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Extreml~m Estimators 

A B S T R A C T  

In the previous chapters, the generalized method of moments (GMM) has been our 
choice for estimating the various models we have considered. The method of max- 
imum likelihood (ML) has been discussed, but only in passing. In this chapter, we 
expand our repertoire of estimation techniques by examining a class of estimators 
called "extremum estimators," which includes (linear and nonlinear) least squares, 
(linear and nonlinear) GMM, and ML as special cases. As has been emphasized 
by Amemiya (1985) and others, this unified approach is useful for bringing out the 
common structure that underlies those apparently diverse estimation principles. 

Section 7.1 introduces extremum estimators. The two sections that follow 
develop the asymptotic properties of extremum estimators. Section 7.4 defines the 
trio of test statistics -the Wald, Langrange multipler, and likelihood-ratio statis- 
tics - for extremum estimators in general, and shows how they can be specialized 
to individual cases. Section 7.5 is a brief discussion of the computational aspects of 
extremum estimators. 

The discussion of this chapter may appear daunting, as it combines a heavy use 
of asymptotic theory with calculus. The essence, however, is really straightforward. 
If you can read graduate textbooks on micro and macroeconomics without too much 
difficulty, you should be able to understand most of the discussion on the second (if 
not the first) reading. 

If you are not interested in the asymptotics of extremum estimators per se but 
plan to study Chapter 8, there is no need to read this chapter in its entirety. Just read 
Section 7.1 and then try to understand the statements in Propositions 7.5, 7.6, 7.8, 
7.9, and 7.1 1. 

A Note on Notation: Unlike in the previous chapters, we use the parameter vec- 
tor with subscript 0 for its true value. So e0 is the true parameter value, while 8 
represents a hypothetical parameter value. This notation is standard in the "high- 
brow" literature on nonlinear estimation. Also, we will use "t" rather than "i" for 
the observation index. 
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7.1 Extremum Estimators 

An estimator 6 is called an extremum estimator if there is a scalar objective func- 
tion Q,(B) such that 

6 maximizes Q,(O) subject to 8 E O c RP, (7.1.1) 

where O,  called the parameter space, is the set of possible parameter values. In 
this book, we restrict our attention to the case where O is a subset of the finite 
dimensional Euclidean space RP . The objective function Q, (8) depends not only 
on 8 but also on the sample or the data, (wl,  w2, . . . , w,), where w, is the t-th 
observation and n is the sample size. In our notation the dependence of the objec- 
tive function on the sample of size n is signalled by the subscript n. The maxi- 
mum likelihood (ML) and the linear and nonlinear generalized method of moments 
(GNIM) estimators are particular extremum estimators. This section presents these 
and other extremum estimators and indicates how they are related to each other. 

"Measurability" of 

To be sure, the maximization problem (7.1.1) may not necessarily have a solution. 
But recall from calculus the following fact: 

Let h : RP + R be continuous and A c RP be a compact (closed and 
bounded) set. Then h has a maximum on the set A. That is, there exists an 
x* E A such that h(x*) 3 h(x) for all x in A. 

Therefore, if Q,(B) is continuous in 8 for any data (wl,  w2, . . . , w,) and O is 
compact, then there exists a 8 that solves the maximization problem in (7.1.1) for 
any given data (wl,  . . . , w,). In the event of multiple solutions, we would choose 

A 

one from them. So 8, thus uniquely determined for any data (wl,  . . . , w,), is a 
function of the data. Strictly speaking, however, being a function of the vector 
of random variables (w,, . . . , w,) is not enough to make 6 a well-defined random 
variable; needs to be a "measurable" function of (wl, . . . , w,). (If a function is 
continuous, it is measurable.) The following lemma shows that 6 is measurable if 

Q,(fl> is 

Lemma 7.1 (Existence of extremum estimators): Suppose that (i) the parameter 
space O is a compact subset of  RP, (ii) Qn(8) is continuous in 8 for any data 
(wl, . . . , w,), and (iii) Q ,  (8) is a measurable function o f  the data for all 8 in O. 
Then there exists a measurable function of  the data that solves (7.1.1). 
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See, e.g., Gourieroux and Monfort (1995, Property 24.1) for a proof. In all the 
examples of this chapter, Qn (8) is measurable. 

