to the conventional wisdom, it is in general not true that imposing

environmental requirement is necessarily a barrier to trade or a protectionist de

vice. Vnder sorne otherconditions, the government may find that the laissez-faire

levels of environmental friendliness chosen by the duopolists are in fact socially

optimal.

Our analysis reveals that in general one cannot presume that an increase in

environmental requirement on imported goods will help the home firm, or the

environment. The model points to the important trade-offs that one must look for

in environmental and trade policies. It also reminds us that a good intention (e.g.,

seeking to improve the quality of the environment) may result in a bad outcome

(greater harm to the environment.) As Samuelson once pointed out, the problem

is to go beyond the good intention.

The model of this paper is built on the earlier work on duopoly and trade, as

exemplified by papers of Brander and Spencer (1985), Eaton and Grossman (1986).

However, in discussing government policies, instead of trade taxes or production
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subsidies, we focus on the imposition of a minimum environmental requirement.

Our paper is however different from the existing models on standards, which largely

focus on the issues of compatibility and network externalities (for example, Matutes

and Regibeau (1996), Jeanneret and Verdier (1996), Economides (1996), de Palma

and Leruth (1996)).

In a recent paper, Fischer and Serra (2000) analyzed a model of Cournot rivalry

in which the home country may impose a minimum standard. They obtained a

number of interesting results on the relationship between minimum standard and

relative market size. They made the simplifying assumption, however, that the

utility function does not have a parameter that would shift the demand curve as

standards, or quality levels, are changed. In contrast, in our paper, for given priees,

consumers prefer products with higher levels of environmental friendliness. It is

this feature that creates incentives for firms to respond to consumers' preferences.

Our paper also differs from models of quality choiee, as developed by Leland (1979),

Shapiro (1983), Ronnen (1991). Each consumer in our model cares not only about

the environmental impact of his own consumption, but also about the total damage

to the environment that results from the total consumption by the society. Finally,

in postulating a political support function, we follow the footsteps of Hillman (1982,

1989,1991) and Hillman and Ursprung (1988) in their analysis of protection.

vVe have chosen the duopoly framework because we believe that this type of

model offers a greater scope for the analysis of international rivalry in the choice of

environmental characteristics of goods. On the other hand, a perfectly competitive
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market structure would allow focussing on different issues. For example, Copeland

and Taylor (1994, 1995) assume perfect competition and focus on general equilib

rium linkage between income, pollution, and trade patterns. Schleich and Orden

(2000) also assume that firms are perfectly competitive, and focus on "contribution

schedules" that industry pressure groups offer to the government so as to influence

policies.

The rest ofthe paper is organized as follows. In section 1.2, we present the basic

model and analyze the equilibrium properties of the two-stage game between the

duopolists. In section 1.3, we study the effects ofa policy of imposing a minimum

environmental requirement on imported goods, and on home goods. Section 1.4

offers sorne conduding remarks.

1.2 A Model of an Eco-Iabelling Duopoly

1.2.1 The basic assumptions

We consider, for simplicity, a product category for which the degree of envi

ronmental friendliness can be objectively measured, and can be represented by an

index e, a real number, in the real interval [eL, eH]. For example, a cardboard may

contain 75% recyded material (thus its e= 0.75). (This is distinct from the "bi-

nary case" where an index must be either zero or one, snch as a prodnct contains,

or does not contain, genetically modified ingredients, where, in the latter case,

the product would be labelled as GMO-free.) We must note two important facts:

(i) in the real world, eco-labels, to be credible, need certification by independent
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certifying organizations that are themselves certified6 ;(ii) even in the continuous

variable case, certifying organizations do not provide a continuum of labels7
. For

simplicity, we abstract from the discreteness of certification.

The product group consists of two differentiated goods, denoted by X and Y.

Even in the absence of eco-Iabelling, these goods are already differentiated. Eco-

labelling provides another dimension of differentiation. For example, good X is

a recyclable paper bag, and good Y is a recyclable plastic bag, eco-Iabelling may

indicate the percentage of recycled material used to make these bags.

Good X is produced by a single firm, called firm X, located in a developed

country (the home country) and good Y is produced by firm Y in a developing

country (the foreign country). The two firms compete in the home country. Let

ei denote the actual degree of environmental friendliness of good i (i = X, Y), a;

denote the index 'repo'rted on the label, and Of denote the representative consumer's

pe'rceived level of environmental friendliness of good i. Each firm i has the choice

between (a) practising eco-Iabelling, i.e., printing a value a; and (b) not practising

eco-Iabelling. VVe assume that there are heavy penalties for telling lies, so that if

the firm chooses action (a), it will print the true value, and consumers, knowing

that firms do not dare to lie, believe in the reported value ar, i.e., a; = af = ai. If

a firm i chooses action (b), then af = aL, that is, the consumers will think that ai

6 For example, two certifying organizations in the US, SmartWood, and Scientific Certification
Systems, have been accredited (i.e., certified), in turn, by the Forest Stewardship Council. See
the Ford Foundation Report (2000, p. 5).

7 For example, a chain-of-custody certification is available for manufacturers of furniture who
can demonstrate that any assembled final product consists of at least 70% certified wood. See
Ford Foundation Report (2000, p. 6).
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is at its lowest level. In what follows, we assume that cost and demand parameters

are such that both firms find it profitable to practice eco-Iabelling.

We now specify the utility function U of the representative consumer in the

home country. We assume that U is quasi-linear: it is linear in the numeraire good,

denoted by Z, and non-linear in goods X and Y. The market for good Z is perfectly

competitive and its priee is Pz = 1 by normalization. Let lowercase letters, such

as x, y and z, with subcript j, denote the quantities consumed by individual j. We

denote by X_ j and Y_ j the quantities of goods X and Y consumed by individuals

other than j, and adopt the specifie functional form

where

{ B 2 B 2
u(x· y.)= Aox·--x.+Aoy·--y·-Dx·y·}

J' J J 2 J J 2 J J J

with Ao > 0, B > 0 and 1 > O. In addition, we postulate that B > D to ensure

that u is strictly concave in (Xj, Yi).

The terms inside the brackets {...} are the familiar quadratic utility function

that one often encounters in industrial organisation models. The term (()II - ()x) is

a measure of the shortfall of the actual degree of environmental friendliness of good

X from the maximum ()H. Thus (()H - ()x)Xj is consumer j's perception of the

harm done to the environment by his own consumption, Xj. The parameter 1 is the

consumer's marginal evaluation of environmental impact of consuming the product.

The parameter {3 measures the degree of consumer's coneern about other people's
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consumption and can take any value in the real interval [0,1]. There are two polar

cases. If (3 = 0, this indicates that consumer j is only concerned with the impact

of his own consumption on the environment. If (3 = l, then Xj + (3X_ j is society's

total consumption of good X, and the term (eH - ex) [Xj +(3X_ j ] = (eH - ex) X j

may be thought of as representing the environmental damage caused by aggregate

consumption of good X. In the intermediate case where °< (3 < l, the consumer is

more concerned about the effect of his own consumption on the environment than

the effect of other people's consumption. It is worth noting that this specification

of the utility function implies that, even though good Y is produced abroad, the

residents of the home country care equally about the environmental damages in

both countries.

It is important to stress that our formulation is quite different from the conven

tional "product quality" formulation, where each consumer j does not care about

the total amounts X_ j and Y_ j consumed by other individuals. In our "environ

mental consciousness" formulation, as long as (3 =J 0, other people's consumption

affects consumer j's utility. He is concerned not only about the environmental

damage caused by his own consumption, but also about the damage caused by

others' consumption. As we will show in a later subsection, the impact of the

choice of ex and ey by firms on the consumer's surplus and domestic firm's net

profit depends on the value of (3. Consequently, optimal government policies, such

as minimum requirement on the levels ex and ev, also depend on {J. So, we may

caU {J the "consumption spillover effect coefficient."
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Let M j denote the income of consumer j. He takes the priees Px, Py and Pz

, and the quantities X_ j and Y_j, as given, and chooses the quantities Xj, Yj and

Zj to maximize his utility Uj subjeet to the budget constraint

Assuming that the maximum is an interior one, (i.e., all three goods are con-

sumed in positive amounts), theindividual j's demand funetions for goods X and

y are:

.- ( . e e )_A(B-D)-B(Px-,ex)+D(py-,ey )
x J - X Px, Py , x, y - B2 _ D2

and

. _ (P pee) _ A(B - D) - B(Py -,ey ) + D(Px -,ex)
YJ-Y x, y, x, y - B2_D2

where A is defined by

A =Ao -,eH

we assume A > o.

(1.1 )

(1.2)

The demand functions (1.1) and (1.2) are intuitively appealing. The term

(Px - ,Bx) can be interpreted as the "net priee" of good X: in consuming a unit

of good X, which has the environmental friendliness levelBx, the consumer incurs

a "monetary cost" of Px dollars, but reeeives a "psychological benefit" valued at

,Bx. A similar interpretation applies to (Py - ,By ). Note that the two goods are

substitutes if D > O. In what follows, we will focus on this case.

1.2.2 The two-stage game between the firms
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The basic setting We consider the following two-stage game between the duopolists.

In the first stage of the game, each firm decides on the level of environmental friend-

liness of its own product, i.e., firm X, in the home country (respectively, firm Y,

in the foreign country) chooses a level 0x (respectively, Oy) in the real interval

[OL, OH]. This choiee involves the choiee of a production proeess. In the second

stage of the game, the duopolists compete in the home country, by choosing priees.

Thus, in the second stage, the two firms are Bertrand rivaIs in differentiated prod-

ucts. 8

The greater is Ox, the greater will be the average variable cost. For firm X,

its average variable cost is denoted by f(Ox),which we assume to be independent

of the output level. For firm Y, the average variable cost is denoted by 9(Oy ). In

addition, there is a set-up cost F(Ox) for firm X and G(Oy) for firm Y. The set-up

costs are incurred in stage 1. Since there are N identical consumers in the home

country, and since by assumption the firms sell their products only in the home

country, the net profit functions of the firms are

In what follows we assume that the functions f(.) and g(.) incurred in stage

two are strictly convex and increasing: l' > 0, f" > 0, and g' > 0, g" > o. The

8 An alternative formulation would be to specify that, in the second stage, they would choose
output levels, i.e., they would be Cournot rivaIs in differentiated products. Appendix B shows
that the results for the Cournot case are very similar to the Bertrand case, because we are dealing
with policies on environmental friendliness levels, not on output tax or subsidy (where results
are known ta differ).
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functions f(.) and g(.) are not necessarily identical. For example, it is possible that

g(Oy) = bB~ while f (0x) = aOi , where a < b, for example, firm Y, located in a less

developed country, has a higher cost of achieving any given level of environmental

friendliness in its production process.

In order to obtain the interior solution of 0, we assume that the variable cost

functions satisfy the following conditions:

These assumptions imply (see Figure 1.1) the existence of a unique critical value

O~ in [OL, OH] and a unique critical value Of in [OL, OH] that satisfy

f'(O~) = J = g'(Of) (1.3)

At the value of, a marginal increase in the level of environmental friendliness of

good i would raise the average variable cost by an amount that is just equal to the

consumer's marginal valuation of environrnental impact, J' We will see later that

the values O~ and Of play an important role in the analysis of market equilibrium

and social welfare.

To solve this problem, we start from stage two - finding the Bertrand equilib-

rium, for any given pair (0x, Oy) which was chosen in stage one.

Stage 2: the Bertrand equilibrium Given (0x, Oy), firm X chooses Px to maximize

1fx, taking Py as given. This gives the first order condition:

a1fx ax
aP

x
= Nx(Px,Py,Ox,Oy)+N[Px-f(Ox)]aP

x
=0 (1.4)
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Similarly, firm Y's first order condition is

8~y 8y
8P

y
= Ny(Px,Py , 8x, 8y ) + N[Py -g(8y)] 8Py = 0 (1.5)

Equations (l.4) and (1.5) determine a unique pair of equilibrium priees Pl(8x ,8y )

and Pt· (8x, 8y ) where the superscript b indicates that this is a Bertrand equilib-

l'lum. The equilibrium depends on the given pair (8x, 8y ) that was chosen in stage

1.

From (1.4), we obtain firm X's reaction function:

where

We can represent this reaction function in a diagram (see Figure 1.2) with Py along

the horizontal axis and Px on the vertical axis. The graph of the reaction function

is a straight line, with positive slope D / (2B) < 1/2 (Recall that we assumed

B > D > 0). The vertical intereept of this reaction function is Ix (8x, 8y ).

Since we willlater carry out comparative static analysis with respect to 8x and

8y , it is useful to note that, at this stage, changes in the values of any 8, the level

of environmental friendliness, will affect the reaction functions. An increase in 8y

will shift the vertical intercept Ix(ex ,ey ) downward. This means that, if Py does

not change, a higher 8y (meaning good Y becomes more environmental friendly)

will cause firm X to lower its priee, because firm X now faces a "stronger" rival.

By contrast, an increase in 8x will shift the vertical intercept Ix (8x, 8y ) upward;
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henee, for a given Py , firm X will raise its priee due to both the increased variable

cost and the increase in its attractiveness.

Similarly, from (1.5), we obtain for firm Y the reaction function:

where

1
Jy(ey ) - - [A(B - D) + Bg(ey ) + ,Bey -,Dex ]

2B

The intersection of the two reaction functions gives the Bertrand equilibrium

pair of priees (P_~, pt), for given (ex, ey ):

where

1
if; - 4B2 _ D2 and E - if;A(B - D)(2B + D)

The Bertrand equilibrium priees (pl, pt) have the fol1owing properties

and

Similarly,

apl(ex ,ey
) = if;BD [g'(e y ) -,]

aey (1.7)

and

(1.9)
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Proposition 1.1: (Comparative statics on Bertrand equilibrium priees

and net priees)

(i) A marginal increase in Bi will always result in an increase in the Bertrand

equilibrium priee of good i.

(ii) The effect of such increase on its rival's price depends on the initial level

of Bi : (1) If Bi < Bf ,a marginal increase in Bi will lead to a fall in the Bertrand

equilibrium priee of good j; (2) If Bi > Bf,a marginal increase in Bi will lead to a

rise in the Bertrand equilibrium priee of good j

(iii) The effect on its own net priee also depends on the initiallevel of Bi : (1)

If Bi < Bf, then a small increase in Bi will lead to a fall in the equilibrium net

priee of good i; (2) If Bi > Bf ,then a small increase in Bi will lead to a rise in the

equilibrium net priee of good i.

Intuitive explanation: The increase in P'X in response to a small increase

in ex is due to bath (i) the increase in average variable cost, and (ii) the increase

in the attractiveness of good X to the consumers who care about environmental

impact of the products. The sign of this equilibrium response is positive, i.e., it is

independent of the initial value Bx. By contrast, the sign of the effect of a small

increase in Bx on the equilibrium priee of the rival product, pt, depends on the

initiallevel ex. A small increase in ex canses pt to fall if ()x is initially lower than

B~, and to rise if ex is initially greater than e~. This is because an increase in ex by

an amount é shifts the reaction function R y (Px; ex, By ) to the left by the distance

réD/2B and at the same time shifts the reaction function Rx (Py ; ex, By ) upwards
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by (1/2) [J'(Bx ) +,] E. This upward shift is greater, the greater is the initial Bx .

The leftward shift in Ry (Px; Bx, By ) means that good Y becomes relatively less

attractive, for given priees, and this by itself tends to induee firm Y to reduee its

priee (point E2 ). But the upward shift in Rx (Py ; Bx, By ) means that firm X will

increase its price, both due to higher cost, and higher demand. If this price hike is

lar'gely due to cost rather than demand (and this occurs if the initial ()x exceeds

B~), then the optimal reaction of firm Y is to increase its price instead (point E 3 ).

(See Figure 1.3.)

We now turn to the equilibrium outputs in stage two. The equilibrium outputs

are denoted by

xb(Bx,By ) =x(Pl,P~,Bx,()y) and yb(()x,By ) = y(Pl,P~,()x,()y), and these

equilibrium quantities can be expressed by

xb(()x, ()y) = 0 [A(B - D) - B(pl(()x, ()y) - ,()x) + D(Pt(()x, By ) - ,()y)]

(1.10)

and

yb(Bx ,By ) = 0 [A(B - D) - B(Pt(()x, By ) -,()y) + D(pl(Bx , By ) -,()x)]

(1.11)

Equivalently, using the first order conditions for stage 2 maximization, we can

derive x b
, yb as follows:

(1.12)
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and

(1.13)

Using either (1.10) or (1.12), we obtain the following comparative static results

for firm X:

(1.14)

Equation (1.14) implies that the equilibrium priee response and the equilibrium

quantitity response with respect to its rival's parameter ey are in the same direc-

tion. But

(1.15)

That is, the equilibrium quantitity response with respect to its own ex depends on

the initial level of ex, i.e. the response is in the same direction as the equilibrium

priee response, if ex < e~, but is in the opposite direction if ex exeeeds the critical

value e~).

Similarly, for firm Y,

(1.16)

(1.17)

Proposition 1.2: (Comparative staties on equilibrium quantities)

(i) If ei is initially small, i.e., it is below its critical value er, a marginal

increase in ei will result in an increase in the equilibrium output of good i, and à
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decrease in the equilibrium output of good j.

(ii) If ai is initially great, i.e., it is above its critical value af, a marginal

increase in ai will result in an decrease in the equilibrium output of good i, and an

increase in the equilibrium output of good j.

Remark: To understand part (i), note that if ex is initially small, then, as

shown in Proposition 1.1, the effect of a marginal increase in ex is to raise Pi

and to reduee pt. But the rise in Pi is relatively small, because l' (ax) is small

(for ai < af), compared with the increase in the environmental friendliness of X.

The net priee pi - ,ax will fall, as indicated in Proposition 1.1. Therefore, the

equilibrium sale x b rises. Firm Y responds to the increase in the environmental

friendliness of X by reducing its priee, but this is not enough to increase its sale.

For part (ii), we know from Proposition 1.1 that both Pi and Pt rise in response

to an increase in ax that is initially above ac;.. Sinee the increase in pi in this

case is lar'gely due to the increase in production cost, the equilibrium sale x b falls.

Even though firm Y increases its priee, it can be shown that this increase is small

compared with the increase in pl, therefore its sale yb increases.

vVe are now in the position to provide an answer to the following question:

does mising requirement on environmental friendliness really help the environment?

Consider the case where initially ay < a~. Suppose the government of the home

country (whose residents import good Y) requires the foreign firm (firm Y ) to

mise its ay above its initial level ay by a small amount so that ay continues to

be below a~, and ax is kept unchanged. This will result a higher priee of good Y,
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but good Y will become more attractive then before, thus more of good Y will be

imported. The priee of good X will fall (as firm X tries to remain competitive),

nonetheless consumers in the home country will buy less of good X (because good

y has become more attractive.). Therefore, as proposition 1.1 and proposition 1.2

predict, a smalI increase in ey can result in a decrease in both the net profit and

market share of firrn X, thus such imposition may hurt the domestic firm.

As to the effect on the environment, let the term , (eH - ex) x b+ , (eH - ey ) yb

represent the total environmental damaged. Then the change in the environmental

damage when ey is raised to satisfy the environmental requirement is

o [ b bJ ox
b

) oyb b- ,(eH - ex) x +, (eH - ey ) y =,(eH - ex) ~e +, (eH - ey ~e - ,y
Oey u y u y

(1.18)

The first term on the right-hand side is negative, the second is positive. If ex = ey

then the sum of the first two terms is

which is positive because ey < e~ by assumption. (If ex exeeeds ey , then this

sum is even greater). Clearly, there are parameter values such that the sum of

the three terms is positive, i.e., there is a possibilty that raising ey will Tesult in

an incTease in enviTOnmental damage. We can classify the RHS of equation (1.18)

into two effects: (1) the first term represents a strategie effect in the sense that any

change of ey will affect Pl thus x b
, (2) we can rewrite the second and third term as

,yb (agy~(;~Y~ey) - 1) ,and calI it own elasticity effect. If the own elasticity effect

dominates the strategie effect, the RHS of (1.18) can be positive.
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Proposition 1.3: A legislated small increase in the environmental require-

ment for the imported goods may hurt the domestice firm and harm the global

environment if By < B~ .

Remark: If D is small enough, then the right-hand side of equation (1.18) is

positive if the own elasticity condition holds:

Equilibrium profits in stage two We now explore the properties of the equilibrium

gross profits in stage two (that is, we do not subtract the set-up costs which are

incurred in stage one), which are functions of the levels Bx and By :

(1.19)

(1.20)

Note that stage two equilibrium gross profits are always non-negative, because

a firm can always set a price such that the demand for its product is zero, and

at that priee, it will produee zero output, incur zero production cost in stage 2,

and earn zero gross profit. From (1.4), in equilibrium, Px - f(Bx ) = xl (DB).

Substituting this into (1.19), we obtain the equilibrium gross profits in stage 2,

expressed as functions of the parameters Bx and By that were chosen in stage 1:

(1.21)

Similarly

(1.22)
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In what follows, we assume that parameter values are such that both firms

make strietly positive profits. Then we obtain the following results.

Proposition 1.4:

(i) The stage 2 equilibrium gross profit of firm X is an increasing function

of its own level of environmental friendliness 0x, if 0x < O~, and is a decreasing

function of Ox , if Ox > O~.

(ii) The stage 2 equilibrium gross profit of firm X is a decreasing function of

the level of environmental friendliness Oy of its rival, if ey < e~, and is a increasing

function of ey, if Oy > e~.

Proof:

(i) From (1.21)

~;; = 2Nf2B [pl(ex,ey)- f(ex )] [8Pl~~:,ey) - !'(ex )]

(1.23)

Since the function 1r~ as given by (1.21) is non-negative and its derivative with

respect to its own ex, as given by (1.23), is zero at a unique value e~ and is

positive to the left (and negative to the right) of that value, 1r~ (ex, ey ) has the

single-peaked property with respect to ex. In other words, 1r~ is strictly quasi

concave in ex. Thus, given ey,grossprofit 1r~(ex,ey) attains its global maximum

(with respect to ex) when ex takes the value e~.

(ii) From (1.21)

~;: = 2Nf2B [pl(ex,ey) - f(Ox)] [aP1~:,oy)]
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= 2ND1JB2D [pi (Ox, Oy) - f(Ox)] [g'(Oy) - ,]

82 b
~x = 2ND1JB2D [pi(Ox, Oy) - f(Ox)] g"

a()y

+2ND1J2B3 D 2[g'(Oy) - ,]2 > a
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(1.24)

Note that P'X(Ox,Oy) - f(Ox) > a by the assumption that firms make strictly

positive profits. It follows that, given ()x, the equilibrium profit of firm X, when

graphed against the possible values of ey chosen by its rival, has the U-shaped

property (see Figure 1.4).

Stage 1: the choice of the level of environmental friendliness Now we are ready

to solve the equilibrium in stage 1. The net profit functions of firm X and fifln Y

are as follows:

(1.25)

and

(1.26)

In stage 1, firm X takes ()y as given and chooses ()x to maximize (1.25). (Note

that the function 7f'X attains its maximum at O~, for any ()y). The first order

condition for an interior maximum is

(1.27)

We assume that the second order condition is satisfied, which seems a reasonable

assumption if F(Ox) is convex.
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Case 1: Set-up cost funetion is independent of e

Consider. the case in which F (ex) is independent of ex. Then F' (ex) = 0 and

the above equation gives

[pt;; - f(e x )] [,- f'(ex )] = 0 (1.28)

In any equilibrium with strictly positive profits, Px - f(ex ) > 0, we conclude from

(1.28) that the equilibrium choice of ex in stage 1 satisfies the property

(1.29)

which means e*x = e~. Notice that firm X's optimal choice of ex is independent

of finn Y's choice, that is, firm X's strategy is a dominant strategy. Similarly, for

firm Y,

g'(e~) =, (1.30)

In case 1 where F' (.) = C' (.) = 0 identically, the pair (e*x, e~)= (e~, e~) is the

free trade equilibrium choice of ex and ey . We have thus obtained the following

result.

Proposition 1.5: If the set-up cost is independent of ei, then in the equi

librium of stage 1, firm i's choice of the environmental friendliness level e*x = ef

has the property that a marginal increase in ei would raise the average variable

cost by an amount which just equals " the consumer's marginal evaluation of

environmental friendliness. In particular, this equilibrium is a dominant stmtegy

equilibrium.

Comment: Proposition 1.5 implies that the equilibrium choice of the levels of

environmental friendliness turns out to maximize the consumers surplus, if j3 = 0,
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i.e., the individual consumer is concerned only about the enviromental impact of

his own consumption. To see this, let consumers surplus be defined as

Then, a small change of ey will cause the consumers surplus to change

Since 8uj8xj = Pl and 8uj8Yj = P~ (these are FOCs of the consumer's maxi-

mization problem), the above expression is simply

where

and

At ey = ef we have Ml = a , and Dl = a if (3 = O.

Case 2: Set-up cost is increasing in e

Turning to the case where F' (ex) > aand C' (ey ) > 0, the necessary conditions

become

a [p1 (ex, ey ) - f (ex)] li - l'(ex)] = F' (ex) > a (1.31)
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(1.32)

where

8ince P'X((-)x,(-)y) - f(Bx ) > 0 in any equilibrium with positive profit, it follows

from (1.31) and (1.32) that the firms' choices of e*; and e;: satisfy the properties

and

,- f'(e*;) > 0 (1.33)

Renee, in the case where set-up cost function is increasing in e, F' (ex) > 0 and

G' (e y ) > 0, the Nash equilibrium choice of levels of environmental friendliness B*;

and e;: are lower than their respective criticallevels B~ and ef.

Proposition 1.6: If the set-up cost function is increasing in e, F'(Bx ) > 0

and G'(ey ) > 0 , firm i's choice of e, the environmental friendliness level, in the

equilibrium of stage 1, is e;* < ef . Thus,at the free trade equilibrium, a marginal

increase in ei would raise the average variable cost by an amount which is smaller

than " the consumer's marginal evaluation of the environmental impact of the

product.

1.3 Policy implications

In this section, we study the case where the government of the home country

interferes with the market in order to maximize a certain objective function. For

example, the government may wish to maximize a political support function. The
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view that government policies can be explained in terms of political support ma-

tives has been expounded in a number of influential papers, see Hillman (1982,

1989, 1991), Hillman and Ursprung (1988)9.

We assume that political support that the government can receive depends

on (i) the increase in consumers surplus (relative to the surplus level S obtained

under the free market regime) and (ii) the increase in the net profit of the home

firm (relative to its net profit level 1rX'tunder the free market regime), that are

generated by government policies. In other words, we suppose that consumers and

firms know what their welfare levels would be under the laissez-faire regime, and

they use these as benchmarks against which they measure the impact of government

policies on their welfare.

Let S denote the consumer's surplus of the representative consumer of the

home country, and 7fX't denote the net profit of the home firm. vVe assume that

the political support function is linear in Sand 7fX't:

(1.34)

where w is the relative weight of consumer surplus in the political support function

(l;::::w;::::ü).

In what follows, the equilibrium levels of environmental friendliness are denoted

by êx and êy . Then, in case 1, êi = 0; = of, and in case 2, 7h = 0;* < of.

1.3.1 M'in'imum requirement imposed on imported goods

uSee also Long and Vousden (1991), Hillman, Long and Soubeyran (2000). In a different for
mulation, Grossman and Helpman (1994) used a common agency model where eachinterest group
offers to the government a contribution schedule which promises payments to the government
conditional on its acting in favor of the group.
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The home government may have many policy instruments at its disposaI. In

this paper, we focus on only one type of policy instruments: requiring the envi

ronmental friendliness of the foreign good, or the home good to satisfy certain

mimimum leveI. '''le seek to determine conditions under which it is in the interest

of the home government to use such instruments, and to analyze the effects of

policy decisions on the home firm's profit and on the welfare of consumers.

General considerations In this sub-section, we assume the home government passes

a law that requires the product of the foreign firm to meet (or exceed) a minimum

level am' For example, in the absence of government intervention, the equilibrium

choice êy may be below êx (reflecting the fact that the foreign firm, located in

a less developed country, has a cost disadvantage, in the sense that the curve

g' is higher than the curve l' for any a.). In such a case, a required minimum

level em that exceeds ey may not be met with strong criticism from international

organizations. Clearly, if am just equals the choice êy that the foreign firm would

make under the free market regime, then R is zero (i.e., the government policy

does not receive support nor disapproval). vVe now wish to determine whether a

small increase in em from the initial value êy (= a~ in case 1, = e~ in case 2) will

generate positive political support for the home government. To do this, we must

find the derivative aR/aam and evaluate it at em = e~ in case 1 (or a; in case 2).

In taking this derivative, we must ask what happens to ex when the government

raise em marginally above the free market equilbrium leveI. This question may be

answered under two alternative scenarios: (a) Either we assume that ()x is being
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~

held fixed at ax (=a:'x- in case 1,= a*; in case 2), or (b) we assume that firm X

optimally adjusts êx when it learns that firm Y must comply with the government

requirement fJm. As argued in the Appendix lA, under case 1 (i.e., set-up costs

are independent of fJi), scenarios (a) and (b) are equivalent, because the home

firm's optimal adjustment under case 1 is zero. Under case 2 (i.e., set-up costs are

increasing in fJi), the second scenario is slightly more complicated but the basic

results do not differ from those obtained under scenario (a), and therefore will be

relegated to the appendix.

Since El and 7fxt are constant, we only need to find wNâS/âam+(l-w)â1fxt /âfJm,

where

with pi and pt being stage-two Bertrand equilibrium prices, given fJx, and given

fJ y = fJm. The quantities Xi - xb and Yi = yb are equilibrium quantities we found

in Section 1.2.

Then, given that ax is unchanged at its initial laissez-faire value,

âS âfJy
----
âfJy âfJm

That is,

âS = I[Yj + ,BY_ j ]âay + âu âx
b

âay + âu âyb âay

âfJm âfJm âXi âfJy âfJm âYi âfJy âfJm

_p~ âx
b

âfJy _ pt âyb âfJy _ x .âP'X âfJy _ y. âPt âfJy

âfJy âfJm âfJy âfJm J âfJy âfJm J âfJy âfJm

_f.{ [fJ _ ê jâY_j âfJy _ f.{ [fJ -ê ]âX_j âfJy

!JI H Y âfJy âfJm !JI H X âfJy âfJm

(1.35)

(1.36)
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Since au/aXj = p~ and au/aYj = p~ (these are FOCs of the consumer's maxi-

mization problem) , and since aey/aem = 1, the above expression can be written

as

(1.37)

This expression deserves sorne comments. In case 1, ap~/aey = 0 but in case

2, ap"~ /aey is negative because a;: is less than Of. So in both cases, the term

_Xb(apl /aey) is greater than or equal to zero, indicating it contributes to a gain

in consumers surplus, which is obvious because the price of good X falls. The term

_yb (aP~ /aey) is always negative, because Py rises with ey. However, when this

term is combined with the positive term "(yb, we have a non-negative expression:

which is zero if ey = e~ = ef and positive if ey = e;: < ef.

It follows that if (3 = 0 then a marginal increase in am (starting from the initial

laissez-faire equilibrium) will increase the consumer's surplus. If (3 is positive, then

we must evaluate the expression

which measures the effect of an increase in ey on the total environmental damage

(see Proposition 1.3).

Turning to the profit of the home firm, we obtain from (1.21)

a7fxt
= 2NBn [pb (e a) _ f(e )] apl aey

aem X x, Y X aey aem
(1.38)
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Thus, given that the assumption that profits are strictly positive in equilibrium,

the sign of this expression is simply the sign of ap'X/aey which we know from

Proposition 1.4.

Case 1: Set-up costs are independent of e, the level of environmental friendliness

In case 1, sinee C' = 0, we have, from section 1.2, êy = e~ = e~

henee

(1.39)

Thus we obtain the following result for case 1.

Proposition 1. 7: In case 1, if {3 > 0 and w > 0 , then (starting from the initial

laissez-faiTe equilibrium) a small increase in em will raise the political support for

the home government, because consumers surplus rises and profit of the home firm

also rises (though the increase in profit is approximately zero for an infinitessimal

increase in em) .

What happens if {3 = 07 From (1.39), an infinitessimal increase in em from the

laissez-faiTe level e~ = e~ would have no first...:order effect on the level of political

support. This indicates that R is at a local maximum or a local minimum, or an

inflexion point at e~ = e~. To find out, we must look at the second derivatives.

From (1.37), the second derivative of S with respect to em, evaluated at e~ is

(1.40)
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which indicates a local maximum for S. From (1.38), the second derivative of 1T"tx

with respect to em, evaluated at ef, is

= 2Nxbq;BDg"

indicating a local minimum for the profit of the home firm.

(1.41)

Combining (1.40) and (1.41), we see that the political support function reaches

a maximum at em = ef if the weight given to consumers is sufficiently great, or

if D (the degree of substitutability of the two goods)is small. In the special case

where w = 0.5, we can see that, with f3 = 0, the political support function in fact

reaches a local maximum at em = ef if yb ;:::: xb.

Proposition 1.8: In case 1, if the consumption spillover parameter is zero

( f3 = 0), starting from the initial laissez-faire equilibrium, a small increase in

em will reduce consumers surplus but increase the profit of the home firm. If, in

addition, yb ;:::: xb then the loss of consumers surplus exceeds the gain in profit. If

the weight given to firm is sufficiently great, the home government will have an

incentive to increase em.

Case 2: Set-up costs are increasing in the level of environmental friendliness Turn-

ing to case 2, we use (1.37), (1.38) and (1.14) to obtain

BR f3 7\T(N ) [b (e e**) Byb (e **) Bx
b

] b [ BF?]Be
m

= w 1\ -1 1 Y - H - Y Bey - H - ex Bey +wNy 1 - Bey

+ [2(1 - w)q;BDN [g'(e;::) - Il xb- WNxb~:; ] (1.42)
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The right-hand side of(D.l) consists of three terms. The first term represent

the equilibrium effect of an increase in ()y on the environmental damage. It is zero

if f3 = O. If f3 is positive, then this term is positive if the environment improves

when ()y increases. With the help of (1.8), the second term can be written as

N b [2B
2
(r - g'(()~))]

w y 4B2 _ D2

which is positive because ()~ < ()~. Since (pl - J)Bo' = x b by (1.4), the third

term can be written as

cjJBDN [g'(()~) -1'] [2 - 3w] x b

Combining the second and the third terms, we obtain

(r - g'(()~)) NBcjJ [2Bwyb - (2 - 3w)Dxb
]

Thus we can get proposition 1.9.

Proposition 1.9: In case 2 (C' > 0), for aIl f3 ~ 0, a small increase in the

environmental requirement imposed on imported good from the initial value ()~*

will red'Uce the profit of the home firm, and increase the volume of imports. The

effects of such a policy on political support are as follows:

(i) if f3 = 0, consumers surplus will 'Unambig'Uo'Usly increase. Thus, in this case,

the increase in the environmental friendliness level imposed on imported good will

raise political support if 2wByb ~ (2 - 3w )Dxb
, (in the case w = 1/2, this condition

is 2Byb > Dxb
), but it will reduce political support if w is sufficiently small.

(ii) if f3 > 0, consumers surplus may decrease if total environmental damage

increases (see proposition 1.3). In such a case, total political support may fall lO

10 This can occur even if w = 1/2 and yb = x b.
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when em is raised.

1.3.2 Minim-um req-uirement for home goods

As to the effect of a policy of requiring the home firm to raise ex above its

free market equilibrium choice. Let (Jn be the minimum requirment imposed on

the domestic good. Again, we assume that initially en = êx = (J'X in case 1, (=(J';;

in case 2.)

Then

oS b ~ oxb

- = r [1 + (3(N - 1)] x - (3(N - 1)r[eH - ex ]oen oex

As to the net profit of the domestic firm, we note that 01rxt /oen = 0 when en is

evaluated at the initial equilibrium. Hence we obtain the following propositions.

(The proofs are omitted to save space.)

Proposition 1.10: In case 1, starting from the laissez-faire equilibrium, en =

(i) if the spillover parameter is zero ( (3 = 0), a small increase in en will reduce

consumers surplus and reduce the net profit of the home finll.

(ii) if /3 > 0, then a small increase in en may raise consumers surplus and

rednce the net profit of the home firm. The government will increase en only if the

weight w given to consumers surplus is sufficiently great.

Proposition 1.11: In case 2, starting from the laissez-faire equilibrium, en =

e~ e** eC
x = x < x
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(i) if (3 - 0, a small increase in en from the initiallevel e;; will raise political

support because it will raise consumers surplus, while the change in the net profit

is zero (as a first order approximation.)

(ii) if (3 > 0, a small increase in en from the initiallevel e;; will raise political

support if it reduces total environmental damage (or if there is only a very small

increase in total environmental damage).

1.4 Concluding Remarks

vVe have used a simple model to study the equilibrium choiee of levels of

environmental friendliness by rival firms, and derive sorne implications for envi

ronmental policy. It has been demonstatred that under eertain conditions, the

market outcome is socially optimal (in the second best sense, i.e., conditional on

non-intervention in the pricing behavior of the duopoly). We also show that a

government that seeks ta maximize its political support might want to interfere

with the market, by setting a minimum level of environmental friendliness on the

imported goods and on the home goods. The effects of such intervention on the

net profit of the home firm and on consumers surplus vary from case to case. For

example, as shown in Proposition 1.9, contrary to expectations derived from the

conventional wisdom, an increase in the minimum environmental requirement im

posed on foreign goods may reduce the net profit and the market share of the home

finn, and may increase or reduee the consumers surplus. When the minimum re

quirement level is raised, priee rises but priee corrected for environmental quality

changes may fall. On the other hand, this may increase the total damage done to
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the environment, if the demand is elastic with respect to adjusted priees.

Our analysis indicates that it would be too hasty to conclude that the impo

sition of a minimum requirement would reduce the volume of imports and would

be protection~st in intent or in effect. The model points to sorne of the possible

pitfalls in intuitive reasoning.

To keep the analysis simple and to focus on key issues, we have abstracted

from a number of real world considerations. Among these are (i) consumers are

heterogenous - not all of them care about the environment; (ii) firms may carry

out R&D activities to search for least-cost methods of producing environmentally

friendly goods; (iii) firms may make entry/exit decisions when minimum environ

mental requirements are imposed. It is no doubt worthwhile to take up these issues

in the future research.
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Appendix lA

The case in which ()x adjusts when ()m is imposed

Case 1: Set-up cost is a constant

In this case firm X finds it optimal not to adjust ()x away from the equilibrium

level ()~ = ()e;. , because, as we have shown, ()~ = ()e;. is the dominant strategy.

Case 2: Set-up cost is not a constant

In this case, applying the implicit function theorem to (1.27) we get

a()x 1 a27rxt

-
a()y fj. a()yaOx

where

which is negative by the second order condition, and

i.e.,

F'(O*;) ['( **) ]
P'X - f(()*;) 9 ()y - 'Y cjJBD

Thus

dOx [ 1] [ F'(O*;) ] [ '( **) ]d()y = - fj. P'X - f(O*;) 9 Oy - 'Y cjJBD < 0

Then

as as aoy as aox aoy
-=--+--aOrn aOyaorn aox aoy aOrn

whereg:: = 1.Thus we have to add to the right-hand side of (1.37) the following

terms
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Concerning the profit term, we now have

Ehrnet ~ orrnet

But the second term is zero because~ = 0 at ex = ex. It follows that 7it: is

the same as in the main text.