In most applications, we do not know the upper or lower bound for the true 
parameter vector. Even if we do, those bounds are not included in the parameter 
space, so the parameter space is not closed (see the CES example below for an 
example). So the compactness assumption for O is sometlung we wish to avoid. 
In some of the asymptotic results of this chapter, we will replace the compactness 
assumption by some other conditions that are satisfied in many applications. 

Two Classes of Extremum Estimators 
In the next two sections, we will develop asymptotic results for extremum esti- 
mators and then specialize those results to the following two classes of extremum 
estimators. 

1 .  M-Estimators. An extremum estimator is an M-estimator if the objective 
function is a sample average: 

where m is a real-valued function of (w,, 8). Two examples of an M-estimator 
we study are the maximum likelihood (ML) and the nonlinear least squares 
(NLS). 

2. GMM. An extremum estimator is a GMM estimator if the objective function 
can be written as 

I I 
Qn(8) = -5gn(8)'Ggn(fl) with h ( 8 )  - x g(wt; 8), (7.1.3) 

( K x l )  n t=I 

where 6' is a K x K symmetric and positive definite matrix that defines the 
distance of gn (8) from zero. It can depend on the data. Maximizing this objec- 
tive function is equivalent to minimizing the distance &(8)'6'g,,(8), which is 
how we defined GMM in Chapter 3. As will become clear, the deflation of the 
distance by 2 simplifies the expression for the derivative of the objective func- 
tion. We have introduced GMM estimation for linear models where g(wt ; 8) is 
linear in 8.  Below we will show that GMM estimation can be extended easily 
to nonlinear models. 

There are extremum estimators that do not fall into either class. A prominent exam- 
ple is classical minimum distance estimators. Their objective function can be 
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written as -g,, (8)'Ggn (8) but g, (8) is not necessarily a sample mean. The consis- 
tency theorem of the next section is general enough to cover this class as well. 

In the rest of this section, we present examples of M-estimators and GMM 
estimators. Each example is a combination of the model (a set of data generating 
processes [DGPs]) and the estimation method. 

Maximum Likelihood (ML) 
A prime example of an M-estimator is the maximum likelihood for the case where 
{w,} is i.i.d. The model here is a set of i.i.d. sequences {w,} where the density of 
w, is a member of the family of densities indexed by a finite-dimensional vector 
8:  f (w,; 8 ) ,  8 E 0. (Since (w,} is identically distributed, the functional form of 
f (.; .) does not depend on t.) The functional form o f f  (.; -) is known. The model 
is parametric because the parameter vector 8 is finite dimensional. At the true 
parameter value 80, the density of the true DGP (the DGP that actually generated 
the data) is f (w,; eO).' We say that the model is correctly specified if 80 E 0. 

Since {w,} is independently distributed, the joint density of the data (wl, 
w2,. . . , w,) is 

With the distribution of the data thus completely specified, the natural estimation 
method is maximum likelihood, which proceeds as follows. With the true para- 
meter vector 80 replaced by its hypothetical value 8 ,  this density, viewed as a 
function of 8, is called the likelihood function. The maximum likelihood (ML) 
estimator of 80 is the 8 that maximizes the likelihood function. Since the log 
transformation is a monotone transformation, maximizing the likelihood function 
is equivalent to maximizing the log likelihood f ~ n c t i o n : ~  

The ML estimator of 80, therefore, is an M-estimator with 

'Had we adhered to the notational convention of the previous sections, the true parameter value would be 
denoted by I9 and a hypothetical value by 0 .  In this chapter, we use BO for the true value and I9 for a hypothetical 
value of the parameter vector. 

2 ~ o r  I9 such that f (wt; 0) = 0, the log cannot be taken. This does not present a problem because such I9 
never maximizes the (level) likelihood function f (wl , . . . , w,; 0). For such I9 we can assign an arbitrarily small 
number to log f (wt ; 0) so that the maximizer of the level likelihood is also the maximization of the log likelihood. 
See White (1994, p. 15) for a more formal treatment of this issue. 
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1 " 
m(wt;8) = logf(wt;8),  thatis, a,(@) = -x log f (wt ;8) .  (7.1.6) 

n t=l 

Before illustrating ML by an example, it is useful to make three remarks. 

(Serially correlated observations) The average log likelihood would not take 
a form as simple as this if (w,] were serially correlated. Examples of ML for 
serially correlated observations will be studied in the next chapter. 