It is clear that the basic conclusions in the text are qualitatively unchanged

when ex adjusts in response to a marginal increase in Brn .
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Appendix lB

The Cournot case

We now look at the Cournot case. The inverse demand functions are

Px = A - Bx - Dy + ,()x - Px(x, y, ()x)

Py = A - By - Dx + ,()y - Py(x, y, ()y)

In Stage 2 of the game, with the choices ex and ey having been made in stage 1,

each firm chooses its output level and compete as Cournot rivaIs. Firm X solves

maX7fx = [Px(x,y,ex ) - f(ex )]x
x

This yields the first order condition

[
8PX ]x 8x + Px(x, y, ()x) = f(ex )

This yields firm X's reaetion function in the stage 2 game:

1 D D
x = - [A + ,ex - f(e x )] - -y Jx(()x) - -y - rx(y ex)

2B 2B 2B'

(.43)

(here, unlike the Bertrand rivalry case, the reaction function of firm X is indepen-

dent of ey ). Note that when ex is raised marginally, the interceptJx(ex ) will be

shifted upwards if ()x is smaller than the critical level e~. Similarly, for firm Y,

and

(.44)
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Solving the equations (.43) and (.44) simultaneously, we obtain the Cournot equi-

librium output levels:

where

and where the superscript q indicates that we are dealing with equilibrium under

Cournot rivalry (i.e. quantity competition). The response of equilibrium quantities

are

z;~ = 2Bq'; l'Y - 1"(ex)] > 0 for ex < e~

where by definition l'(e~) = 'Y,

Z;: = -Dq'; l'Y - g'(ey )] < 0 for ey < e~

Similarly

Z%: = 2Bq'; l'Y - g'(ey )] > 0 for ey < e~

:%~ = - D q'; ['Y - 1"(ex)] < 0 for ()x < ()~

(Note: The signs of these comparative static results are the same as in the Bertrand

case, but the magnitudes are different.) It can be shown that

The resulting equilibrium prices are
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It can be shown that the signs of responses of equilibrium priees to changes in the

levels Ox and Oy are also the same as in the Bertrand case, but the magnitudes

are different. For example,

We can now state the equivalents of Propositions 1 and 2:

Proposition Al: (Comparative statics on Cournot equilibrium priee)

(i) A marginal increase in Oi will always result in an increase in the Cournot

equilibrium price of good i, and willlead to a fall [respectively, rise] in the Cournot

equilibrium priee of good j if Oi is below the critical value of [respectively, above

critical value Of].

(ii) If Oi < of, then a small increase in Oi will lead to a fall in the equilibrium

net priee of good i (i.e., a fall in pt -,Oi).

(iii) If Bi > ef,then a small increase in Oi willlead to a rise in the equilibrium

net priee of good i.

Proposition A2: (Comparative staties on Cournot equilibrium quan-

tities)

(i) If Bi is initially small , i.e., it is below the critical value of, a marginal

increase in Oi will result in an increase in the equilibrium output of good i, and a

decrease in the equilibrium output of good j.

(ii) If Oi is initially great, i.e., it is above the critical value af ,a marginal

increase in ai will result in an decrease in the equilibrium output of good i, and an



44

increase in the equilibrium output of good j.

Vve now turn to the question as to whether, starting from Oy < e~, a legislated

requirement to raise ey may be harmful to the environment. We can show that

the change in the damage is

o oxq oyq
- (r [eH - ex] xq+ 1 [eH - ey ] yq) = 1 [eH - ex] ~e + 1 [eH - ey ] ~e - 'Yyq
Oey u y u y

(.45)

The first term on the right-hand side is negative, the second is positive. If ex = ey

then the sum of the first two terms is

which is positive because ey < e~ by assumption. (If ex exceeds ey , then this

sum is even greater). Clearly, there are parameter values such that the sum of the

three terms is positive, i.e., there is an increase in environmental damage.

Proposition A3: A legislated small increase in the environmental standard

for imported goods may harm the global environment if ey < e~ .

Remark: If D is small, then the right-hand side (.45) is positive if the follwing

elasticity condition holds:

Firm X's equilibrium gross profit in Stage 2 is

(.46)

Substituting (.43) into (.46), we get
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Similarly

We then have

and so on. Thus we get the equivalent of proposition 4:

Proposition A4:

(.48)

(i) The stage 2 equilibrium gross profit of firm X is an increasing function of

its own level of environmental friendliness ex for values of ex smaller than the

critical level e~, and is a decreasing function of ex for values of ex greater than

the critical level e~.

(ii) The stage 2 equilibrium gross profit of firm X is a decreasing function of

the level of environmental friendliness ey of its rival, for values of ey smaller than

the criticallevel e?, and is a increasing function of ey for values of ey greater than

the critical level e?

The results for Stage l's problem.are also similar.
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Figure 1.1 Properties of the variable cost functions

Figure 1.2 The reaction function of firm X
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Figure 1.3 Bertrand equilibrium priees
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Figure 1.4 Properties of profit function



ESSAYTWO

Evolution of Population and Resource with Maximin Objective

2.1 Introduction

The literature on the simultaneous determination of optimal population and

optimal stock levels for renewable natural resources has been dominated by the

utilitarian school. (See Dasgupta (1982), Pitchford (1974,1977). According to

the utilitarian school, social welfare is a weighted sum of the welfare levels of

individuals. In an intertemporal setting, this often involves placing less weight on

the welfare levels of individuals to be born in the future. This kind of discounting

has been criticized by many economists. In particular, Ramsey (1928), staying

within the utilitarian framework, argued that, on ethical grounds, the discount

rate should be zero l .

Adding up utility levels across individuals and generations, whether with equal

or unequal weights, is objectionable to some thinkers. Rawls (1971, p.27) argued

that "utilitarianism does not take seriously the distinction between persons." Ac-

cording to Rawls, social welfare should be the welfare level of the most disad-

vantaged individual. He proposed two principles2 which may be thought of as

1 Zero discounting implies that if the planner can increase the utility level of one generation

by x by reducing the utility level of another generation by (x - f) where f is a small positive
number, he will choose to do so.

2 The two principles of justice advanced by Rawls are as follows. "First: each person is to
have an equal right to the most extensive basic liberty compatible with similar liberty for others.
Second: social and economic inequalities are to be arranged so that they are both (a) reasonably
expected to be to eveyone's advantage, and (b) attached to positions and offices open to aIl".
(Rawls, 1971, p 60.)
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the "maximin solution to the problem of social justice" (p.152). The Rawlsian

view has been termed the "maximin principle" and has stimulated a great deal of

research in economics.

In the context of optimal exploitation of natural resources, Solow (1974) and

Hartwick (1977), by extending the Rawlsian ideas to intergenerational equity3,

obtained a number of interesting results. Solow showed that if man-made capital

and natural resource are substitutable inputs, then, in the case of a Cobb-Douglas

production function where the value share of man-made capital is greater than that

of natural resources, it is possible to have a constant level of consumption forever.

In this one-sector economy, with two stocks (a capital stock and a non-renewable

resource stock), constant consumption can be achieved by simply running down

the resource stock to zero as time tends to infinity, and accumulating man-made

capital indefinitely.

Hartwick (1975) proved that "if the net value of investment is zero forever,

then a constant consumption stream can be maintained forever." This proposition

has become known as Hartwick's rule. The conversé of Hartwick's rule is stated as

follows: "if an economy achieves an efficien& constant consumption stream (i.e.,

a stream which is not dominated by any other feasible consumption stream) then

J It should be pointed out that Rawls himself did not think that it is appropriate to apply
the maximin idea without qualifications to intergenerational equity.See Rawls (1971, section 44).
This is why Solow stated that his maximin model is "plus Rawlsien que Rawls."

4 See Witthagen and Asheim (1998) for a proof.

5 In the one-sector economy with the production function y = f(k) and k = f(y) - c it
is feasible to have constant consumption at a very low level, with aH output in excess of this
consumption level being invested. Then it would have positive net investment for ever, and the
capital stock would approach infinity, but this is clearly inefficient.
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the value of net investment is zero for ever".

While Hartwick's rule and its converse have been proved and generalized un-

der more and more general conditions6 , little is known about concrete properties

of the maximin paths. In fact, the only example of constant consumption in a

closed economy with natliral resource is the Solow (1974) mode!. Therefore, the

purpose of this chapter is two-fold: first, to characterise the time paths of state

variables and control variables, and the time path of the implicit discount rate

in a model with a renewable natural resource and endogenous population growth,

where the planner's objective is maximin; second, to provide a detailed analysis of

implicit discounting and to establish a relationship between constant utility and

the constancy of the current-value Hamiltonian in a model with endogenous dis-

counting. Such an analysis provides a novel method of solving formaximim paths,

in particular those converging to a steady state.

We will proceed as follows. In Section 2.2, we present a general maXlmm

problem, derive the necessary conditions, and interpret the meaning of implicit

discounting. We also show the correspondence between a maximin problem and a

utilitarian problem with endogenous discounting, and establish sorne results con-

cerning the constancy of the current-value Hamiltonian and constant utility. In

Sections 2.3 and 2.4, we eonstruct a specifie model with population and natural

resource dynamics, and investigate the properties of maximin paths and the as-

soeiated path of the implicit discount rate. Unlike in models with a utililiarian

Ij See Dixit et al. (1980), Withagen and Asheim, (1998), Hartwick and Long (1999), Cairns
and Long (2000).
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objective where the typical outcome is a unique steady state, it is found in our

model that there is a continuum of steady states. Which steady state will be

approached depends on the initial conditions. We show that for relatively large

stocks of the resource, each steady state is conditionally stable, in the saddlepoint

sense; but for small stocks of the resource, the approach path to a steady state is

non-monotonie in the state space. Along the approach path to a steady state, the

implicit discount rate varies with time. We show that the implicit discount rate

converges to a constant which depends on the initial values of the state variables.

Section 2.5 offers some concluding remarks.

2.2 Maximin Principle and Implicit Discounting

In this section, we present a fairly general dynamic model of optimization under

the maximin principle. We will derive the necessary conditions and show that

these necessary conditions under the maximin approach are formally equivalent to

those obtained from a utilitarian approach using discount rates that are implicit

in the maximinproblem. We will also prove a number of useful and interesting

results, including the equivalence between constant utility and the constancy of the

current-valv,e Hamiltonian of the utilitarian problem with endogenous discounting.

The latter result will then be used to shed sorne light on Hartwick's rulc and on

vVeitzman's exposition of the economic significance of the concept of Net National

Product as an indicator of welfare. Our formulation provides a novel method of

solving for maximin paths and of investigating their stability properties.
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Consider a dynamic system with n state variables Si (i = 1,2, ...n) and m

control variables Cj (j = 1,2, ... , m), where m can be greater than, equal to, or

smaller than n. The state variables represent stocks such as natural resources, man-

made capital, and population. The control variables may, for example, refer to the

rate of harvesting, the rate of investment, and consumption. Let s = (SI, S2, ... , Sn)

denote the vector of state variables and C = (Cl, C2, . ..Cm) the vector of control

variables. A set of n differential equations describes the dynamics of the system:

Si = fi(s, c) for i = 1,2, ... , n

where fi (s, c) is the transitional dynamics of the state variable Si.

The utility level of the representative agent at time t is denoted by

u(t) = U(s(t), c(t))

where U(s, c) is assumed to be a continuously differentiable utility function.

2.2.1 The Maximin Objective versus the Utilitarian Objective

(2.1)

Within the dynamic framework described above, we now introduce intertempo-

raI optimization: the central planner chooses the time paths of the control variables

(which influence the time paths of the state variables) in order to achieve a certain

objective. Here we wish to emphasize the contrast between the "maximin objec-

tive" and the "utilitarian objective". The utilitarian objective is to maximize the

integral of a discounted stream of utility

max (CO ~(t)U(s(t), c(t))dt
c(t) Jo (2.2)
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where ç(t) > 0 is the exogenously specified discount factor applied to the utility

u(t). Often, economists assume that ç(t) takes the exponential form,

where p > o. The objective function (2.2) is called "utilitarian" because dis-

counted utility levels at different times t (presumably corresponding to different

generations) are added together (because we are using continuous time formulation,

integrated with respect to t). The utilitarians view social welfare as a weighted sum

of utility levels of aIl individuals. It is convenient to think that the representative

agent at t is born at tinle t, enjoys the utility level U(s(t), c(t)), and immediately

dies an instant after.

In contrast, the maximin objective is to maximize the utility level of the least

fortunate individual. To the planner, the social welfare level is determined solely

by the utility level of that individual. In mathematical terms, given the initial

stocks SiO, the objective is to find a feasible time path of the control vector (thus the

associated time path of s) that achieves the highest level u such that U(s(t), c(t)) 2::

u for aIl t.

Therefore, the maximin problem can be expressed as follows:

maxu
c(t)

(2.3)

subject to the initial conditions Si(O) = SiQ, the differential equations (2.1), and,

most importantly, the utility constraint:

U(s(t),c(t)) 2:: u. (2.4)
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In sorne problems, one may have to specify additional constraints such as

Si(t) 2:: 0 and Ci(t) 2:: 0, as weIl as other inequality constraints. For simplicity, we

shall abstract from such constraints. This is justified provided the only binding

inequality constraint is (2.4).

2.2.2 Necessàry conditions for a maximin solution

To find the neeessary conditions that characterize the solution of the maximin

problem, we follow Cairns and Long (2000) and treat il as a control parameter.

Applying the relevant theorem for optimal control problem involving the choice

of an optimal control parameter (see Leonard and Long (1992, Theorem 7.11.1, p

255)), we define the Hamiltonian7

H(s, c, 71") = L 71"di(S, c)

where 71"i is the shadow priee of Si. The corresponding Lagrangian is

L(s, c, 71", j.L, il) = H + j.L [U(s, c) - il]

(2.5)

The following necessary conditions are obtained from a direct application of the

Theorem 7.11.1 in Leonard and Long:

(i) The vector of control variables c* maXlmlzes H( s*, C, 71"*) subject to the

inequality constraint (2.4). Thus, for each Cj,

(2.6)

(ii) The multiplier j.L* satisfies the complementary slackness conditions:

j.L*(t) 2:: 0, U(s*(t), c*(t)) - il 2:: 0, and j.L*(t) [U(s*(t), c*(t)) - il] = 0

7 Note that the objective function is not an integral. Heuristically speaking, the integrand is
identically zero.
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(iii) The vector of shadow prices 1r* satisfies the differential equations

. * aL "" * afi * au f k 21rk=--a =- L 1ri-a -/1-a or =1, ".,n
Sk . Sk Sk

1

(2.7)

(iv) Along the optimal path, the total derivative of the Hamiltonian with re-

spect to t is equal to its partial derivative with respect to t :

d a
dt [H(s*(t), c*(t), 1r*(t))] = at [H(s*(t), c*(t), 1r*(t))] (2.8)

(See Leonard and Long (1992, p. 212).). From (2.8), the Hamiltonian does not

contain t explicitly, gt [H(s*(t), c*(t), 1r*(t)] = 0, thus H(s*(t), c*(t), 1r*(t)) is a

constant.

(v) The optimal choice of the control parameter il maximizes the expression

where 1ro is a non-negative constant. (See Leonard and Long,1992, eq 7.120, p.

255.) Hence,

1ro - 100

/1* (t)dt = O. (2.9)

(vi) The vector (1ro, 1rl, ... , 1rn , /1) is not identically zero, which implies /1(t) > 0

over certain interval of time.

In addition, since the time horizon is infinite, we have the following transversal-

ity condition which has been proved by Michel (1982) to be an additional necessary

condition:

lim H(s*(t), c*(t), 1r*(t)) = O.
t--'+oo

(2.10)
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From (2.10) and condition (iv) above, we obtain

L ·rr;(t)fi(S*(t), c*(t)) = O. (2.11)

Condition (2.11) says that the net value of investment is zero. Thus the converse

of Hartwick's rule is established: "An efficient maximin path must satisfy the

property that the value of net investment is zero at aIl time." The converse of

Hartwick's rule has been proved by other authors, using different methods, see

Leonard and Long (1992, Ch 9), Withagen and Asheim (1998).

Remark 1 (concerning condition (2.9)):

In view of (vi) above, and of the fact that the neeessary conditions (2.6) and

(2.7) are homogenous of degree one in aIl shadow priees, it is clear that if p,(t)

is not identically zero for aIl t, then we can set no = 1 on the left-hand side of

condition (2.9) as a way of normalizing aIl shadow priees. In what follows, we set

no = 1.

2.2.3 Implicit discounting

Suppose that we have found the maximin solution with U(s* Ct), c* (t)) = u*,

and the associated co-state variables n: (t) and p,* (t). Now, using the optimal path

p,* Ct), we consider the following problem:

max (CO p,*(t)U(s(t), c(t))dt
c(t) Jo (2.12)

subject to (2.1) and the initial conditions Si(O) = SiO. This looks like the utilitarian

problem (2.2). The Hamiltonian for this problem is

H(s, c, n, t) = p,*(t)U(s, c) + L ndi(s, c) (2.13)
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from which we obtain the necessary conditions

aH = '" 7[* afi + j1* aU = 0
ac' 6' Bc, Bc'

J i J J

(2.14)

(2.15)

Comparing (2.14) with (2.6) and (2.15) with (2.7), we see that they are iden-

tical. This observation permits us to state the following result:

Property 1: In solving a maximin problem, we obtain an optimal time path

of the shadow price j1* (of the maximin constraint) which can be interpreted as the

"implicit discount factor." Solving a maximin problem is thus equivalent to solving

a utilitarian problem using the implicit discount factor.

From the necessary conditions obtained in the preceding sub-section, we know

that j1*(t) 2 0 and

(2.16)

Thus the discount factor j1*(t) must tend to zero as t tends to infinity. In this

section, we assume that the following "regularity condition"S holds: j1*(t) is strictly

positive for aIl finite t. We define an implicit discount rate p*(t) as the negative of

the rate of change in the implicit discount factor:

p*(t) = _fJ,*(t)
p*(t)

(2.17)

Thus, given that the regularity condition holds, we can state the following result.

8 The term regularity condition is borrowed from Burmeister and Harnrnond (1972). A rnax
irnin path is said to be irregular if p,(t) = a over sorne tirne interva1. In such cases, there is
redundant capacity at sorne tirnes that cannot be"srnoothed" over aU tirne. In section 3, we
show that if the initial resource stock is srnall relative to population, irregular paths ernerge.
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Property 2: The implicit discount rate cannot tend to a negative limit, as t

tends to infinity.

In the Solow model, the implicit discount rate tends to zero in the limit. In

section 2.3 below, we show that there are maximin paths along which the implicit

discount rate tends to a positive number.

While it is mathematically clear that an implicit discount rate must exist in a

regular maximin problem, its economic meaning deserves sorne comments. First,

the planner is not actually discounting the future. Rather, our result shows that the

optimal solution emerges as if there were discounting. Second, the implicit discount

factor implies that efficient paths can be characterized as profit-maximizing at the

given time path of shadow priees. Without implicit discounting, the value of an

infinite stream of output would not converge. The interesting point is that the

discount rate is obtained from f1(t) , which is a measure of the tightness of the

constraint U(s(t), c(t)) ~ u. The fact that f1(t) is generally falling over time

indicates that a marginal relaxation of the constraint at a point of time t would

add more to the objective function if t is nearer to the present.

2.2.4 Constant utility and the Ourrent-value Hamiltonian with Implicit Dis-

counting

The Hamiltonian defined in(2.13) is in the present-value form. We continue ta

assume that f1*(t) > 0 for aIl t~ Define the corresponding current-value Hamiltonian

7-{CV (s, c, 1/J) = U(s, c) + L 1/JJi(S, c) - f1*~t) 7-{(s, c, 1[, t)
~
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where

01,.( ) = 1ri(t)
,/-" t _ ()J-L* t

We obtain the following proposition:

Proposition 2.1: In the utilitarian problem with implict discount factor,

problem (2.12), if the solution yields a constant utility, then the current value

Hamiltonian is a constant.

Proof: When constant utility is a solution of problem (2.12), we know that

this solution is a solution of the maximin problem. It follows that condition (2.11)

holds, i.e., Li 1r;(t)ji(S*(t), e*(t)) = 0, and henee

~ 't/J;(t)ji(S*(t), e*(t)) = O.
i

Thus,

1tCV (s*, e*, 7/;*) = U(s*, e*) = ii*.

This completes the proof.

Next, we establish the converse of Proposition 2.1.

Proposition 2.2: In the utilitarian problem with variable discount rate, prob-

lem (2.12), if the current value Hamiltonian is a constant over a non-degenerate

time interval and d::x* =1 0, then utility is constant over that time interval.

Proof: From equation (2.13), the present value Hamiltonian has the property,

dH = ÛH(8*(t), c"(t), 1r"(t), t) = U( "() "()) dJ-L"
d a s t,e t .
t t &

On the other hand, sinee

1t(s*(t), e*(t), 1r*(t), t) = J-L*(t)1tcv (s*(t), e"(t), 7/;* (t)),

(2.18)
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we obtain that

d1{ = 'L'CV dJ-L* *( )i 'L'CV
dt 1 L dt + J-L t dt 1 L •

Byequations (2.18) and (2.19) that, along the optimal path,

J-L*(t) :t1{cv = [U(s*(t), c*(t)) _1{cv(s*(t), c*(t), ?jJ*(t))] d~*

(2.19)

(2.20)

Thus, under the assumption that ~ =1=- 0, if the current-value Bamiltonian 1{cv

is constant, then utility is constant. This completes the proof.

2.2.5 A new method of fin ding a maximin solution

The results we have obtained so far enable us to formulate a novel way of

finding a maximin solution. We will restrict attention to the c1ass of problems

that are "regular" in the sense that J-L*(t) is strictly positive. This implies that

U(s(t), c(t)) = il for aIl t.We begin by noting that by definition,

lt-p*(T)dT = lt ~:~~~ dT = InJ-L*(t) -lnJ-L*(O) = ln [~:i~~] .
Bence,

Le. ,

1J,*(t) = J-L*(O) exp [-l t

P*(T)dT]

vVe can now state the following.

Proposition 2.3: The solution ofa regular maximin problem can be found

by considering the following "utilitarian problem"

max {CO exp [_ (P*(T)dT] U(s(t), c(t))dt,
c(t) Jo Jo
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subject to the initial conditions Si(Ü) = SiO and the differential equations (2.1).

Define the current-value Ramiltonian as

n

1tCV (s, c, 'l/J) = U(s, c) +L 'l/JJi(S, c).
i=l

For a maximin solution, it is necessary that the optimal time paths s* (t), c* (t),

'l/J* (t), and p* (t) satisfy the following conditions:

aU .I:n *afi .
~ + 'l/Ji~ = Ü for J = 1,2, .. , m;
uC' uC'

J i=l J

and

. * *( )n/.* a cv r'l/Jk = p t 'Pk - -;:,;-1t lor k = 1,2, ... ,n;
USk

s~ = a~k1tCV
= fk( s* (t), c* (t)) for k = 1,2, ... , n,

1tCV (s*, c*, 'l/J*) is a constant.

(2.21 )

(2.22)

Proof: The proof follows from Property 1, Remark 1, and Propositions 2.1

and 2.2. In particular, to prave equation (2.21), we use the fact that

and thus obtain

Dividing by J-l* gives

Renee, recalling the definition of pin equation (2.17), we have

;p~ = p*(t)'l/J~ - ~a 1tcv (s*(t), c*(t), 'l/J*(t)).
USk
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Il

Remark 2: Equation (2.21) will be useful when we look for steady states, as

will be shown in Section 2.3.

Remark 3: Our result, that the maximin solution gives rise to a constant

current-value Hamiltonian of the coresponding implicit discounting problem, has

an interesting implication. Dividing f-l(t) > 0 in equation (2.20), we have

(B.1)

vVeitzman (1976) has argued, in the context of a utilitarian problem with a con

stant and exogenously imposed discount rate, that the current-value Hamiltonian

may be interpreted as Net National Product (NNP), and may be regarded as an

indicator of welfare. In obtaining condition (2.22) for constant utility paths, we

have generalized Weitzman's result on the economic significance of the Hamil

tonian to the case of a non-constant discount rate, provided we interpret U (s, c)

as a composite consumption good, so that national income is measured in terms of

this compositie good, and hence there is no need to linearize the Hamiltonian. The

"true" welfare is u, not U(s, c), but since the constraint U(s, c) 2: iJ, holds with

equality in a regular problem, the distinction is not crucial here. Asheim (1994,

1997, 2000) also discussed vVeitzman's ideas for the case in which the stocks do

not appear in the utility function.

2.2.6 Steady States of the IvIaximin Problem

We define a steady state of a maximin problem as a point (sss, Css, 7/Jss' Pss) such

that if the system ever attains that point, it will remain there forever. In general, a
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rnaxirnin problern rnay or rnay not have a steady state (in Solow's problern (1974),

there is no steady state), and even if it has one, the solution path rnay or may

not converge to a steady state. In this section, we deal with steady states and

convergence to a steady state.

To find a steady state, we seek a point (sss, Css, '0ss' Pss) in R2n+m+l that

satisfies the following set of 2n + m equations:

au n afi
-a + L '0iss -a = 0, for j = 1,2., .. , m

Cj i=l Cj

a cv
Pss'ljJhss - -aH (sss, Css, '0sJ = 0, for k = 1,2, ... , n

Sk

fk(Sss, css) = 0, for k = 1,2, ... , n

(2.23)

(2.24)

(2.25)

The condition that the Harniltonian is constant is not independent of these 2n +m

equations. Since there are 2n + m equations and 2n + m + 1 unknowns, we can

expect a continuum of steady states.

It is important to note that, in view of Property 2 of Section 2.2.3, the steady-

state value Pss must be non-negative in arder to satisfy the necessary condition

(2.16).

To see whether the constant utility paths converge to a given steady state,

sorne procedures such as phase diagram analysis or linearization can be used. We

will illustrate the use of such procedures in section 2.4.



62

2.3 A Maximim Model with Renewable Resource and Endogenous

Population

In this section we consider a version of a model by Brander and Taylor (1998),

and introduce dynamic optimization under the maximin objective9
. We begin by

providing a brief summary of their model. There are two state variables, population

(or labour force), denoted by L(t), and a stock of natural resource, denoted by S (t).

We will use the terms "population" and "labour force" interchangeably. A part of

the labour force is employed in harvesting the resource, and the remaining part is

used in the production of a composite good. Let L h and Lm denote respectively the

amounts of labour allocated to these activities. The outputs of the two activities

are H = aSLh and !v! = Lm. Thus the average product of labour in harvesting is

aS and the average product of labour in the second good is unity.

Let h = H / Land m = M / L. Under full employment, Lm + L h = L. One

obtains the following relationship between m and h for a given stock level S of the

resource:

h(t)
m(t) = 1 - aS(t)

Each individual has the utility function

where 0 < f3 < 1.

9 In Brander and Taylor's model, there was no dynamic optimization.

(2.26)
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The growth rate of population is assumed to be

L(t) = [b - d + cPh(t)] L(t) (2.27)

Here b is the natural birth rate, d is the natural death rate, cP is a positive constant

representing the impact of consumption ofthe resource good (food) on the net rate

of reproduction. It is assumed that

d-b>O

which implies that if h < (d - b) / cP, then the net rate of population growth is

negative.

The growth rate of the resource stock is assumed to be quadratic in Sand

linear in H :

S(t) = rS(t) - r [S(t)]2 K-1
- h(t)L(t) (2.28)

Following Brander and Taylor, we assume that the carrrying capacity, K, is

sufficiently great that

d-b
0< aj3cP < K.

As will be seen later, this assumption ensures that, for our maximin problem, there

exist steady states with positive implicit discount rates. (See Figure 2.1.)

In Brander and Taylor's model, agents do not think of the future. They do not

talœ into account the fact that harvesting more today would have a negative impact

on the future stock size. We now modify the model by introducing a social planner

who takes into account the effect of current production on the future stocks of

population and the resource. We assume that the planner's objective is maximin.
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Then the optimal control problem facing the planner is to find the time path of

harvest rate h(t) that achieves the highest feasible sustained utility, or to

max il

subject to the differential equations (2.27) and (2.28) with initial conditions

L(O) = La, S(O) = Sa, (2.29)

and the constraint that the utility level never falls below il:

U(h(t), m(t)) =[h(t)],6 [m(t)]l-,6 2: il.

Using (2.26) to substitute for m we can re-write the constraint (2.30) as

[h(t)]~ [1 _:~;;)] l-p _ il::: 0

8ince m(t) 2: 0, equation (2.26) implies the restriction

aS(t) - h(t) 2: O.

(2.30)

(2.31)

(2.32)

As can be seen from (2.31), if h(t) = aS(t) then m(t) = 0 and hence the

utility level will be zero, which is clearly not optimal. It follows that for any given

S(t) > 0, the planner will ensure that the harvest per person satisfies the inequality

h(t) < aS(t). Thus, we know that the constraint (2.32) will always be satisfied

with strict inequality. As a result, we do not need to incorporate this constraint.

To derive the necessary conditions for this problem, we treat il as a control

parameter, and define the Hamiltonian
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where h(t) is the control variable. The Lagrangian is

The neeessary conditions for an optimal solution are:

(i) The control variable h(t) satisfies

aL = jJ [f3 (as - h) 1-,8 _ (~) ( aSh ),8] _ (?Tl _ cjJ?T2)L = 0
ah aSh aS aS - h

(ii) The shadow priees ?Tl and ?T2 satisfy the fol1owing differential equations

. aL [2S(t)] 1+,8 ( h ) -,8 ( 1 ).
?Tl = -- = -r?Tl 1 - -- - jJ(1- (3)h 1 - - -,

as K aS aS2

(iii) The multiplier jJ(t) satisfies

(iv) The fol1owing conditions hold:

[
h ] 1-,8 [( h ) 1-,8 ]

jJ 2:: 0, h,8 1 - aS - il 2:: 0, jJ h,8 1 - aS - il = O.

(v) The Hamiltonian is zero for al1 t

(2.33)

(vi) The differential equations (2.28) and (2.27) are satisfied, together with the

initial conditions (2.29).

Given the optimal path jJ*(t), we define the variable p(t) by

. *(t)
p*(t) -~

jJ* (t)
(2.34)
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VVe can interpret p* (t) as an implicit discount rate.

In what follows, we drop the asterisk to simplify notation. Using the transfor-

mation explained in Section 2.2, we obtain current value shadow priees 'l/Jl and 'l/J2

and the following necessary conditions:

(
(Jas - h) ( aSh ). f3 = ('l/J _ cjJ'l/J )L

aSh aS - h 1 2'

;Pl = p(t)'ljJj - r'ljJj [1 -~] -(1 -(3)hl+fi (1 -:8) -fi ("~2) ,

'02 = P(t)'l/J2 + 'l/Jl h - 'l/J2 [b - d + cjJh] .

We also have

. r 2
S = rS - -S - hL

K '

L = [b - d + cjJh] L.

Note that equation (2.33) can now be written as

'l/Jl [rS - rS2K-1
- hL] + 'l/J2 [b - d + cjJh] L = O.

2.4 Steady states and convergence

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

vVe now use equations from (2.35) to (2.39) to solve for the optimal time paths

of aIl variables including p(t) and the optimal value of il.

2.4.1 A continuum of steady states

Our first task is ta find the set of an potential steacly state points in the

state space (S, L). To do this, it is convenient to define a larger set, X, the set of

"feasible stationary points" with strictly positive population. lOThe set of steady

10 We are not interested in the steady states (S,L) = (0,0) and (S,L) = (K,O), because it
does not make sense ta talk about sustainable utility with zero population.
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state points is a proper subset of X, because, as we have argued, the steady-state

implicit discount rate must be non-negative. To understand the distinction between

the two sets, recall that from the pair of differential equations (2.38) and (2.39),

we can always set h = (d - b)/c/J = hss to ensure that L = O. Then, for S = 0, we

obtain from equation (2.38),

(2.41)

Equ~tion (2.41) gives a concave curve in the space (S, L), with L tending ta °as

S tends to K. 8ince we require aS > hss , the set of feasible stationary points with

postive population is

X = {(S,L): K > S > (d - b)/(ac/J) and L = (rS - ~S2) (d ~ b)}

Figure 2.1 depicts this set, where, for illustrative purpose, the parameter values

are such that

d-b K d-b
--<-<--<K

a c/J 2 a {3c/J

The parameters used by Brander and Taylor satisfy these inequalities. However,

our results remain essentially unchanged for other cases.

The following proposition describes the contim~umof steady states, which is a

subset of X. (Please see Figure 2.1, and Table 2.1.)

Proposition 2.4:

(i) There is a continuum of steady state points (Sss, Lss ) with

d-b
a{3c/J < Sss < K

Corresponding to each value of Sss there is a unique value of Lss '
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(ii) Other feasible stationary points in X are not steady states because there

is no associated non-negative discount rate.

(iii) The greater is Sss, the higher is the maximin utility level.

(iv) Numerical simulation shows that as Sss varies from (d - b) / (af3cP) to K,

the implicit discount rate decreases. Thus a higher steady-state utility entails a

lower implicit discount ratell .

Proof: If (Sss, L ss ) is a steady state pair (among infinitely many) , then,

setting L = 0 in equation (2.39) gives the steady state value of the control variable

h:

d-b
hss =--

cP
(2.42)

Note that the per-capita harvest of the resource, hss , is the same for aU possible

steady states. Substituting equation (2.42) into (2.38) and then setting S = 0

gives

That is, we can express Lss as a function of Sss:

L = cPrSss [1 - ~S ]
ss d _ b K ss (2.43)

Since K is the carrying capacity, it is clear that Sss :::; K. In addition, recall that

h < aS for aIl S > O. We have, for steady states,

K > S
hss _ d - b

_ ss> -
a adY

(2.44)
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For each resource stock level Sss in the interval ((d - b)/m/J, K), there exists

a corresponding population Lss for which we can form a potential steady-state

pair (Sss, L ss ). However, for a potential steady-state pair to be a steady-state

pair of the maximin problem, we must verify that there is a non-negative implicit

discount rate associated with it. Thus we must calculate the steady-state implicit

discount rate, and determine the subset of X for which the corresponding Pss is

non-negative. Substituting equations (2.43) and (2.42) into equation (2.35), we

obtain a relationship between Sss and (1}Jlss - <jJ1}J2ss) :

(2.45)

Therefore for each steady-state level of resource Sss, we can compute the corre-

sponding value of 1}Jlss - <jJ1}J2ss' Setting;Pi = 0 (i = 1,2), in equations (2.36) and

(2.37), we get

[
2rSss] _ ( ) 1+,6 ( hss )-,6 ( 1 )

1}Jlss Pss - r +~ - 1 - (3 hss 1 - aS
ss

aS;s

and

(2.46)

(2.47)

The three equations (2.45), (2.46) and (2.47) determine ('ljJlss' 'ljJ2ss, Pss). After

substitution, we obtain a quadratic equation in Pss' (See Appendix 2B for a proof.)

The quadratic is

Ap2+ Bp+ C = 0 (2.48)
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where

B = - (~ ) [(K - 2Sss )A] + d ~ b

C = - (~) (d - b)(1 - (3)(K - Sss)h~-:-(3 < 0

An immediate result is that, since C =f 0, it is not possible to have a zero implicit

discount rate at a steady state. For additional results, we consider three cases:

Case 1 (A > 0), Case 2 (A = 0) and Case 3 (A < 0). We will show that in Cases

2 and 3, where S :::; (d - b)/(a{3c/J), the feasible stationary points are not steady

states.

Case 1: A> 0

This case applies when

From the theory of the quadratic equation, we know that equation (2.48) has

two roots, denoted by Pl and P2' and that the produet of the roots is

Since C < 0 and A > 0, it follows that the produet of the roots is negative, meaning

there are a negative real root and a positive real root. vVe take the positive real

root as the correct steady state implicit discount rate.

Case 2: A = O.

This case applies when

S = hss = d - b
ss a{3 - a{3c/J
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We then have only one root, and it is negative:

C
p - -- = b- d < 0

B

Thus, the stock level S = (d - b)/(af3rjJ) cannot be a steady state. Alternatively,

we may show that the case A = 0 is not admissible by noting that A = 0 implies

that 1fJlss = 0 = 1fJ2ss(see equations (2.45) and (2.47)), but 1fJlss = 0 is inconsistent

with (2.46).

Case 3: A < O.

This case applies when

hss d - b
Sss < af3 - af3rjJ (2.49)

In this case, the product of the roots is PIP2 = C/ A > 0 so that we have

only three possibilities: two positive real roots, or two negative real roots, or two

complex roots. \Ve now show that, for parameter values specified by Brander and

Taylor (a = 0.00001, f3 = 0.4, r = 0.04, rjJ = 4, K = 12000, d - b = 0.1) or

parameter values that deviate slightly (say, within 10%) from those specifications,

the roots are either both complex or both negative and real, and therefore do not

qualify as admissible implicit discount rates. Recall that for two positive, real

roots, the following conditions must be simultaneously met:

6 B 2
- 4AC > 0

and

B
-- > 0

A

(2.50)

(2.51)
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(since -BIA is the sum of the raots). In view of (2.49), we may write condition

(2.51) as

S
hss(1- (3)(K - Sss).

K - 2 ss > h _ (3S '
ss a ss

Le.,

(2.52)

Numerical calculations show that the two conditions (2.50) and (2.52) cannot be

simultaneously satisfied.

PLEASE PLACE FIGURE 2.1 HERE

To prave part (iii), note that steady state utility level is

( h) I-f3- _ f3 ss
U - hss 1 - aS

ss
(2.53)

Now, since hss = (d - b)/cjJ and aSss > hss , equation (2.53) shows that the steady

state utility il is greater, the greater is the steady state stock Sss.

For part (iv), numerical calculations are performed using parameter values

specified by Brander and Taylor and parameter values that deviate slightly (say,

within 10%) from the Brander-Taylor specifications. This concludes the proof of

proposition 4.

We display a table (Table 2.1) to prove a set of valuesof Sss and the corre-

sponding L ss and il, and the endogenous discount rate Pss' using parameter values

specified by Brander and Taylor.

PLEASE PLACE TABLE 2.1 HERE.

2.4.2 Canstant-utility paths leading ta steady states



73

vVe now show that if (Sss, L ss ) is a steady state, i.e., Sss is in the interval

((d - b)/(a(3cjJ),K), and Lss is given by (2.43), and the corresponding utility level

is il, one can find, in a neighborhood of (Sss, Lss ), a constant-utility path (with

u = il) that converges to it. Our results on convergence are summarized in the

following proposition:

Proposition 2.5:

(i) For each steady state pair (Sss, Lss ) where Sss is in the interval ((d -

b)(a(3ep)-I,K), there exists a neighbourhood of (Sss, Lss ) on which there is a max-

imin (constant-utility) path converging to it. That path is monotonic, with both

(S, L) increasing, or decreasing.

(ii) For any initial point (Sa,La) where Sa is in the interval ((d - b)/acjJ,(d-

b) j (a(3ep)), the maximin path begins with a first phase where population falls and

the resource stock rises, until the pair (S, L) reaches a switching curve. Afterwards

the path enters a second phase where both population and the resource stock

rise, approaching a steady state pair (Sss, Lss ) where Sss is in the interval ((d -

b)j(a(3ep),K).