(Alternative estimators) Maximum likelihood is not the only way to estimate 
the parameter vector. For example, let ~ ( 8 )  be the expectation of w, implied by 
the density function f (w,; 8). It is a known function of 8.  By construction, the 
following zero-mean condition holds: 

The parameter vector 80 could be estimated by GMM with g(w,; 8 )  = w, -p(8) 
in the GMM objective function (7.1.3). 

(Efficiency of ML) As will be shown in the next two sections, ML is consistent 
and asymptotically normal under suitable conditions. It was widely believed 
that ML is efficient (i.e., achieves minimum asymptotic variance) in the class 
of all consistent and asymptotically normal estimators. This belief was shown 
to be wrong by a counterexample (described, for example, in Amemiya, 1985, 
Example 4.2.4). Nevertheless, ML is efficient in quite general classes of asymp- 
totically normal estimators. One such general class is GMM estimators. In 
Section 7.3, we will note that the asymptotic variance of any GMM estimator of 
O0 is no smaller than that of the ML estimator. 

Example 7.1 (Estimating the mean of a normal distribution): Let the 
data (wl, . . . , w,) be a scalar i.i.d. sequence with the distribution of w, given 
by N(p ,  u2).  So 8 = (p, u2)' and 

The average log likelihood of the data (wl,  . . . , w,) is 
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The ML estimator of (pO, 0:) is an extremum estimator with Q,(8) taken 
to be this average log likelihood. Suppose that the variance is assumed to 

be positive but that there is no a priori restriction on po, so the parameter 

space O is R x R++, where Kt++ is the set of positive real numbers. It is easy 
to check that the ML estimator of p o  is the sample mean of w,. The GMM 
estimator of p o  based on the zero-mean condition E(w, - po) = 0, too, is the 
sample mean of w,. 

Conditional Maximum Likelihood 
In most applications, the vector w, is partitioned into two groups, y, and x,, and the 
researcher's interest is to examine how x, influences the conditional distribution of 

y, given x,. We have been calling the variable y, the dependent variable and x, 

regressors. None of the results of this chapter depends on y, being a scalar; y, can 
be a vector and still all the results will remain valid with the scalar "y," replaced 

by a vector "y, ." We nevertheless use the scalar notation, simply because in all the 
examples we consider in this chapter, there is only one dependent variable. 

Let f (y, 1 x,; 80) be the conditional density of y, given x,, and let f (x,; S o )  
be the marginal density of x,. Then 

is the joint density of w, = (y,, xi)'. Suppose, for now, that 80 and $o are not func- 

tionally related (see the next paragraph for an example of a functional relationshp). 
The average log likelihood of the data (w, , . . . , w,) is 

1 " 1 " 1 " 
- n x 1% f (wt; 8 ,  $) = - n log f (yf 1 +; 8 )  + - x log f (x,; $). n 

t = l  , = I  r=1 

The first term on the right-hand side is the average log conditional likelihood. 
The conditional ML estimator of 80 maximizes this first term, thus ignoring the 

second term. It is an M-estimator with 

The second term on the right-hand side of (7.1.10) is the average log marginal 
likelihood. It does not depend on 8,  so the conditional ML estimator of 80 is 
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numerically the same as the (joint or full) ML estimator that maximizes the average 

joint likelihood (7.1.10). 
Now suppose that 80 and $o are functionally related. For example, 80 and $o 

might be partitioned as 80 = (a;, Bb)', So = (Bb, yb)'. Then the full (i.e., uncon- 
ditional) ML and conditional ML estimators are no longer numerically equal. It is 
intuitively clear that the conditional ML misses information that could have been 
obtained from the marginal likelihood. Indeed it can be shown that the conditional 
ML estimator of 80 is less efficient than the full ML estimator obtained from max- 

imizing the joint log likelihood (7.1.10) (see, e.g., Gourieroux and Monfort, 1995, 
Section 7.5.3). In most applications, this loss of efficiency is unavoidable because 

we do not know, or do not wish to specify, the parametric form, f (x,; $), of the 
marginal distribution. 

Here are two examples of conditional ML (other examples will be in the next 

chapter). 