Proof: First, we note that along a constant-utility path, we must have

h(t)f3 [1 _ h(t) ] I-f3 = il
aS(t)

The derivative dhjdS can be found. To do this, re-write (2.54) as

h(t)f3 [aS(t) - h(t)]l-f3 = [aS(t)]l-f3 il

Taking logarithm (and omitting the t for simplicity of notation) yields

(3 ln h + (1 - (3) ln [aS - h] = (1 - (3) [ln a + ln S] + ln il

(2.54)



74

Differentiating this totally gives the equation

~dh + l-,B ladS _ dh] = l-,B dS
h aS - h S

and hence we 0 btain

dh
dS

(1 - ,B)h2

(,BaS - h) S'
(2.55)

This derivative is positive for h/(a,B) > Sand negative for h/(a,B) < S. (See Figure

2.3a.) Another way of seeing this is to re-write equation (2.54) as

S = h/a
l - (Uh-f3 )l/(l-f3)

(2.56)

The curve representing this equation is depicted in Figure 2.3a. It is a U-shaped

curve, with derivative dS/dh < 0 for S > h/(a,B) and dS/dh > 0 for S < h/(a,B).

(Note that dS/dh is the inverse of dh/dS as given by (2.55).) The position of the

curve depends on the utility level, U. The curve N M R corresponds to a given value

u. At M the slope of the curve is zero. A higher utility level corresponds with

a curve shifted up and to the right. (Point M corresponds to point Q). A lower

utility level corresponds with a curve shifted down and to the left. (It corresponds

with Z.)

Let us consider a representative steady state point (Sss, Lss ) where K > Sss >

(d - b)/(a,Bc/J) because by Proposition 2.5, Sss can only be in this range of values;

see point E ss in Figure 2.3b. At the corresponding point in the space (h, S), point

E in Figure 2.3a, where h = hss = (d - b)/c/J, we have dS/dh < O. As indicated in

Figure 2.3a, near that steady state, there exists a constant-utility path leading to

the steady state. For So > Sss the path is along NE because we have u = U only
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along NE, given that we start at So > Sss. (The corresponding path in Figure

2.3b is N* Ess ). Similarly, if the initial value of S is smaller than Sss the path

is ME and the corresponding path in Figure 2.3b is M* Ess . Along NE, since

h < (d - b) / cP, the population size is falling. This is depicted in Figure 2.3b; see

path N* Ess . Similarly, along ME, since h > (d - b) / cP, the population size is

rising. This analysis is confirmed by linearization; see Appendix 2A.

It is important to note that while we can extend the stable branch N* E ss for

large value of the resource stock, up to the valueI2 K, it is not possible to extend

the stable brandI A1* Ess indefinitely to lower resource stock size. As can be seen

from Figure 2.3a, to achieve the utility level il, the stock of resource must not be

smaller than SM, where SM is the stock level where the U-shaped curve u = il in

Figure 2.3a reaches its minimum. (That is, given the value il, S must be greater

than or equal to SM') Thus M* is the limit point of the constant utility path u = il

if we move backward in time, from Ess ' At M*, corresponding to M, the harvest

level is h = hM - af3SM' Similarly, for a higher constant utility level , say û,

corresponding to the curve FQ in Figure 2.3a, the limit point will be Q* in Figure

2.3b, with SQ > SN! (see Figures 2.3a and 2.3b). Thus, the set of such limit points

is downward sloping, and is depicted as M* K in Figure 2.3b. At the point lVI* in

Figure 2.3b, the slope of the trajectory is not zero. In fact, it is strictly positive,

12 Actually, it is conceivable that the economy is initially endowed with a stock greater than
K, and clearly the optimal maximin path is also defined for such a case. While the carrying
capacity K is a stable equilibrium stock (in the absence of exploitation), this does not mean that
the economy cannot start with a stock greater than K.
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because dL / dS = t /S where S is positive, and t is also strictly positive:

. d-b
L = (b - d + c/Jh)L > (b - d + c/J----;;;-)L = 0

(This is confirmed by equation (2.59) below, with h(S, u»hss .)

The arguments in the preceding paragraph show that only the downward-

sloping section (NEM) of the curve NEM is relevant. Thus we can write the

function

h = h(S; u) with ah/aS < 0

Now, we turn to other feasible stationary points in X that are not steady

states beca7J,se there is no associated positive discount rate; i. e., S :::; (d - b) / (af3c/J).

Consider the curve T PY in Figure 2.3a, along which the constant utility is ii,y. At

stock level Sy and population level

c/JrSy [ 1 ]Ly = -- 1- -Sy
d-b K

we have a stationary point, in the sense that by setting h = (d - b)/c/J, we have

. .
L = 0 = S and the utility level is

uy = [(d _ b)/c/JI(3 [1 _(d - b)/c/J] 1-(3
aSy

However such a constant utility stationary point is inefficient: Given Sy, we can

choose the point Z (in Figure 2.3a) and achieve a higher utility level, Uy + E. At

point Z, the harvest level is hz < (d - b) / c/J, This means that population will faH

below L y , and at the same time, the resource stock will grow (because both h and

L are reduced). The system will move along the path VVZ (in Figure 2.3a) and
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thus along the path E 2F2 in Figure 2.3b. (Here, F2 is a generic point to indicate the

direction of the path). Along that path, utility is constant (at Uy + E). However,

after certain time, a stock level such as SM will be reached. The planner can then

move to a permanently higher constant-utility path ME (in Figure 2.3a) which

corresponds to M*E ss in Figure 2.3b. (The maximin utility level for the whole

time horizon is still Uy + E, because that is the utilty level of the least fortunate

generation). As we have argued above, at M*, the slope of the path leading to

Ess is strictly positive. Thus there is a kink at the junction point. At this point,

one may pause to ask the fol1owing question: from point M*, instead of moving

in the North-East direction as indicated by the line M*E ss , what prevents the

planner from achieving a higher long-run utility path by moving East, i.e., along

a horizontal line? The answer is that this would require setting h = (d - b) / cP

to ensure .t = 0, and this would mean that in the short-run there is sorne utility

loss. This can be seen from Figure 2.3a, where the jump from hM = a{3SM to

h = (d - b)/cP means we jump to a point below E, and at that point, the utility

level is lower than U.

The above argument establishes that the paths starting from points with S <

(d - b) / (a{3cP) are "irregular": there is an early phase where the constant utility

level iô low (ôay uy + c), and a later phase where the constant utility level is

higher (say Uy + é + 8). It is not possible to shift the higher utility in the later

phase to the early phase to achieve an intermediate utility level for the whole time

horizon (0,00). The reason for this irregularity is that there is in our model only
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one control variable, h, which the planner may use, while he has ta face two state

variables. This implies sorne lack of flexibility. He cannat bring ta an earlier date

the relatively plentiful resource stock which he knows will be available in the later

phase.

In summary, there are two families of paths: those along which utility is con

stant (with starting points above the M** K boundary), and those that hit this

boundary from the left have two phases: lower utility in the earlier phase, and

higher utility in the later phase. The boundary M*K is not a separatrix (because

by definition, no path can cross a separatrix). The second family of paths must

eventually hit a point on the boundary lVl* K, because these paths cannat continue

below 1111* K without eventually approaching L = 0, and we know that with L

arbitrarily close ta zero, the utility level per persan is arbitrarily large.

This completes the proof of Proposition 2.5.

PLEASE PLACE FIGURE 2.3a, 3b HERE.

2.4.3 Numerical Simulations

To find the exact value of the slope of the stable branch of the saddlepoint

associated with the steady state pair (Sss, Lss ) such as Ess in Figure 2.3b, we first

recall that we have the system of differential equations:

t = [b - d + 4>h(S;u)] L

S= rS(l - SK- 1
) - h(S; u)L

(2.57)

(2.58)
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Let us divide (2.57) by (2.58):

dL
dS

t (b-d+cPh(S;u))L- -----'------,-------:--
S rS(l - SK-1) - h(S; u)L

(2.59)

The right-hand side of (2.59) depends on the values of Land S. At (S, L) =

(Sss, Lss ) we have zero divided by zero, but this does not create any problem,

because we can use L' Hopital's Rule to get

dL ~ [(b - d + cPh(S; u)) L]

dS d~ [rS(l - SK-1) - h(S; u)L]

_ (b - d + cPh(S; u)) f§ + LcPsj!§
r - ?rSK-1 - h dL _ L dh

~ dB dB

But (b - d + cPh(S; u)) = 0 at (Sss, Lss ). Thus we obtain from (2.60):

[
-1 dL dh] dL dhr - 2rSK - h- - L- - = LcP-

dS dS dS dS

Equation (2.61) is a quadratic equation in dL/dS. Let X dL/dS. Then

or

where

-1 dh
D2 - h LcP- < 0

dS

(2.60)

(2.61)

Thus we have two solutions, Xl < 0 and X 2 > O. vVe take X 2 because our phase

diagram indicates that the slope of the stable branch of the saddlepoint is positive.
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We can now compute the optimal maximin path near the steady state (Sss, Lss ;il).

Let E be a small positive number. Consider S = Sss + E. Then the corresponding

L is L = Lss + EX2 8tarting from such a point, we run the system (2.57), (2.58)

backward in time (i.e., t = 0, -300).

Note: sinee we do not have an explicit functional form for h(S; il) we must

replace the function h(S; il) by its linear approximation:

( _) ( _) ( )dh(Sss, il)
h S; u = h Sss, u + S - Sss dS

Our numerical simulations confirm that the approach path to the steady state has

a positive slope, for Sss inthe range ((d - b) / (a{3<jy) ,K).

2.4.4 Shadow priees and implic'it discount rate along the saddle path

It remains to calculate shadow priees along a maximin path. Given h(S(t); il),

we can substitute this path for h(t) in (2.35). Let Z(t) be the left-hand side of

(2.35) divided by L(t) :

Then we get

From (2.40)

1/Jl(t) [rS(t) - r [S(t)? K- 1
- h(t)L(t)] + 1/J2(t) [b - d + <jyh(t)] L(t) = a

we get

1/J2(t) [b - d + <jyh(t)] L(t)
-VJl (t) = rS(t) _ r [S(t)]2 K-l _ h(t)L(t) - VJ2(t)Q(t)
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These two equations determine '!/Jl(t) and '!/J2(t) along the maximin path that con-

verges to (Sss, Lss ,u):

* Z(t)
'!/J2(t) = - cP + Q(t)

* [Q(t)]'!/JI (t) = cP + Q(t) Z(t)

(2.62)

Next, we have to determine j-l(t). To do this, we need to determine the time

path p(t). This can be obtained from (2.37):

*( ) _ '!/J;(t) (b - d + cPh(t)) - h(t)'!/J~(t) + ~;(t)
p t - '!/J;(t)

where ~;(t) can be obtained from (2.62).

Having found the time path of p(t), we must ensure that

But this can easily be done by choosing 110 appropriately.

Some numberical simulations have been carried out, and the results confirm

our theoretical conclusions. In Table 2.1, we calculated some steady state values.

It is shown that, across the steady states, the higher is the stock level, the higher

is the constant utility level, the lower is the implicit discount rate. In Tables 2.2a

and 2.2b, for a steady state (8 = 8000, L = 4267), we calculated the local approach

path. the interesting features are (1) the shadow priee ofthe population is negative,

(2) along the approach path to a steady state, the implicit discount rate varies over

time and moves in the opposite direction to the population size.
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2.5 Concluding Remarks

In the maximin literature, Robert Solow has analyzed, in a particular setting,

the feasibility of an efficient constant consumption path across generations. John

M. Hartwick has found an interesting property of this path which has become weIl

known as "Hartwick's Rule". Although many economists have generalized this

sustainability issue, little has been done to study the concrete properties of the

optimal path. This paper presents a model that deals with a global characterization

of the maximin solution in a complicated dynamic framework.

In this model, since population is endogenous and the natural resource is re

newable, there exist steady states, in contrast to Solow's model (1974) where is no

steady state. Moreover, unlike the typical utilitarian model, we show that there

exists a continuum of steady states. This paper systematically examines the prop

erties of maximin paths and the associated path of the implicit discount rate. Two

interesting findings have emerged. Firstly, for relatively large levels of the resource

stock, steady states are conditionally stable in the saddle point sense. But for

small values of the stock, the approach path to a steady state is not monotonie in

the state space. Secondly, along the approach path to a steady state, the implicit

discount rate varies with time. It can also be shown that the implicit discount rate

converges ta a constant that depends on the initial values of the state variables.

The techniques used in this model are more advanced than the usual optimal

control theory model. The difficulties arise because of the non-standard objective

function, a maximum constant utility level, and the complicated dynamic system
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in which the two state variables are intertwined in a more complex way. Numerical

simulations have been carried out and the outcomes support the general theoretical

conclusions.
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Appendix 2A

Stability in the saddle point sense

Having solved for h(S; il), we now have a system of two differential equations,

conditionalon h = h(S; il) where il is the maximin utility associated with a given

steady state (Sss, Lss ) :We analyse the stability of this system using two methods.

The first method consists of linearizing the system around the steady state, and

finding the characteristic roots. The second method uses the phase diagram.

Method 1: Linearization

Linearizing the system (2.57) and (2.58), we obtain

[

L -- lSss J
S -- Sss

(.2)

where

(1 - (3)h*2
hs = - --'-----'----

((3ŒSss -- h*) Sss
(.3)

Let J denote the matrix on the right-hand side of (.2), det J be its determinant,

and tr( J) be its trace:

det J = h* hseplSss

The two characteristic roots are

À __ tr(J) ± vIS.
1,2 -- 2

where

.0. = (tr(J))2 -- 4detJ

(.4)

(.5)
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Tt is known that the products of the roots are ..\1..\2 = det J and the sum of the

roots are ..\1 + ..\2 = tr(J).Therefore, if det] < 0, we conclude that there are two

real roots, one negative, and one positive, indicating that the steady-state has the

saddlepoint property: there is a path converging to it. Binee for all Sss in the

interval((d - b)/a(3<jJ,K), hs < 0, it follows that det J < 0 in that interva1. This

proves stability in the saddlepoint sense.

(Note that for S in the interval((d - b)/a<jJ, (d - b)/a(3<jJ),we do not have a

steady state because there does not exist a positive endogenous discount rate).

Method 2: Phase diagram

The phase diagram for this system in the (S, L) spaee can be constructed, near

any steady state (Sss, Lss ;u).

Binee Sss is in the interval ((d - b)/a(3<jJ, K) so that ~~ in equation (D.2) IS

negative. Then the curve L = 0 is the verticalline S = Sss, because along this line

h(Sss, u) = h*, ensuring t = O.To the right of this line, S is greater, implying h

is smaller, given that u = u. Thus, t is negative (L is falling) to the right of the

L = 0 curve. L is rising to the left of that curve.

Equating the right-hand side of (D.2) to zero, we find an equation for the curve

S=O

L _ rS(l - SK- 1
)

h(S;u)
(.6)

The curve representing (.6) crosses the steady-state locus at the point (Sss, Lss ),

because along this line, h(Sss; il) = h*, a constant. For S ~ Sss, h(S; u) :::; h*

(because we consider values of S large enough to have ~~ :::; 0). Thus, for S ~ Sss,
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the S = 0 curve lies above the steady-state locus. And for S ~ Sss, the S = 0

curve lies below the steady-state locus. Above the 5 = 0 curve, since L is greater,

5 is negative. Below that curve, 5 is positive.It follows that the steady state

(Sss, Lss ;u) has the saddlepoint property. The slope of the stable branch of the

saddlepoint is positive.
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Appendix 2B

Derivation of the quadratic equation for the steady-state implicit

discount rate

We obtain from equations (D.2), (D.2) and (D.2):

where

rS ( S)6 1 = - 1 - - > a for S < K
hss K

1\2 _ ((3ŒS - hss ) ( ŒSh ss ) (3 hss d - b
Ll SI S h > a for S > n;(3 = /'<;(3)..

Œ Lss Œ - SS L-< L-< <p

r K
63 - K (2S - K) > a for S > 2

6 4 - (1- (3) (h ss2 ) ( ŒSh ss )(3 > a for S > hss

ŒS ŒS - hss Œ

(.7)

(.8)

Since we are dealing with S in the range (~, K) and since K/2 < ~, we have

6 1 > 0, 62 > 0, 63 > 0, and 6 4 > O. From (.7) and (.8), we get

Let

Dividing both sides of equation(.9) by Q, we get

(.9)



where

c = - (~) (d - b)(l - (3)(K - Sss)h;;f3 < 0

B = - (~ ) [(K - 2Sss )A] + d~ b
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Numerical simulation: a =0.00001, fJ =0.4, r =0.04, K =12000, t/J =4, d - b =0.1,

Table 2.1: Steady state values

Sss L,s Pss h,·s u
6500 4767 0.3502 0.025 0.1709
7000 4667 0.1373 0.025 0.1754
7500 4500 0.0868 0.025 0.1793
8000 4267 0.0616 0.025 0.1826
8500 3967 0.0455 0.025 0.1855
9000 3600 0.0338 0.025 0.1881
9500 3167 0.0248 0.025 0.1904
10000 2667 0.0177 0.025 0.1924
10500 2100 0.0118 0.025 0.1942
11000 1467 0.007 0.025 0.1959
11500 767 0.0031 0.025 0.1974

Table 2.2a: Outer convergence path
Time S(t) LCt) hCt) 1fl (t) 1/1 2 Ct) p(t)

-1 8003.13 4274 0.02496 0.00095 -0.0001 0.176
-6 8003.92 4277 0.02496 0.00085 -0.00012 0.1373

-11 8004.94 4279 0.02495 0.00077 -0.00014 0.1099
-16 8006.23 4283 0.02494 0.00071 -0.00016 0.0943
-21 8007.88 4287 0.02493 0.00066 -0.00017 0.0838
-26 8009.98 4293 0.02492 0.00062 -0.00018 0.0766

Table 2.2b: Inner convergence path
Time S(t) L(t) h(t) Y jCt) '}t' 2 Ct) p(t)

-1 7996.87 4259 0.025 0.00007 -0.00032 0.02104
-6 7996.11 4257 0.02501 0.00015 -0.0003 0.02701

-11 7995.13 4254 0.02501 0.00022 -0.00028 0.02997
-16 7993.87 4251 0.02502 0.00027 -0.00027 0.03585
-21 7992.26 4247 0.02503 0.00032 -0.00026 0.03956
-26 7990.12 4242 0.02505 0.00036 -0.00025 0.04255



ESSAYTHREE

Dynamic Tax Incentives for Pollution Abatement

3.1 Introduction

One of the roles of the government in a market economy is to design policies

that would help the economy to achieve efficiency in the allocation of resources,

whenever there are market failures. A major source of market failures is the pres-

ence of externalities, for example, the emissions of pollutants by firms. The classic

Pigouvian tax is one of the most weIl known policy measures to combat pollution,

and is weIl understood in a static setting. There is recent literature on Pigouvian

tax on emissions in a multi-period framework1 . However, there are a number of

gaps in this literature that need to be filled. For example, if pollution abatement

capital stocks can only be built up gradually, what are the properties of efficiency-

inducing taxation in a dynamic context? How do efficient taxes depend on the

market structure?

Taxation issues become more complicated in a dynamic setting. Pollution

abatement normally cannot take place instantaneously. Firms usually need to

invest in research and development to discover less polluting technologies. And

even if technological knowledge is available, investment in the pollution abatement

capital takes time, and is subject to adjustment costs. In such a dynamic context,

1 See Downing and White (1986), Biglaiser et al. (1995), Jung et al. (1996), Kennedy and
Laplante (2000), Petrakis and Xexepadeas (2000).
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what are the properties of Pigouvian taxes?

The difficulties in designing appropriate policy measures have much to do with

the forward looking nature of investment. If a firm makes an investment in pol-

lution abatement capital today, this is not because of today's tax on emissions,

but because of its anticipation of emission tax in the future. Conventionally, the

government, in trying to influence firms's investment, must make clear its inten-

tion about future taxes by announcing a time path of tax rate (at least, a planned

time path, for the next few years). In this context, we run into the problem of

credibility. What kinds of announced tax paths are credible?

There is a large literature on the issue of credibilty. Broadly speaking, we can

distinguish two concepts of credibility: time-consistency and subgame perfection.

The concept of time-consistency2 is a weak form of credibility, and subgame perfec-

tion3 is a strong form of credibility. Assuming that there is no uncertainty about

future preferences and technology, an announced time path of tax rate is said to

have the property of time consistency if at no time in the future the government

would have an incentive to deviate from that path as long as firms do not deviate

from the equilibrium investment and production paths. A tax policy is said to be

subgame perfect if the government would never have an incentive to deviate from

that policy, even if firms deviate from the equilibrium emission and production

paths.

The issue of time-consistency of tax schemes for pollution abatement has been

2 The concept of time-eonsisteney, in the poliey eontext, was first introdueed by Kydland and
Preseott (1977).

3 Subgame perfeetness was introdueed by Selten (1975).
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raised by a number of authors (Kennedy and Laplante, 2000, Petrakis and Xepa-

padeas, 2000) in a simple framework: one production period in a two-stage or

three-stage game. In their models, production takes place only once, and invest-

ment in abatement equipment4 is assumed to be carried out also only once, prior

to production. AIso, they assume that the government has only one policy in-

strument, i.e., tax on emissions, even though there are several distortions, e.g.,

monopoly power in the goods market, and pollution as a by-product of output.

Their main conclusions are as follows. First, if firms are perfectly competitive, in

the sense each firm's output has negligible impact on price and on total emissions,

then the government can design an efficiency-inducing tax that does not suffer from

the time inconsistency problem. Second, if one or several firms are large polluters,

then the government's tax on emissions will suffer from the problem of time incon-

sistency, even if the price is exogenous. Third, in the case of a polluting monopoly,

if the government has a single policy instrument (it can tax emissions, but cannot

tax or subsidize output), then the first best outcome cannot be achieved by the

single policy instrument.

One of the purposes of this paper is to re-examine the issue of time incon-

sistency of emission tax. We use an infinite horizon formulation, because finite

horizon moclels are likely to bias the result in the direction of time inconsistency.

The artifice of a finite horizon irnplies that there is a last period, beyond which

nothing matters. This creates an incentive for cheating. In contrast to the results

4 Laffont and Tirole (1996a,b) discussed a related issue: investment in R&D to find a new,
less polluting technology.
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obtained by other authors, we show that, in the case of a large polluting firm that

takes priee as given, the Pigouvian emission tax path does not suffer from the time

inconsistency problem. In the case of a polluting monopolist, we show that if the

government has two poliey instruments, an emission tax, and an output subsidy,

then in our infinite horizon formulation, the government polieies are time consis-

tent. In the case of perfeet competition, our result is in agreement with that of

the existing literature: the emission tax is time consistent5
.

The second purpose of this paper is to investigate subgame perfeet tax mIes.

In the case of a large polluting firm that takes priee as given, and in the case

of a polluting monopolist, it may be sensible to insist on the stronger form of

credibility, subgame perfection6 . Sinee the firm is large, it knows that its deviation

will be noted by the government, and it can reasonably believe that this will

prompt the government to deviate from its pre-announeed tax path. We therefore

investigate subgame perfection, first in the context of a single polluting firm facing

an exogenous priee for its output, and then in the context of a polluting monopoly.

One of the advantages of our infinite horizon formulation is that the subgame

perfect tax mIe is a function of the state variable (the pollution abatement capital

5 If the marginal cast of public funds is not unity then time-inconsistency reappears even
under perfect competition. This is shown in the Appendix. This result is in agreement with
that of Laffont and Tirole (1996a,b), who showed that, in the context of a two-period game
with innovation taking place in the first period, under non-unitary marginal cost of public funds,
time inconsistency arises, if the regulator cannot commit not to change the price of the pollution
permits in period two.

6 Time-consistency is the property concerning "absence of incentives to deviate" along a
given equilibrium path, while strong credibility questions whether a given player would stick to
his strategy given that sorne deviation has taken place, that is, it is about things that might
happen ofl the equii'ibrium path.
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stock), and is independent of time7
.

In the case of a large polluter with price-taking behavior, we show that strong

credibility is not a problem if the damage function is linear in emissions. However, if

the damage function is non-linear, the optimal precommited time path of emissions

tax rate, while time-consistent, is no longer subgame perfecto In this case, we show

that a non-linear emission tax, conditional on both output and capital, would be

credible, and would achieve the first-best outcome.

In the case of a monopoly, we show that, even in the case of a linear demand

function, it is not possible to achieve the first best outcome by linear feedback

tax rules (tax on emissions, and subsidy on output). This proposition is in sharp

contrast to that of Benchekroun and Long (1998), who found that there exists an

efficiency-inducing subgame perfect tax rate that is linear in the state variable.

The difference8 is due to the fact that in Benchekroun and Long (1998), invest-

ment in abatement capital is ruled out by assumption, and therefore emission is

proportional to output, where the factor of proportion is unchanged over time. By

introducing investment in pollution abatement, which implies that the factor of

proportion will be changing along the path of capital accumulation, we show that

the socially optimal time path for investment cannot be achieved by simply taxing

the emissions of a monopolist, even if the damage cost is linear in emissions. Thus,

the conclusion of Benchekroun and Long (1998) is too optimistic.

7 \Vith a finite horizon, subgame perfect tax rules will in general be a functioll of both the
state variable and time.

~ Benchekroun and Long assumed an oligopoly with n firms. The special case of monopoly is
obtained by setting n = 1. They show that it is possible to achieve the socially optimal outcome
by linear feedback tax rules.
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While sorne of our results differ from those of the existing literature, it is impor-

tant to point out that the differences are due to the differences in assumptions. For

example, apart from the difference in time horizon (finite versus infinite horizon),

Kennedy and Laplante (2000) assumed that investment costs are lumpy, while we

assume that costs are incurred gradually. Petrakis and Xepapadeas (2000) as-

sumed that the government has only one policy instrument, while we allow two

policy instruments in the case of a polluting monopoly. Benchekroun and Long

(1998) had the pollution stock as a state variable, while our state variable is the

stock of pollution abatement capital. Therefore, in a sense, the results are not

strictly comparable9 .

While Kennedy and Laplante (2000) and Petrakis and Xepapadeas (2000) use

a discrete time model, with a finite horizon, we use the continuous time formula-

tion, with an infinite horizon. One advantage of the infinite time horizon is that

it eliminates the artifice of a final period. The second advantage is that we can

address long-run issues, such as the characterization of the optimal steady state

capital stock. The third advantage is that it is possible to find subgame perfect

tax rules that are independent of time. The use of the continuous time formula-

tion is a matter of convenience. We are dealing with a leader-follower model in

infinite horizon, so that either we have a differential game model (involving differ-

9 Finally, we should mention the works of Downing and White (1986), Biglaiser et al. (1995),
Jung et al. (1996). Downing and White did not explore the issue of time consistency in their
discussion of emission taxes.Biglaiser et al. (1995) considered only the linear damage case, and
therefore time consistency problems did not arise (the tax rate being a constant, which is equal
to the constant marginal damage cost. Jung et al. (1996) assumed that firms expect the tax
rate to be unchanged after the adoption of a new technology, even though the government would
change the tax rate.
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ential equations), or a discrete-time game involving difference equations. Since the

differential games are more amenable to analytical solution, we have chosen the

continuous time formulation.

The paper is organized as follows. In Section 3.2, we establish a social optimum

model and solve for optimal paths of output and investment. In Section 3.3, we

consider perfect competition case and use it as a benchmark case to see how the

social optimum can be achieved by levying an emission tax. We also discuss the

issues of time consistency and subgame perfection. In Section 3.4, we look at two

variant cases, and seek to find and define the properties of tax schemes that are

time consistent and subgame perfecto Section 3.5 offers sorne consluding remarks.

3.2 The Basic Model

3.2.1 The basic assumptions

There are n price-taking firms. Let qi(t) denote the output of firm i at time

t, and Wi(t) be its stock of pollution abatement capital. Its emission per unit of

output is v - f(Wi) ;::: 0 where v> 0 is the emission per unit of output if Wi(t) = O.

We assume f(O) = 0, and f'(Wi) ;::: 0 for Wi > O. There exists a stock level w such

that if Wi 2:: w then f(Wi) = V. Thus, if the stock level Wi reaches the level w then

emission per unit of output is zero. We will focus on the case where the rate of

depreciation of abatement equipment and the rate of interest are high enough so

that it is never optimal to try to reach w. Let Xi(t) denote firm i's investment in

its abatement capital, and 8 > 0 be the rate of depreciation, then the dynamics of
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investment can be written as

Following the adjustment cost literature, we assume that when the firm spends

Xi on investment, it incurs a total investment cost of Xi + A(Xi), where A(Xi)

represents the cost of adjustment lO
, with A(O) = 0, and

The cost of producing qi is C(qi), independent of the level of the stock of

abatement capital. We assume that C(O) = 0 and

The total output of the industry is

and the inverse demand function is

p = p(Q)

where p(O) = P > 0'(0) and p'(Q) < O. Consumers' surplus is defined as

S(Q) = U(Q) - p(Q)Q

10 Without a strictly convex adjustment cost function, the firm would "jump" to its steady
state level of capital stock.
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where we define U(Q) as the area under the demand curve:

Total emission at time t is

n

E(t) = :L)v - f(Wi(t))] nqi(t)
i=l

The emission infEcts on consumers a damage cost D(E), where D(O) = 0, D'(E) >

oand DI/(E) 2::: O.

3.2.2 The social optimum: the benchmark scenario

The necessary conditions In this case, the social planner can directly control the

output and investment of aH the 11, firms, thus the planner has q and x as control

variables and W as the state variable. Given the initial stock Wo, the planner

chooses the time paths of q(t) and x(t) to maximize the integral of the discounted

flow of the sum of consumers' surplus and produeers' surplus, net of damage cost:

100

{U(nq) - nC(q) - nx - nA(x) - D (E)}e-rtdt

where r > 0 is the rate of discount, and E = [v - f(w)] nq is the total emission.

The maximization is subject to

w= x - ow

and w(O) = Wo.

Let .7/J be the co-state variable, Le., the shadow priee of the representative

abatement capital stock. The current value Hamiltonian for this problem is

H = U(nq) - nC(q) - nx - nA(x) - D [(v - f(w))nq] + 'l/J(x ~ ow)
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The necessary conditions are as follows:

: = np(nq) - nC'(q) - nD'(E)(v - f(w)) = 0

aH = (-1 _ A'(x))n + 1jJ = 0
ax

. aH ,
1jJ = r1jJ - aw = (r + 8)1jJ - D (E)nqf' (w)

and

'ÙJ = x - 8w

The transversality conditions are

lim e-rt1jJ(t)w(t) = 0, lim e-rt1jJ(t) ~ 0
t -'>eX! t--> 00

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

These neeessary conditions have intuitive economic interpretations. Condition

(3.1) states that marginal production cost should be smaller than priee by an

amount that refiects the marginal damage caused by an additional unit of output:

p-C' = D'(E)(v- f(w)). Condition (3.2) says that the marginal cost ofinvestment

should be equated to the shadow priee of the capital stock. Condition (3.3) is the

usual arbitrage condition which says that the marginal return of a unit of capital

plus capital gain should be equated to interest cost. From (3.2) and (3.3), we

obtain the following rule on optimal rate of change in investment:

A"(x)x = (r + 8)(1 + A'(x)) - D'(E)qf'(w) (3.6)

Note that from (3.1), the optimal output level at any time t depends on the

current stock level w(t) and not on the shadow priee 1jJ(t). Differentiating (3.1)

totally, we get

[np'(nq) - C"(q) - D"(E)(v - f(W))2 n] dq =



- [D"(E)(v - f(w))nqf'(w) + D'(E)f'(w)] dw

hence

q = q(w), and q'(w) > 0

Substituting (3.8) into (3.6) we get
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(3.7)

(3.8)

AI/(x)x = (r + 5)(1 + A'(x)) - D'[(v - f(w)nq(w)]q(w)f'(w) (3.9)

Equations (3.9) and (3.4) are two differential equations in the space (x, w). Solving

this pair of differential equations, with the initial condition w(O) = Wo and the

transversality condition (3.5), yields the planner's optimal solution for q*(t),x*(t),

and w*(t).

Steady state From differential equations (3.9) and (3.4), by Setting x = 0 and

w= 0, we get x = 5w. Renee, at a steady state we must have

(r + 8)(1 + A'(8w)) - D'[(v - f(w))nq(w)]q(w)f'(w) = 0 (3.10)

This equation has an intuitively appealing interpretation. In fact, we can rean'ange

the terms to obtain

where the subscript ss denotes steady-state values. The left-hand side is the mar-

ginal cost of investment to maintain abatement capital at its steady-state level.

The right-hand side is the present value of the stream of marginal benefit yielded

by abatement capital.

3.2.3 Optimal path and the environmental Kuznets curve: an example
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If equation (3.10) has a unique positive solution, say W ss > 0, then it is the

unique steady state. In general, however, without additional assumptions, we

cannot be sure of the existence or uniqueness of steady state. We can show, at

least for some specifie functional forms, that the steady state exists and is unique.

The fol1owing example has the property that the steady state is unique, and that

starting from any initial stock, there is an optimal path that leads to that steady

state.

Example 1: Assume the inverse demand function is

p = j5 - bQ

The cost function is

with j5 > 0, b ~ 0

The adjustment cost function is

A(x) = ~x2 with (3 > 0

The damage function is linear in E

D(E) =,E

and the abatement function is

with, > 0

f(w) = w for w ::; v, and f(w) = 1) for w > v

Focussing on interior solution, we obtain the output

q(w)=j5-CO-,(V-W) a-,(v-w)
Cl + nb 9

(3.11)
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where a - f5 - Co and 9 = Cl + nb. The investment satisfies

r+8 (1)x=--+(r+8)x- - [a-1(v-w)]
{3 {3g

r+8 . (1)= ---,e- + (r + 8) (w + 8w) - (3g [a - 1(V - w)]

Differentiating (3.4) with respect to t, we can get

(3.12)

(3.13)

Substituting (3.12) into (3.13), we get a second order differential equation for the

capital stock w :

where

1
2

G_-8(r+8)+-
{3g

and

(3.14)

The characteristic equation associated with the second order differential equation

(3.14) is

where the two roots are

À _ r± vr2
- 4G

1,2 - 2

Stability, in the sense of saddlepoint, is ensured if the two roots are real and have

opposite signs. This requirement is satisfied under the fol1owing assumptions:
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Assumption Al: G < 0, i.e.,

(3go(r + 0) > "?

This assumption basically means that the combined forces of the adjustment

cost (the parameter (3), depreciation (8), and interest rate (r), are sufficiently

strong relative to the damage cost parameter "(.

Setting w= aand d2w/de = 0, we obtain the steady state level of abatement

capital

B
W ss = G

where W ss is positive if B < O.

Assumption A2: B < 0, i.e.,

Assumption A2 is satisfied if j5 is sufficiently high, that is, the consumers value

the first unit of the output very highly.

Remark: For an interior solution to exist, we need v - W ss > O. This require-

ment is satisfied if and only if

"(a - g(r + 8)
?J > ----'----'-

(3go(r + 0)
(3.15)

From any initial stock Wo, the selection of the negative root, say À 1 < 0,

means that convergence to the steady state stock W ss is ensured, and the path of

convergence is given by
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As t -> 00, w(t) -> W SS • Along this unique convergent path, we have

and

x*(t) =w*(t) + <5w*(t) = (<5 + À1)w*(t) - À1wss

where it can be shown that <5 + À1 > O. The optimal investment therefore obeys

the rule

(3.16)

Thus, starting from any Wo < W ss , both w and x will rise over time. Output will

also rise over time, as can be seen from (3.11). An interesting question is whether

emsssions E(t) rises or falls over time. It turns out that in this case, along the

optimal path, total emission E will at first rise, reach a peak, and then fall (this is

also called the environmental Kuznets curvell ). These results can be summarized

in Proposition 3.1.

Proposition 3.1: (Convergence to the steady state) Given the assump-

tions in this subsection, there exists a unique steady state capital stock W ss < v.

Starting from any Wo, the optimal path converges to W SS • From any small initial

stock Wo < W ss , output, capital, and gross investment rise over time. Emission will

at first rise, then fall. The environmental Kuznets curve exists here.

Remark: To prove the existence of the environmental Kuznets curve, note

11 The empirical work by Grossman and Krueger (1993, 1995) has produced a fast growing
empiricalliterature on the the environmental Kuznets curve. Other early contributions are Selden
and Song (1994) and Shafik (1994). For a recent empirical paper on this topic, see Antweiler et
a. (2001).
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that

[
a-~(v-w)]

E = (v - w)nq = n(v - w) 9

Thus E is strictly concave in w, and attains its maximum at w = W v - a/(2~).

By choosing appropriate parameter values, we have w< W ss ' As w(t) rises towards

w ss , E(t) rises then falls, generating the environmental Kuznets curve.

3.3 Achieving the social optimum by leving an emission tax on competitive

firms

In this section, we show that the socially optimal paths of outputs and in-

vestments in the preeeding section can be achieved under the regime of perfect

competition if the regulator announees, right from the beginning, a time path of

tax rate on emissions. We also show that such a tax path does not give rise to the

problem of time inconsistency12.

3.3.1 The optimization problem of the representative jirm

Consider a representative firm in a perfectly competitive industry with n

firms 13
. We assume that the firm behaves as if its emissions would not affect

total emissions. The firm takes as given the time paths of priee and tax rate, de-

noted by p(t) and e(t). Given the firm's initial abatement capital stock wo, which

we assume to be identical across all firms, it chooses the time paths of output q(t)

12 Basically, time inconsistency does not happen because the first best can be achieved: it is
not possible at any stage to improve upon the first best by deviatiug from the precommitted tax
path. vVhile this argument is intuitively plausible, for completeness, we will also supply a more
technical proof that time incosistency does not arise.

13 Here n is large enough so that no single firm believes that it cau influence the market price:
it behaves as if its output would not affect the total industry output.
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and investment x (t) to maximize the integral of the stream of discounted cash flow:

max (OC! [pq _ C(q) _ B(v - f(w))q - x - A(x)] e-rtdt
q(t),x(t) Jo

where (v - f(w))q denotes the firm's emissions, and B(t) is the tax rate per unit

of emissions at time t. The maximization is subject to

w= x -l5w

and the initial condition w (0) = Wo.

Let c/J denote the firm's shadow priee of its stock level w, the level of pollution

abatement capital. The current value Hamiltonian is

H = pq - C(q) - B(v - f(w))q - x - A(x) + c/J(x - I5w)

and the neeessary conditions are

oH = p _ C' (q) _ B(v - f (w )) = 0
oq

oH '( )-=-1-A x +c/J=O
ox

. oH
c/J = Tep - ow = (r + (5)c/J - Bqj'(w)

w= x -l5w

The transversality condition is

lim e-rtep(t)w(t) = 0, lim e-rtc/J(t) ~ O.
t-toc! t-toc!'

3.3.2 Government policy: gv,iding firms ta achieve the social optimum

(3.17)

(3.18)

(3.19)

(3.20)
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The firm's production and investment decisions satisfy the following conditions:

p(t) - C'(q(t)) = B(t) [v - f(w(t))]

A"(x(t))x(t) = (r + 0) [1 + A'(x(t))] - B(t)q(t)j'(w(t))

w(t) = x(t) - ow(t)

From section 3.2, we know that the socially optimal investment and output

satisfy the conditions

p(Q*(t)) - C'(q*(t)) = D'(E*(t)) [v - f(w*(t))]

A"(x*(t))x*(t) = (r + 6) [1 + A'(x*(t))] - D'(E*(t))q*(t)j'(w*(t))

w*(t) = x*(t) - ow*(t)

where Q*(t) = nq*(t) and E*(t) = n [v - f(w*(t))] q*(t).

If the regulator announces the follwing time path of tax rate per unit of emis-

slOns

B*(t) = LJ'(E*(t))

and if firms expect p(t) = p(Q* (t) ), then each firm will find that by choosing

q(t) = q*(t) and x(t) = x*(t), it can fulfill all its necessary conditions for its own

maximization problem.