Example 7.2 (Linear regression model with normal errors): In Chapter 
2, we considered the linear regression model with conditional homoskedas- 
ticity. Assume further that the error term is normally distributed, so 

The conditional likelihood of y, given x,, f (y, I x,; 8), is the density function 
of N(xiB, a2 ) .  So, with 8 = (B', a2) '  and w, = (y,, xi)', the m function is 

The parameter space O is IRK x KC++, where K is the dimension of j9 and 
KC++ is the set of positive real numbers reflecting the a prion restriction that 
a; > 0. As was verified in Chapter 1 ,  the ML estimator of Po is the OLS 

estimator and the ML estimator of a; is the sum of squared residuals divided 

by the sample size n.  

Example 7.3 (Probit): In the probit model, a scalar dependent variable y, 
is a binary variable, y, E (0, I}. For example, y, = 1 if the wife chooses to 

enter the labor force and y, = 0 otherwise, and x, might include the husband's 
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income. The conditional probability of y, given a vector of regressors x, is 
given by 

where @ (.) is the cumulative density function of the standard normal distri- 
bution. This can be written compactly as 

If there is no a priori restriction on 80, the parameter space O is IWP. The ML 
estimator of 80 is an M-estimator with the m function given by 

rn(w,; 8) = log f (y, I x,; 8) = yt log @(x:8) + (1 - Y,) log[l - @(x:@)I. 
(7.1.15) 

lnvariance of ML 
The joint ML and conditional ML estimators have a number of desirable proper- 
ties. One of them, which holds true in finite samples, is invariance. To describe 
invariance for an extremum estimator in general, consider reparameterizing the 
model by a mapping or function A = ~ ( 8 )  defined on O. Let A be the range of the 
mapping: 

A = 7(O) = {A 1 A = 7(8) forsome8 E O]. (7.1.16) 

By definition, for every A in A, there exists at least one 8 such that A = r(8). The 
mapping 7 : O -+ A is called a reparameterization if it is one-to-one; namely, for 
every I in A, there is only one 8 in O such that A = 7 (8). This unique 8 is therefore 
a function of I. This mapping from A to O is called the inverse of 7 and denoted 
T - l .  We say that an extremum estimator 6 is invariant to reparameterization r 
if the extremum estimator for the reparameterized model is ~ ( 6 ) .  Let &(A) be 
the objective function associated with the reparameterized model. An extremum 
estimator is invariant if and only if 

& , ( A )  = Q,(T-~(A))  for all A E A. (7.1.17) 

To see this, let i = r (6). For any A E A, we have 5, (A) = Q, (r -' (A)) 5 Q, (6) 
because 6 maximizes Q, (8) on O and T-'(A) is in O. But Q, (9) = Q, ( ~ - ' ( i ) )  = 
5, ( i ) .  SO 5, (A) 5 5, (i) for all I E A. 
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ML (be it conditional or joint) is invariant to reparameterization because the 
likelihood after reparameterization is f(.; 1 )  = f (.; r- '(a)), which produces the 
objective functions that satisfy (7.1.17). Can there be an estimator that is not in- 
variant? The answer is yes; Review Question 5 will ask you to verify that GMM is 
not invariant. 

Nonlinear Least Squares (NLS) 
In NLS, as in conditional ML, the observation vector w, is partitioned into two 
groups, y, and x, : w, = (y,, xi)'. The model in NLS is a set of stochastic processes 
{y,, x,} such that the conditional mean E(y, I x,), which is a function of x,, is a 
member of the parametric family of functions ~ ( x , ;  8) ,  8 E O. The functional form 
of q(. ;  .) is known. If 8, is the true parameter value, then E(y, 1 x,) = V(X,; OO) for 
the true DGP {y,, x,}. If we define E, - y, - E(y, ( x,), then the correctly specified 
model can be written as 

The most widely used estimation method to estimate 8, here is least squares, 
which is to minimize the sum of squared residuals. Therefore, an NLS estimator, 
which is least squares applied to the model just described, is an M-estimator with 

1 " 
m(w,; 8)  = -[y, - ~ ( x , ;  e)i2, that is, e n ( @ )  = -- C [y, - v(x,; e)i2. 

n 
t = l  

(7.1.19) 

Here maximization of Qn(8) is the same as minimization of the sum of squared 
residuals. 

Example 7.4 (CES production function with additive errors): As an 
illustration, consider the CES production function 

where Q, is output in period t ,  Kt is the capital stock, L, is labor input, and 
E, is an additive shock to the production function with E(E, I Kt, L,) = 0. 
This is a conditional mean model (7.1.18) with y, = Q, , x, = (Kt,  L,)', 8, = 

(A,, So, M)', ~ ( x , ;  8) = A - [SK;~ + (1 - S)L;~]-"~.  The usual properties 
for production functions (of monotonicity and concavity) are satisfied if A > 

0,0 < S < 1, - 1 < p ,  which determines the parameter space O. 
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Linear and Nonlinear GMM 
In Chapter 3, we applied GMM to linear equations. The linear equation to be 
estimated was 

With x, as the vector of instruments, the orthogonality (zero-mean) conditions were 

The correctly specified model here is a set of ergodic stationary processes w, = 

(y,, zi, xi)' such that these zero-mean conditions hold for 80 in O. The linear GMM 
estimator of 80 is a GMM estimator with the g function in the GMM objective 
function (7.1.3) given by 

GMM can be readily applied to nonlinear equations. Suppose that the estima- 
tion equation is nonlinear and also implicit in y, : 

Just set g(w, ; 8 )  = x, .a (y, , z, ; 8 ) .  This estimator is called a generalized nonlinear 
instrumental variables e ~ t i m a t o r . ~  It is still a special case of GMM because the 
g function here can be written as a product of the vector of instruments and the 
error term. The properties of GMM estimators to be developed in this chapter do 
not rely on this special structure. 

As an example of nonlinear GMM, consider the nonlinear Euler equation of 
Hansen and Singleton (1982). 

Example 7.5 (Nonlinear consumption Euler equation): The Euler equa- 
tion for the household optimization problem, standard in macroeconomics, is 

where R,,, is the gross ex-post rate of return (1 plus the rate of return) from 
the asset in question, c, is consumption, Po is the discounting factor, u'(c) is 
the marginal utility, and I, is the information available at date r .  Assume for 

3 ~ t  is more general than the usual nonlinear instrumental variables estimator because conditional homoske- 
dasticity is not assumed. 
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the utility function that u (c) = ~ ' - ~ o / ( l  - uo). Then ul(c) = C - ~ O  and the 
Euler equation becomes 

If x, is a vector of variables whose values are known at date t, then x, E I, 
and it follows from (7.1.26) that 

Taking the unconditional expectation of both sides and using the Law of Total 
Expectations (that E[E(x I I,)] = E(x)), we obtain the orthogonality (zero- 
mean) conditions :E[g(w,; Bo)] = 0 where 

Q U E S T I O N S  FOR R E V I E W  

1. (Estimating probit model by NLS) For the probit model, verify that E(y, I 
x,) = @(x;O0). Consider applying least squares to this model. Specify the rn 
function in the M-estimator objective function (7.1.2). 

2. (Estimating probit model by GMM) For the probit model, verify that the 
orthogonality conditions E[x,. (y, - ( ~ : 0 ~ ) ) ]  = 0 hold. Specify the g function 
in the GMM objective function (7.1.3). 

3. (Estimation by ML of a GMM model?) Suppose that (y,, z,, x,} is i.i.d. in 
the correctly specified linear model described in the last subsection. Can you 
estimate 00 by ML? [Answer: No, because the model does not specify the 
parametric form for the density of w, .] 

4. (E(E, ( x,) = 0 vs. E(E, . x,) = 0 in NLS) Consider the quadratic NLS model 
where ~ ( x , ;  0) = Oo + Olx, + 02x,2. Suppose that E(E,x,) = 0 but E(E,X;) # 0. 
Does E(E, ( x,) = 0 hold? [Answer: No. If E(E, I x,) = 0, then E(~,h(x,))  = 0 
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for any (measurable) function h .] Would the NLS estimator of O0 be consistent? 
[Answer: No.] 

5. (Lack of invariance in GMM) Consider the linear model y, = O0zf + where 
80 and z, are scalars. The orthogonality conditions are E[xf . (y, - @Ozf)] = 0. 
Write down the GMM objective function en(@) .  Assume that O = &+ (i.e., 

> 0) and consider the reparameterization A = 118. With this reparame- 
terization, the linear equation can be rewritten as 2, = )coyf - Aoef and the 
orthogonality conditions can be rewritten as E[x, . (zf - )coyr)] = 0. Let &(A) 
be the GMM objective functions associated with this set of orthogonality con- 
ditions. Is it the case that Q, (@) = 6, (1 /@) or G, (A) = Q, (1 /A) when fi is 
the same in the two objective functions? [Answer: No.] 