Thus we can state the following proposition:

Proposition 3.2: Under perfect competition, by announcing a time path of

tax rate B(t) which equals the marginal damage cost of emissions, the regulator

can ensure that the investment and output decisions of competitive firms achieve

the social optimum.
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3.3.3 A formal proof of time consistency

Since the precommitment to the time path of tax rate B*(t) = D'(E*(t))

achieves the social optimum, it should be clear that, even if at some time t 1 > 0

the regulator can renege from the initial commitment, he will have no incentive to

do S014. For completeness, we offer a formaI proof in this subsection.

Proposition 3.3: (Tirue consistency) Vnder perfect competition, the pre-

committed time path of tax rate pel' unit of emission, as described in Proposition

3.2, is time consistent.

Proof: Formally, we are dealing with a problem of dynamic game (differential

game) involving a leader and many followers. The regulator is the leader. He knows

that the firms react to the announced tax path, and their "reaction functions" are

summarized by equations (3.17)-(3.20). These conditions can be reduced to two

differential equations

and

~ = (r + 6)cjJ - Oq(O, w, t)f'(w)

w= x(cjJ) - 6w

(3.21)

(3.22)

where q(O,w,t) is derived from (3.17) and x(cjJ) is derived from (3.18), and they

have the properties that

p(nq(O, w, t)) - C'(q(O, w, t)) = O(t) [v - f(w)] (3.23)

14 Because by definition it is impossible to improve upon the first best outcome. Other factors
that contribute to time inconsistency in some intertemporal optimization model, such as a time
varying rate of discount, are not present in our model.
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and

1 + A' (x (1») = 1> (3.24)

The regulator thus faees two constraints in the forms of two differential equa-

tions (3.21) and (3.22). Technically, this means that the regulator must treat w

and 1> as "state variables". In other words, the co-state variable, or"shadow priee",

1>, is treated as a "state variable" in the leader's optimization problem. 15 The reg-

ulator must attach a shadow priee to each of these two "state variables". Let f.1 be

the shadow price of w and r; be the shadow price of 1>. The only control variable at

the regulator's disposaI is e(t). The regulator's objective function is to maximize

social welfare, knowing that q = q(e, w, t) and x = x(1)).

max (OO {U(nq) _ nC(q) - nx - nA(x) - D [(v - f(w))nq]} e-rtdt
B(t) Jo

The Hamiltonian is

H = U(nq(e, w, t)) - C(q(e, w, t)) - nx(1))-

nA(x(1») - D [(v - f(w))nq(e, w, t)] +

f.1(x(1» - 8w) + r; [(r + 8)1> - eq(e, w, t)f'(w)]

The neeessary conditions are

~~ = [np - nC/(q) - nD/(E)(v - f(w)) - T,ef'] ~~ - r;qf' = 0 (3.25)

ft = rf.1- ~: = (r + 8)f.1- D'(E)qf+
-------------

15 This is the standard approach in differential games involving a leader and many followers.
See Doclmer et al. (2001).



7]eqf" - [np - nC/(q) - nD'(E)(v - j(w)) - 7]ef'] ::

aH. / dx
i] = r7] - - = -87] + [n + nA (x(cjJ)) - M] -

acjJ dcjJ

. aH
w = - = x(cjJ) - 8waM

. aH
cjJ = a:ry = (r + 8)cjJ - eq(e, w, t)f'(w)
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(3.26)

(3.27)

In addition, since cjJ(O) is not exogenously given (unlike wo), there is a transversality

condition associated with this "free initial cjJ":

7](0) = 0 (3.28)

The condition (3.28) has the following interpretation: since cjJ(O) = cjJo can be

freely chosen, its shadow price at time t = 0 is zero. This condition plays a very

important raIe concerning time inconsistency. If the solution of the above necessary

conditions yields a time path 7](t) with 7](0) = 0 and 7](tl) -1= 0 at sorne time h > 0,

this would indicate that the solution is time inconsistent. If, at time t l , the leader

can renege from the remaining portion of the tax path that was chasen at time

0, he would resolve his problem, and the new transversality condition at the new

initial time t l would be 7]*(h) = O. This would indicate a deviation from the initial

plan (if 7](t1 ) was non-zero in the initial plan). In brief, if the original solution has

TJ(t 1 ) -1= °for sorne t l > 0, that solution must be time inconsistent. Ta prove that

a given solution is time consistent, one must establish that originally chosen time

path 7] (t) is identically zero. 16

1G For further discussion of this point, see Dockner et al. (2001, p. 118, 122, 125.)
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We now proeeed to show that for the regulator's problem, the optimal shadow

price 1](t) is zero identicaIly, and that the resulting time paths of output and

investment are identical to the socially optimal paths described in subsection 3.2.2.

In fact, if the regulator set the tax rate B(t) = D' (E* (t) ), then, in view of

(3.23), equation (3.25) becomes

-1]Bf'(w) ~~ - 1]qf' (w) = 0

which implies 1](t) = 0 identicaIly. This is the key element in our proof of time

consistency. It is useful to verify that aIl the equations are consistent. Sinee

1](t) = 0 identicaIly, we have i](t) - 0, which, in view of (3.27), implies

/-l(t) = n + nA'(x(<,b)).

Given that (3.24) holds, this implies

/-l(t) = n<,b(t) (3.29)

identicaIly. Turning to (3.26), sinee 1](t) is zero identicaIly, equation (3.26) becomes

j1 = (r + o)/-l- D'(E)qf' = (r + O)/-l - B(t)nqf'

In view of (3.29), equation (3.30) is equivalent to

n~ = (r + O)ncP - nBqf'

(3.30)

which is consistent17 with (3.21). This completes the proof of proposition 3.3.

17 Thus the firm's optimality conditions and the optimality conditions for the regulator coin
cide. The optimal c/Jo mustbe set such that x(c/Jo) = x*(O), which is the optimal initial investment
level in the social optimum.
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8.8.4 Credibility

We have shown that, under perfect competition, the regulator's optimal tax

path is time consistent and achieves the first best outcome. In other words, in

our leader-follower game, we have found an equilibrium that is time consistent. It

remains,however, to ask whether the time path of optimal tax rate e*(t) is credible

for the firms.

Credibility is a stronger requirement than time consistency18. A time consistent

equilibrium may or may not be credible. For an equilibrium to be credible, two

criteria must be satisfied. First, each follower must be convinced that the leader

would have no incentive to revise the announced time path e* (t), given that aIl

the followers do not deviate from the candidate equilibrium path. Second, each

follower must be convinced that if it deviates, that will not cause the leader to

deviate. A firm would find a tax path non-credible if it thinks that by deviating it

can influence the leader to change the tax path. Under perfect competition, there

are a large number of firms, and no individual finn has any noticeable weight.

Thus our solution is credible.

However, the issue of credibility becomes important when the firm is large. A

firm may be large in the output market, or in its effect on total emissions. To

separate these two cases, in the next section we turn to two variations of our basic

modcl. In the first variation, we consider a model where the finn iti tilIlall in the

output market (in the sense that it does not have power to influence the priee),

18 Time consistency could be viewed as a minimal requirement for credibility of an equilib
rium strategy profile. It may be desirable to insist on a stronger requirement, such as subgame
perfectness. See Dockner et al (2001, pp. 98-105).
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but large in its effeet on the environment. In the second variation, we consider a

polluting monopolist.

3.4 Variations of the Basic Model

3.4.1 Varîatîon 1: A large polluter wîth prîce-takîng behavîour

We now consider the case of a large polluting firm that takes priee as given.

This may happen if the other n - 1 firms are non-polluting19
. To focus on the

behaviour of the large polluting firm, we will not analyze the behaviour of the

clean firms, and set the priee at p, a positive constant.

The firm's optimization problem and the optimal precommitted tax path If the

firm takes the time path of emissions tax rate e(t) as given, its optimization prob-

lem is

max {OC {pq _ G(q) _ x - A(x) - e(v - f(w))q} e-rtdt
q(t),x(t) Jo (3.31 )

subject to

tU = x - 8w

and w(ü) = Wo.

The Hamiltonian is

H = pq - G(q) - x - A(x) - e(v - f(w))q + cjJ(x - 8w)

and the neeessary conditions are

(3.32)

10 Alternatively, one might think of the case where the country faces an exogenously given
worlcl priee for the procluct that the large polluting firm procluce.

p - G/(q) - e(v - f(w)) = Ü
-----:--::-------------
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l+A'(x) =4>

. âH
4> = r4> - âw = (r +8)4> - Bq!,

w= âH =x-8w
84>

The transversality conditions are

lim e-rt 4>(t)w(t) = 0, lim e-rt 4>(t) 2: o.
t->oo t->oo

By using an analysis that is similar to that of section 3.3, one can show that

if the government precommits to a tax path, the optimal tax path satisfies

B*(t) = D'(E*(t)) = D' [(v - f(w*(t))q*(t)] (3.33)

where the asterisk indicates the social optimum. Time consistency can be proved

in the same way as in subsection 3.3.3.

Credibility and subgame perfect equilibrium The optimal tax path given by (3.33)

is however not credible to the firm, except for the special case in which the marginal

damage cost is constant. In the more general case where the marginal damage is an

increasing function of E, the firm will aet strategically. It knows that if it deviates

from the socially optimal path of investment x* (t), it will generate a different

time path of capital, which in turn affects what the regulator would perceive as

the optimal emission level at t. More precisely, suppose that the regulator has

solved for the optimal investment and output paths, denoted by x* (t) and q* (t),

and the corresponding time paths of capital stock and emissions are w* (t) and

E*(t) = (1) - f(w*(t)))q*(t). The optimal precommitted tax path would then be
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(3.33). The firm would know that if it deviates by achieving a different level of

capital stock, the regulator would have an incentive to change the tax rate from

the pre-announced time path of tax rate e* (t).

Thus, given the firm's strategie behavior, a tax path that depends only on time

is not credible, and cannot be an equilibrium in the dynamic game between the firm

and the regulator. We must now search for a characterisation of the equilibrium

of this complex game. We will study two cases. In Case 1, we assume that the

regulator commit to a tax rule e(w), so that the firm's tax payment is T = e(w)E.

We call this case "linear tax" in the sense that T is linear in E. In Case 2, we

assume that the regulator can commit to a more general tax rule e(w, q), so that

the firm's tax payment is

This is the non-linear tax case, in the sense that the tax payment is non-linear in

E. In both cases, we insist that the tax rules be credible in the sense that at any

time t l > 0 during the game, given any stock level w(t l ), the tax rule remains the

"optimal" solution of the regulator's problem, subject to the condition that the

firm reacts optimally (from its point of view) to that tax rule.

Case 1: subgame perfect equilibrium with a linear tax rule Here, we look for a

rule e = e(w). The firrll maximizes its objective function (3.31), where e = e(w).

This yields the firm's decision rules

q = q(w, e(w)) and x = x(w, e(w)) (3.34)
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The regulator chooses the optimal tax rule e(w) to maximize social welfare, subject

to the firm's reaction functions, as given by (3.34). The solution would then

be subgame perfecto In general, a subgame perfect solution may fail to achieve

the first-best command and control outcome. The following proposition provides

necessary and sufficient conditions for a subgame perfect solution to achieve the

first best.

Proposition 3.4: (Optimallinear tax IUle). Let V(w) be the value function

of the command and control scenario, as given in the Appendix 3A. Let e(w) be a

subgame perfect tax rule. For e(w) to achieve the first best outcome, it is necessary

and sufficient that

e(w) = D'(E*) where E* = (v - j(w*))q(w*, O(w*))

and

1 + A'(x(w*, e(w*)) = V'(w*)

(3.35)

(3.36)

Proof: Given the firm's reaction functions as described by (3.34), the regula-

tor's solution to the feedback leadership problem must solve the Hamilton-Jacobi-

Bellman equation

rVs(w) = max{j5q(w, e) - C(q(w, e)) - x(w, e) - A(x(w, e))
()

-D [(v - j(w))q(w,e)] + V~(w) [x(w, e) - 6w]} (3.37)

where Vs(w) is the value function of the regulator's optimization problem. This
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gives the first-order condition20

{p - C' - D'(E)(v - f(w))} ~~ - [1 + A' - V~] ~~ = 0 (3.38)

On the other hand, from the first-order condition for the firm, equation (3.32),

with () replaced by (}(w), we have

p - C' = () (w ) (v - f (w ) )

so that (3.38) becomes

[v - f'(w)] {(}(w) - D' [(v - f(w))q(w,(}(w))]} ~~ - [1 + A' - V~] ~~ = 0 (3.39)

For the necessity part:

If the first best outcome can be achieved, we have V(w) = Vs(w). This equality

implies (3.36). Equations (3.36) and (3.39) give equation (3.35).

For the sufficiency part:

If (3.36) and (3.35) are satisfied, then Vs(w) = V'(w), by (3.39). It follows

that Vs(w) = V(w) - k where k is a constant. But k = 0 in view of the identities

(3.37) and (.1) .•

Remark: Proposition 3.4 gives necessary and sufficient conditions for a sub-

game perfect solution that can lead to the first best outcome. In general, however,

it is difficult to prove its existence. We can nevertheless provide a specifie example

where such a solution exists.

Example 1 (continued)

20 This first arder condition yields a tax rule 8 = 8(w, VS(w)). Substituting this rule into the
HJB equation, we can solve for Vs(w). The tax mIe can then be written as 8 = 8(w).
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We continue with example 1, and specialize to the case n = 1 and p(Q) = j5 in

variation 1. In this case, with D(E) = "lE, it is easy to verify that the subgame

perfeet tax rule is

B(w) = "1

and firm's reaetion funetions are

( ) ()
j5 - Co - (J('u - w)

q w, B = q w = ------'----------'
Cl

where

r - Vr2 - 4A(B) B2
ÀI(B) = with A(B) - -8(r + 8) +-(3

2 Cl

and

B(B). r + 8 (B)
wss(B) =A(B) wlth B - -rJ - (3CI [a - "Iv]

Remark: The above example shows that when the damage cost function is

linear in E (i.e., marginal damage cost is a constant), a subgame perfeet tax rule

exists, and it can achieves the first best outcome. If the damage cost function is

not linear, then it would be unlikely that such strong results could be obtained.

In such cases, we would have the second best results where B(w) satisfies (3.39),

but then we have neither B(w) = D' [(v - j(w))q(w,B(w))] nor 1 + A' = VJ. This

observation leads to the following result on the "second best" 21:

21 Proposition SP2 refiects the classic theorem on the second best in the theory of public
finance. According to that theorem, if marginal cost pricing is not possible in aU sectors, then
there can be no presumption that marginal cost pricing is the right thing to have in a controllable
sector.
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Proposition 3.5 (The second best): If it is not possible to achieve the first

best outcome, then in general the emission tax rate should not be equated to the

marginal damage cost.

Case 2: Subgame peTfect equilibrium with non-linear tax If the tax payment on

emissions can be non-linear in q, that is, T - e(w, q)q, then the first-best can be

achieved. Since the tax rate per unit of emission can be conditional on output,

then the regulator can set e = e(w, q) such that

e(w,q)(v - f(w))q = D [(v - f(w))q]

In this case, the externality is completely internalized, and the firm will achieve

the socially optimal outcome. For example, if

D(E) = E 3

then

e(w, q)(v - f(w))q = [(v - f(w))q]3

Solving, we get the tax mIe

e(w,q) = [(v - f(W))q]2

3.4.2 Variation 2: Monopoly

In the previous subsection, we considered a single firm that has a significant

impact on the environment, but no influence on the price of its output. vVe showed
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that, at least in the case of linear damage cost, there exists a subgame perfect

equilibrium that achieves the first best outcome. We now add another source of

distortion: monopoly power.

Under monopoly, there are two sources of welfare losses: (i) restriction of out-

put, and (ii) absence of incentive to invest in abatement capital. We are interested

in the following questions: (1) Can a government, if it has the ability to precommit

to a time path of emission tax rate (}(t), and a time path of output subsidy s(t),

guide the monopoly to achieve the socially optimal paths of output and invest-

ment in abatement capital? (2) If the answer to question (1) is positive, is the

solution time consistent? (3) If we insist on credibility, what are the properties of

subgame perfect solution for the game between the regulator (the leader) and the

monopolist (the follower)?

Two instruments and the social optimum Given wo, let the socially optimal

time paths of output, investment, abatement capital, and emission be denoted

by q* (t), x *(t), w* (t), E* (t). The government chooses a time path of emission tax

rate B(t) that corrects production externality, and a time path of output subsidy

s(t) that corrects under-production. While at any point oftime emission is linearly

related (proportional) to output, the proportionality changes over time as abate-

Illent capital is acculllulated. In this case, we will show that a single tax is not

sufficient to provide the right incentive for capital accumulation. 22 The govern-

22 Our results are in sharp contrast ta those of Buchanan (19.. ), Benchekroun and Long (1998),
where a single tax (or subsidy) on output was sufficient. The difference arises from the fact that
in their models, the factor of proportionality is constant.
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ment can precommit to a given tax path on emission, and a given subsidy path on

output. The monopolist is assumed to be the follower: it takes the precommitted

tax path and subsidy path as given and maximizes

100

{p(q)q - C(q) - x - A(x) - 8(v - f(w))q + sq} e-rtdt

subject to

w= x- 8w

and

w(O) = wo

The current value Hamiltonian for the monopolist is

Hm = p(q)q - C(q) - x - A(x) - 8(v - f(w))q + sq + 'l/Jm(x - 8w)

and the necessary conditions are

(3.40)

(3.41)

oHm 1fu = -1 - A (xm) + 'l/Jm = 0 (3.43)

;Pm = (r + 8)'l/Jm - 8qmf'(wm) (3.44)

Wm = X m - 8wm (3.45)

The transversality conditions are

From (3.42),

(3.46)
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Recall that the socially optimum output satisfies, in the central planner's case,

p(q*(t) - C1(q*(t)) = D1(E*(t))(v - j(w*(t)))

We can see that if wm(t) = w*(t), then by setting B(t) and s(t) such that

B(t)(v - j(w*(t))) - s(t) - qm(t)p'(qm(t)) = D1(E*(t))(v - j(w*(t)))

i.e.,

s(t) = -qm(t)pl(qm(t)) > a

B(t) = D1(E*(t))

(3.47)

(3.48)

(3.49)

the regulator can ensure that the monopolist will choose qm(t) = q* (t).

Since the monopolist's differential equations for 'l/Jm and w m, equations (3.44)

and (3.45), are identical in form to those of the social planner, they have the same

solutions.

Now consider the policy of combining the two tax instruments into a single

instrument, say, a tax on emissions alone. We show that, in this case where there

are two distortions, social optimality cannot be achieved with a single tax. Denote

the combined tax rate by Bc(t), then the monopolist's current value Hamiltionian

would be

Hm = p(q)q - C(q) - X - A(x) - Bc(v - f(w))q + 'l/Jrn(x - ox)

and the necessary conditions are
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(3.50)

For qm (t) and Xm(t) to be the same as q* (t) and x* (t), it would be neeessary that

(Je(t) = D'(E*(t))(v - j(w*(t))) + q*(t)p'(q*(t))
(v - j(w*(t)))

(3.51 )

and that wm(t) = w*(t). This combined tax would give the correct output in-

eentive, but when we substitute (3.51) into (3.50), we have a differential equation

that is completely different from the one in the socially optimal program. In other

words, the combined tax (Je would give the wrong incentive for investment.

vVe have thus proved the following proposition:

Proposition 3.6: The monopolist can be guided to achieve the socially opti-

mal time paths of output and investment in pollution abatement if the government

can precommit to a pair of instruments: an emission tax path given by (3.49) and

a output subsidy path given by (3.48). These two tax instruments are sufficient to

achieve two targets.

Time consistency The paths of emission tax and production subsidy described

above are time consistent. Intuitively speaking, sinee the social optimal outcome

is achieved by the pair of tax and subsidy paths, clearly, at any later stage, the

government cannot do anything better.

The formaI proof is similar to that of subsection 3.3. It consists of setting up

an open-Ioop leader-follower problem, in a differential game framework. In such a
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formulation, the government, the leader, takes into account the "reaction function"

of the monopolist, and seeks to maximize social welfare by choosing a pair of

emission tax path and output subsidy path. The monopolist's "reaction function"

is represented by the two differential equations (3.44) and (3.45). The government

is facing two dynamic constraints. Thus it has to treat the two variables W m and

'l/Jm as "state variables."

Given any pair of time paths (e(t), s(t)) announced by the leader, the follower,

the monopolist, solves his optimization problem. The necessary conditions for this

problem are (3.42) - (3.45). From (3.42), we can, in principle, obtain the function

of output

qm(t) = qm(e(t), s(t), wm(t))

and from (3.43), we can obtain the function of investment

Substituting these into (3.44) and (3.45), we get

(3.52)

and

(3.53)

The government's task is to choose the time paths e(t)and s(t)to maximize

(3.54)

where



-D [(v - f(wm))q(B, s, wm)]

subject to (3.52) and (3.53), and wm(O) = WmO'
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(3.55)

The current value Hamiltonian, with two shadow priees, 7](t) and I-l(t), associ-

ated with the two "state variables" 'l/Jm and Wm is as follows:

The neeessary conditions are

aH
aB = 0

aH =0
as

. aH
7]=1'7]---

a'l/Jm

. aH
I-l = 1'1-l - -

aWm

. aH
'l/Jm = 7hl = (1' + 8)'l/Jm - Bqm(B, s, wm)J'(wm)

aH
Wm = -a = xm('l/Jm) - 8wmI-l .

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

and, in addition, sinee 1/Jm(O) is not exogenously given, we have the associated

transversality condition

7](0) = O. (3.62)

To prave that a given pair oftime paths B(t) and s(t) is dynamically consistent,

we must show that 7](t) = 0 for aIl t.
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For our particular problem, r](t) is indeed identically zero. The conditions

(3.56) and (3.57) give

{p(qm) - C' - D'(E)(v - f) - r]Oj'} a;; -r]qmj' = 0 (3.63)

{p(qm) - C' - D'(E)(v - f) - r]Oj'} a;: = 0 (3.64)

From the monopolist's optimization problem, we know that p(qm) - C' = O(v -

f) - s - qmp'(qm). Substituting this into (3.63) and (3.64) give

and

{O(1J - f) - s - qmp'(qm) - D'(E)(v - f) - r]Oj'} oqm = 0 (3.66)as

Since oqm/Os =1=- 0 and oqm/oO =1- 0, O(v - f) - s + qmp'(qm) - D'(E)(v - f) = 0,

it follows from (3.65) and (3.66) that

r]{t) = 0 for aH t

By setting

O(t) = D'(E*(t)) and s(t) = -q*(t)p'(q*(t))

qrn,(O(t) , s(t), w(t)) = q*(t) is ensured.

(3.67)

(3.68)

Next, consider the four differential equations (3.58)-(3.61). In view of (3.68),

we get

• J: ( '( )) dXm dXmr] = -ur] + 1 + A x - - /1-
d'ljJm d'ljJm

(3.69)
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In view of (3.67), we have il = 0 and thus condition (3.69) implies

(3.70)

sinee

Next, from (3.59),

iL = (r + O)M - D'(E)qmf'(w) (3.71)

In view of (3.68), (3.43), and (3.44), the two equations (3.70) and (3.71) imply

M = 'l/Jm' Finally, equations (3.60) and (3.61) are identical to the ones for the

social optimum, i.e., (3.3) and (3.4), as well as the ones for the monopolist, (3.43)

and (3.45). It follows that the Stackelberg problem yields a solution that is both

socially optimum, as well as time consistent.

vVe can now summarize the result of this section in proposition 3.7.

Proposition 3.7: If the government can precommit to a pair of time paths

(B(t), s(t)), then, by setting B(t) equal to the marginal damage cost along the

socially optimal path, and s(t) equal to -q*(t)p'(q*(t)), the social optimum can be

achieved. l\!Ioreover, this solution is time consistent.

Remark: An often encountered feature of open-Ioop Stackelberg leadership

model is that the solution is dynamically inconsistent. Thus Proposition 3.7 is

indeed very special. Upon refiection, this is because in our formulation, the gov-

ernment has two independent tax instruments to pursue two targets, on the level

of output, and on the abatement capital stock. Rad we endowed the government

with only one policy instruments, the solution would have displayed the usual



127

property of dynamic inconsistency. The paper by Petrakis et al. (1999) displays

time inconsistency because the regulator has only one policy instrument.

Subgame perfect tax rules We now seek to characterize a subgame perfect solution.

The leader must now find a policy rule which is credible, in the sense that neither

the follower nor the leader can gain by deviating from the proposed equilibrium.

We wish to determine whether there exist subgame perfect tax rules (an emission

tax rule, and an output subsidy rule) that are functions of the state variable w and

that can achieve the social optimum. Our interest in this question stems from a

result due to Benchekroun and Long (1998), who showed, in a model of pollution

control with a constant emission-output ratio, that a tax rule that is linear in the

state variable can achieve the social optimum.

Proposition 3.8: Under monopoly, with non-constant emission-output ratio,

it is impossible to achieve the first best outcome by feedback tax rules (tax on

emissions, and subsidy on output) that are linear in the state variable

Remark: This proposition is in sharp contrast to that of Benchekroun and

Long (1998). The difference23 is due to the fact that in Benchekroun and Long

(1998), investment in abatement capital is ruled out by assumption, hence the

ratio of emission to output is time invariant. In contrast, in our model, the firm

can invest in pollution abatement capital. This means that the ratio of emission

to output is variable. Two linear tax rules cannot restore optimality in a scenario

where the firm is a dynamic optimiser and subgame perfectness is required.

23 Benchekroun and Long assumed an oligopoly with n firms. The special case of monopoly is
obtained by setting n = 1.
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Proof: (In this proof, we use the functional forms given in example 1, and we

set f3 = 1)

First, let us try to construct an output subsidy rule of the form s = s (w ), and

an emission tax rule of the form e= e(w ).

Given w(t), if the government were a dictator, it would command an output

q(w) that maximizes

_ 1 2 Cl 2 )U(q) - C(q) - D((v - w)q) = pq - -bq - coq - -q -,(v - w q
2 2

The first order condition is

where a j5 - Co. This gives

*() a-,(v-w)q w = ---'------
b + Cl

(3.72)

A monopolist facing an output subsidy rate s(w) and an emission tax rate O(w)

would maximize

2 Cl 2 () ( 1 2H = aq - bq - -q - e w v - w) q + s (w)q - x - - x
2 2

The necessary conditions inc1ude

a - (2b + cdq = e(w)(v - w) - s(w)

hence

qm(w) = a - e(w)(v - w) + s(w)
2b + Cl

(3.73)
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l+x='ljJm

;Pm = (r + 8)'ljJm - e(w)q + (v - w)qe'(w) - qs'(w) (3.74)

Thus, for qm (w) to be equal to q* (w), we need

(2b + Cl) [a - ,(v - w)] = (b + Cl) [a - e(w)(v - w) + s(w)] (3.75)

At first sight, it might seem that the following tax rules would satisfy equation

(3.75):

e(w) =, and s(w) = bq*(w) = _b[~a_---:,~(v_-_w.:..:..)]
b + Cl

However, subtituting (3.76) into (3.74) gives

(3.76)

which is different from the socially optimal differential equation. Thus the socially

optimal outcome cannot be achieved by the feedback rules described by (3.76).

Let us try the linear feedback tax rules of the form

where eo,el, sa, sl are to be determined.

The monopolist's current value Hamiltonian is

2 Cl 2 1 2H = aq - bq - -q - (Bo+ B1w)(v - w)q + (80 + SlW)q - X - -x
2 2

hence

qm(w) = a - (Bo+ B1w)(v - w) + (so + SlW)
2b + Cl

(3.77)
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(3.78)

Since the socially optimal rule (3.72) is linear in w, we must set BI = 0 (to avoid

terms involving w2) in the monopolist's production rule (3.77). Then (3.78) gives

(3.79)

For this differential equation to be identical to that of the social planner, we need

(3.80)

Now, for qm(w) to.be the same as q*(w), we need

This equation must hold for aIl w 2: O. This mean, in particular, that we must

have

which implies

(3.81)

Collecting terms involving w, we get

thus

(3.82)

Clearly, equations (3.80) and (3.82) are mutually inconsistent, uniess b = 0 (note

that b = 0 corresponds to the perfect competition case where firms are priee
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takers). vVe conclude, therefore, that under monopoly there are no linear feedback

tax and subsidy rules that achieve the first-best outcome. In our model, it is

extremely unlikely that non-linear feedback rules could help, because we know

that the socially optimal output rule is linear in w.

3.5 Concluding remarks

We have shown that under perfect competition, the government can provide

firms with the right incentive to invest in abatement capital by announcing a time

path of tax per unit of emssions. The tax rate per unit of emissions must be equal

to the marginal damage along the optimal path. This solution is time consistent,

because there is no incentive for the government to renege from the preannounced

tax path. It is also credible because, given the large number of firms, no single firm

can manipulate the government's evaluation of marginal environmental damage.

If there is a single firm that faces an exogenous price for its output and that can

significantly affect the environment, we showed that a time consistent policy exists

and is efficient, however, it is not subgame perfecto We then characterized the

properties of subgame perfect equilibria, and showed that under certain conditions

(such as linear damage cost) , a subgame perfect equilibrium may achieve the social

optimum. In general, however, the regulator must be contented with second best

outcomes. A proposition was proved about the general non-applicability of the

rule of equating emssions tax to marginal damage cost.

The regulation problems become more complex when the firm has monopoly

power in the product market .. In this case, if commitment to a pair of time paths
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of emission tax and output subsidy is possible, we show that the regulator need two

tax instruments to achieve the first best. This is in sharp contrast to the result of

Benchekroun and Long (1998) who showed that in their model only one instrument

is sufficient.Their result hinges on their assumption that the ratio of emission to

output is a constant. If commitment to a pair of time paths of emission tax and

output subsidy is not possible, we show that, even with linear damage cost, the

subgame perfect equilibrium with tax rules that are linear in the state variable

does not achieve the first best outcome.
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Appendix 3A

The value funetion for the planner's problem

In solving the social planner's optimal control problem, we obtain a production

rule q = q(w), such as the one given by (3.8), or more specifically (3.11), and an

investment rule, such as (3.16). The optimal shadow price is

'ljJ = 'ljJ(w) = 1 + A'(x(w))

and thus the optimal Hamiltonian is

H(w) = U(nq(w)) - nC(q(w)) - nx(w) - nA(x(w))-

nD [(v - f(w))nq(w)] + 'ljJ(w) [x(w) - 6w]

The value of the integral of the objective funetion is then

1
V(w) = - [U(nq(w)) - nC(q(w)) - nx(w) - nA(x(w))]-

r

1
- [D [(v - f(w))nq(w)] + 7/J(w) [x(w) - 8w]]
r

(.1)

(This follows from the Hamilton-Jacobi-Bellman equation rV = H.) The value

funetion has the property that

V'(w) = 'ljJ(w) = 1 + A'(x(w)) (.2)

For the case of a single polluter that is a priee taker, the above expressions are

modified by setting n = 1 and U(nq) = pq.
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Appendix 3B

Time inconsistency under non-unitary marginal cost of public funds

In section 3, we showed that under perfect competition, the time inconsistency

problem does not arise. A key assumption in that section is that the marginal cost

of public funds is unity, so that the objective of the regulator is to maximize the

sum of consumers' surplus (net of pollution damage), producers' surplus, and tax

revenue. A significant body of the public finance literature has put forwards the

view that tax revenue should be multiplied by an adjustment factor K > 1, where

K represents the marginal cost of public funds. In this appendix we will show that

if K > 1, then the solution of the scenario with a precommitted tax path displays

the time-inconsistency property, in the sense that if the regulator has, at sorne

future time t l > 0, an opportunity to renege from the precommitted tax path, he

would do so. (vVe do Hot treat the case K > 1 in the main text, because we want

to focus on the time-honoured Pigouvian tax, which abstracts from the issue of

non-unitary marginal cost of public funds.)

For simplicity, we will use the linear-quadratic functional forms in example 1,

and furthermore, we assume that that p = p, a constant. This means we set b = O.

In addition, we set Co = a and Cl = f3 = 1, just to simplify the notations. We set

n = 1 for simplicity.

Given a precommitted tax path e(t), the representative firm seeks to

max .(OO [pq _ ~q2 _ e(v _ w)q _ x _ ~X2] e-rtdt
q(t),x(t) Jo 2 2
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subject to 'W = x - 8w and w(ü) = wo. The Hamiltonian for the firm is

H = pq - ~q2 - e(v - w)q - x - ~x2 + cP (x - 8w)
2 2

and the necessary conditions are

p-q=e(v-w)

l+x=cP

~=(r+8)cP-eq

w= x - 8w

Thus the firm's production rule is

q = q(B, w) = p - B(v - w)

and its investment rule is

x = x(cP) = cP - 1

(.3)

(.4)

(.5)

Substituting these mIes into the two differential equations, we obtain a pair of

differential equations that describe the firm's "reaction function":

~ = (r + 8)cP - B[p - B(v - w)]

w= cP - 1 + 8w

The regulator takes this pair of differential equations as given, and, by choosing

the control variable B(t), seeks to maximize welfare which consists of the firm's

profit, consumer's surplus, minus emission damage, plus the tax revenue multiplied
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by the adjustment factor K > 1. (Here, consumers' surplus is zero, because the priee

is a constant p).

max (= W(w, <jJ, B)e-rtdt
6(t) Jo

where

1
W - pq(B, w) - 2"[q(B,w)]2 - B(v - w)q(B, w) - x(<jJ)

1
__ X(<jJ)2 - ,(v - w)q(B, w) + KB(v - w)q(B, w)

2

The regulator's Hamiltonian is

H = W + 'rj [(1' + 8)<jJ - Bq(B, w)] + M [x(<jJ) - 8w]

The neeessary conditions are

aH aq
- = [p - q - (B +, - KB)(v ---'- w) - rlB]-+
aB aB

(K - 1)(v - w)q(B, w) - 'rjq(B, w) = 0

. aH
'rj=1''rj--

a<jJ

dx
= -8'rj + [1 + x(<jJ) - M] d<jJ

. aH
M=TM- -

aw
Bq

= (r + 8)M - [p - q - (B +, - KB)(v - w) - 'rjB]
aw

-(r + B- KB)q(B, w)

(.6)

(.7)

To show time inconsistency, we must demonstrate that 'rj(t) is not identically

zero for all t. We construct the proof by the establishing a contradiction. That is,

we suppose that 'rj( t) is identically zero for aH t, and we show that this supposition

leads to violation of the neeessary conditions.
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Suppose 'T](t) O. Then, using (.3) we can rewrite (.6) as

(l'lB - 'Y) (v - w)2 - (ri, - l)(v - w)q(B, w) > 0

and (.7) as

1 + x(1;) = f-L

(.8)

This equation and (.5) imply 1;(t) = f-L(t) for aU t, which gives ~(t) = j.L(t) for aU t,

that is

(r + 0)1; - Bq = (r + o)f-L - h + B- ri,B)q-

[(ri,B - 'Y) (v - w)] B

hence

le

h - ri,B) [q - (v - w)e] = 0

From (.8),

Since q > 0 and v - w > 0, wehave ri,B - 'Y > o. Hence (.9) gives

q=(v-w)e

(.9)

(.10)

(.11)

For both (.10) and (.11) to hold, we mllst have '"Y = 1, which is not true in generaJ.

Thus we have established a contradictioIl. It foUows that 'T](t) cannot be zero for

aU t. This implies time inconsistency.
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Conclusion

This dissertation consists of three essays in an attempt to provide a theoretical

analysis of sorne economic issues that have not been fully studied in the theoreti

calliterature. Each essay has independent object, but they are related in terms of

fields and techniques used in the analyses. The first essay focuses on the current

ecolabelling issue. By setting up a two-stage international duopoly model, this

essay systematically analyzes the equilibrium properties of the game, and the ef

fects of governrnent policies on consumers and firms. The second essay studies the

optimal evolution pattern of population and resource under the maximin criterion.

It is the first model that deals with more complicated dynamics and systematically

describes the concrete properties of sustainable paths. The third essay extends the

existing literature on the regulation of polluting firm by taking into account the

accumulation of pollution abatement capital.

The first essay attempts to provide sorne insights into the current ecolabelling

issue by adopting a standard two-stage international duopoly model. It is policy

oriented, and has sorne sound economic implications. Especially, sorne interesting

results that are contrary to the conventional wisdom have been reached. For ex

ample, in the model, an increase in the level of environmental friendliness of the

imported goods can result in an increase in the volume of imports and a. decrease

in the market share of the domestic firm. Moreover, such an increase can have

adverse impacts of the environment. Therefore, contrary to the conventional wis

dom, the imposition of certain level of environmental friendliness is not always a
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proteetionist device. Sueh inerease in the level of environmental friendliness does

not always improve the quality of the environment. In order to keep the analy

sis simple and to foeus on key issues, sorne simplifications have been made. For

example, it will be more desirable to consider that consumers are heterogeneous

because not all of the consumers care about the environmental properties of the

products. It will also be more realistic to model the dynamie competition between

firms in innovation sueh as R&D activities to search for the least cost methods of

produeing environmentally friendly goods. Moreover, when there are more firms

involved, the entryjexist deeisions become relevant. It is worthwhile to take up

these issues in the future research.

The second essay contributes to the maximin literature. Even though Solow's

original work on the efficient constant consumption path has been generalized by

many eeonomists, little has been done on the conerete properties of sustainable

approach paths to steady states. This essay, by adopting the transition equations

of Brander and Taylor (1998), systematically explores the properties of sustainable

path with the maximin objective. In contrast to Solow's model where the constant

consumption path is sustained by simply running down the natural resouree and

accumulating manmade capital forever, in the model of this essay, steady states

exist. Unlike the typical utilitarian model where there is a unique steady state, the

model of this essay exhibits a continuum of steady states. The approach paths to a

steady state, under certain conditions, may be non-monotonie. More interestingly,

the implicit discount rate, along the approach path to the steady state, varies with
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time, in contrast to the utilitarian model where the discount rate is usually assumed

constant and exogenous. Although this essay uses more advanced techniques to

analyze a complicated dynamic economic system, there are still sorne rooms for

extension. For example, when the central planner can control more variables, such

as the birth rate and investment in the natural renewable resource, what would

the evolution pattern of this system be?

The third essay attempts to extend the existing literature on the regulation

of polluting firms. Although there is a large literature on environmental policy

issues under different assumptions on market structure and different time hori

zons, several questions have not been fully explored. This essay addresses two

questions: (1) If the pollution abatement capital needs to be built up gradually,

what would be the correct tax path that could guide the polluting firms to achieve

the social optimum? (2) What would happen if the government could not stick

to its pre-committed tax path? This essay shows that under perfect competition,

the government can provide polluting firms with the right incentive to invest in

abatement capital by announcing a time path of emission tax, a Pigouvian tax.

This solution is time consistent. vVhen there is a large polluter, with price-taking

behavior, a time consistent policy exists but is not subgame perfecto In this case, it

is shawn that the efficient autcame can be achieved by a subgame perfect tax rule

that is non-linear in both emission and pollution abatement capital. In the case

of monopoly, it can be shown that a pair of instruments - an emission tax and a

production subsidy, can lead the monopolist to achieve the social optimum. How-
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ever, certain simplifications have been made to make the analysis manageable. In

particular, it is assumed that firms are identical in terms of production, pollution

and investment. Moreover, there is no lumpy investment in this mode!. It will be

a challenge to relax these assumptions in future researches.
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