7.2 Consistency 

In this section, we first present a set of sufficient conditions under which an extre- 
mum estimator is consistent. Those conditions will then be specialized to NLS, 
ML, and GMM. 

Two Consistency Theorems for Extremum Estimators 

The objective function e n ( . )  is a random function because for each 8 its value 
Q, (e), being dependent on the data (wl,  . . . , w,), is a random variable. The basic 
idea for the consistency of an extremum estimator is that if Q,(8) converges in 
probability to Qo(8), and the true parameter Bo solves the "limit problem" of max- 
imizing the limit function Qo(8), then the limit of the maximum 6 should be 80. 
Sufficient conditions for the maximum of the limit to be the limit of the maximum 
are that the convergence in probability be "uniform" (in the sense made precise 
in a moment) and that the parameter space O be compact. As already mentioned, 
the parameter space is not compact in most applications. We therefore provide an 
alternative set of consistency conditions, which does not require O to be compact. 

To state the first consistency theorem for extremum estimators, we need to 
make precise what we mean by convergence being "uniform." If you are already 
familiar from calculus with the notion of uniform convergence of a sequence of 
functions, you will recognize that the definition about to be given is a natural 
extension to a sequence of random functions, e n ( . )  (n = 1,2, . . . ). Pointwise 
convergence in probability of Q, (.) to some nonrandom function Qo(.) simply 
means plim,,, Q,(8) = Qo(8) for all 8,  namely, that the sequence of random 
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variables 1 Q, (8) - Qo(8) 1 ( n  = 1,2, . . . ) converges in probability to 0 for each 
8.  Uniform convergence in probability is stronger. The convergence has to occur 
"uniformly" over the parameter space O in the following sense: 

sup lQ,(8) - Qo(8)I + 0 as n + oo. 
BE@ P 

As in the case of convergence in probability, uniform convergence in probability 
can be extended readily to sequences of vector random functions or matrix random 
functions (by viewing a matrix as a vector whose elements have been rearranged), 
by requiring uniform convergence for each element: a sequence of vector ran- 
dom functions (h, (.)} converges uniformly in probability to a nonrandom function 
ho(.) if each element converges uniformly. This element-by-element convergence 
is equivalent to convergence in the norm: 

sup llh,(8) - ho(8)11 + 0 as n + oo, 
B E @  P 

where 11.11 is the usual Euclidean norm.4 
In the following statement of our first consistency theorem, the conditions 

ensuring that 9 is well defined are labeled (i)-(iii), while those ensuring consis- 
tency are (a) and (b). 

Proposition 7.1 (Consistency with compact parameter space): Suppose that 
(i) O is a compact subset of  R p ,  (ii) Q, (8) is continuous in 8 for any data (wl, . . . , 
w,), and (iii) Q,(8) is a measurable function of  the data for all 8 in O (so by 
Lemma 7.1 the extremum estimator 9 defined in (7.1.1) is a well-defined random 
variable). I f  there is a function Qo (8) such that 

(a) (identification) Qo(8) is uniquely maximized on O at 80 E 0, 

(b) (uniform convergence) Q, (.) converges uniformly in probability to Qo(-), 

then 9 +, 80. 

We will not prove this result; see, e.g., Amemiya (1985, Theorem 4.1.1) for a proof. 
For estimates such as ML, NLS, and GMM, we will state later the identification 
condition (a) in more primitive terms so that the condition can be interpreted more 
intuitively. 

4 ~ h e  Euclidean norm of a p-dimensional vector x = (XI ,  x2, . . . , I,,)', denoted JlxJl, is defined as 

J;:+x;+.-.+xi. 



Chapter 7 

The theorem that does away with the compactness of O is 

Proposition 7.2 (Consistency without compactness): Suppose that (i) the true 
parameter vector 80 is an element of  the interior o f  a convex parameter space O 
( C  R*), (ii) Q, (8) is concave over the parameter space for any data (wl , . . . , w,), 
and (iii) Q,(B) is a measurable function of  the data for all 6 in O. Let e be 
the extremum estimator defined by (7.1.1) (wait for a moment to learn about its 
existence). If there is a function Qo(6) such that 

(a) (identification) Qo(8) is uniquely maximized on O at 80 E O, 

(6) (pointwise convergence) Q, (8) converges in probability to Qo(8) for all 
8 E O, 

then, as n + m, e exists with probability approaching 1 and e +, Bo. 

See Newey and McFadden (1994, pp. 2 133-2 134) for a proof. In most applications, 
O is an open convex set (as in Examples 7.1-7.4), so condition (i) is satisfied. The 
convergence of Q,(8) to Qo(8) is required to be only pointwise, which is easier to 
verify in applications. The price of these niceties is the requirement that the objec- 
tive function e n ( @ )  be concave for any data (under which pointwise convergence 
implies uniform convergence), but in many applications this condition is satisfied. 
Below we will verify that concavity is satisfied for ML for the linear regression 
model (after a reparameterization), probit ML, and linear GMM. 

Consistency of M-Estimators 
For an M-estimator, the objective function is given by (7.1.2). If {w,) is ergodic 
stationary, the Ergodic Theorem implies pointwise convergence for Q, (6) : Q, (8) 
converges in probability pointwise for each 8 E O to Qo(8) given by 

(provided, of course, that E[m(w,; 8)] exists and is finite). To apply the first con- 
sistency result (Proposition 7.1) to M-estimators, we need to show that the conver- 
gence of x:=, m(w,; .) to E[m(w,; .)] is uniform. A standard method to prove 
uniform convergence in probability, which exploits the fact that the expression is 

5~ scalar function h ( x )  is said to be concave if a h ( x 1 )  + (1  - a ) h ( x 2 )  5 h ( a x l  + ( I  - a ) x 2 )  for all 
x , ,  x2,O 5 a 5 1 .  So a linear function is concave. Some authors use the term "globally concave" to distinguish 
it from the concept of "local concavity" that the Hessian evaluated at the parameter vector in question is negative 
semidefinite. If a function is concave, then it is continuous. So condition (ii) in this proposition is stronger than 
condition (ii) in the previous proposition. 
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a sample mean, is the uniform law of large numbers. Its version for ergodic 

stationary processes (stated as Lemma 2.4 in Newey and McFadden, 1994, and as 
Theorem A.2.2 in White, 1994) is 

Lemma 7.2 (Uniform law of large numbers): Let {w,} be an ergodic stationary 
process. Suppose that (i) the set O is compact, (ii) rn(w,; 8 )  is continuous in 8 
for all w,, and (iii) rn (w,; 8 )  is measurable in w, for all 8 in O. Suppose, in 
addition, the 

dominance condition: there exists a function d(w,) (sometimes called the 
"dominating function") such that Irn (w,; 8 )  1 5 d(w,) for all 8 E O and 

E[d(wt)l < m. 

Then Cy=, m(w,; .) converges uniformly in probability to E[rn(w,; .)] over O. 
Moreover, E[m (w, ; 8)] is a continuous function o f  8.  

Since by construction Im(w,; 8 )  1 5 supeEo Irn (w,; 8 )  1 for all 8 E O, we can use 

supeEo Irn(w,; 811 for d(w,), so the above dominance condition can be stated sim- 

ply as E[supe,, Im(w,; 8)1 ] < m. The Uniform Law of Large Numbers can be 

extended immediately to vector random functions as follows: 

Let {w,) be an ergodic stationary process. Suppose that (i) the parameter 

space O is compact, (ii) h(w,; 8 )  is continuous in 8 for all w,, and 

(iii) h(w,; 8 )  is measurable in w, for all 8 in O. Suppose, in addition, the 

dominance condition: E[ sup Ilh(w,; 8 )  ( 1  1 < m. 
B E @  

Then E[h(w,; 8)] is a continuous function of 8 and C:=, h(w,; .) con- 
verges uniformly in probability to E[h(w,; .)] over O. 

Just by combining this lemma with the first consistency theorem for extremum 

estimators, and noting that Q, (8) is continuous if m(w,; 8 )  is continuous in 8 and 

that Q, (8) is a measurable function of the data if rn (w,; 8 )  is measurable in w,, we 
obtain 

Proposition 7.3 (Consistency of M-estimators with compact parameter space): 
Let {w, } be ergodic stationary. Suppose that (i) the parameter space O is a compact 
subset o f  RP , (ii) m(w,; 8 )  is continuous in 8 for all w,, and (iii) m (w,; 8 )  is 
measurable in w, for all 8 in O. Let e be the M-estimator defined by (7.1.1) and 
(7.1.2). Suppose, further, that 
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(a) (identification) E[m (w, ; 8)] is uniquely maximized on O at 80 E 0, 

(b) (dominance) E[supeEo Im(w,; 8)1] < GO. 

Then e +, 80. 

It is even more straightforward to specialize the second consistency theorem for 

extremum estimators to M-estimators. The objective function Q, (8) is concave if 
m(w,; 8) is concave in 8.6 As noted above, the pointwise convergence of Q,(8) to 

Qo(8) (= E[m(w,; @)I) is assured by the Ergodic Theorem if E[m(w,; 8)] exists 
and is finite for all 8.  Thus 

Proposition 7.4 (Consistency of M-estimators without compactness): Let {w,] 
be ergodic stationary. Suppose that (i) the true parameter vector 80 is an element of 
the interior of a convex parameter space O (C  RP), (ii) m(w,; 8)  is concave over 
the parameter space for all w,, and (114 m(w,; 8) is measurable in w, for all 8 in 
O. Let e be the M-estimator defined by (7.1.1) and (7.1.2). Suppose, further, that 

(a) (identification) E[m (w, ; 8)] is uniquely maximized on O at 80 E 0, 

(b) E[ Im(w,; 8)1 ] < CQ (i.e., E[m(w,; 8)] exists and is finite) for all 8 E O. 

Then, as n + CQ, e exists with probability approaching 1 and e +, 80. 

The following example shows that probit conditional ML satisfies the concavity 
condition. 

Example 7.6 (Concavity of the probit likelihood function): The m func- 

tion for probit is given in (7.1.15) where 4 (-) is the cumulative density func- 
tion of the standard normal distribution. Since the normal distribution is sym- 

metric, 4(-v)  = 1 - 4 (v) and the m function can be rewritten as 

1 Concavity of m is implied if both log 4(x)9) and log @(-go)  are concave in 
I 8. Since xi8 is linear in 8, it suffices to show concavity of log 4(v) .  The first I derivative of log 4 (v) is 

6~ fact from calcylus: if f (x) and g(x) are concave functions, then so is f (x) + g(x) 
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where $(v) (= @'(v)) is the density function of N ( 0 ,  1). It is well known 
that $(v)/@(v) is a decreasing function. So log @(v) is (strictly) concave. 

Concavity after Reparameterization 
Proposition 7.4 can be extended easily to estimators for objective functions that are 

I concave after reparameterization. Suppose that all the conditions of the proposition 
except concavity are satisfied and that there is a continuous one-to-one mapping 
T (8) : O + A = T ( 0 )  such that 

I is concave in A and A = T(O) is a convex set. Let 

be the objective function after this reparameterization. Clearly, all the assumptions 
of Proposition 7.4 are satisfied for A ,  A,  and G(w,; A): A. - ~ ( 8 0 )  is an interior 
point of A, E[G(w,; A)] is uniquely maximized at l o ,  and El: IG(w,; A)I ] < oo for 
all A in A. Thus for sufficiently large n ,  there exists an M-estimator i such that - 
plim,,, i = Lo. Since Qn (A) satisfies (7.1.17) for the one-to-one mapping T ,  

e = ~ - ' ( i )  maximizes the original objective function Qn (8). The estimator e is 
consistent because 

plim e = plim ~ - ' ( i )  
n+cc  n+m 

- 
= T '(plim i )  (since T-' is continuous) 

n-cc 

- 1 = T (AO) =do .  (7.2.6) 

Example 7.7 (Concavity of linear regression likelihood function): In 
the conditional ML estimation of the linear regression model, m(w,; 8 )  is 
given in (7.1.13) with 8 = (B', a2) '  and w, = (y,, x',)'. This function is 
not necessarily c ~ n c a v e , ~  but consider a reparameterization: y = l / a  and 
6 = B/a. It is a continuous one-to-one mapping between O = IRK x &+ and 
A = IRK x &+. The new parameter space A is convex. With A = (6', y)', 

7 ~ o r  example, the second partial derivative of rn with respect to a 2  may or may not be non-negative depending 
on the value of y, 2x;B. Recall that a necessary condition for a twice differentiable function h ( x l ,  . . . , x p )  to be 

concave is that i32h/(i3xj)2 be non-negative for all j = 1,2,  . . . , p .  
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the m function after reparameterization becomes 

Since log(y) is concave in y ,  it is concave in I. Since v = yy, - xi6 is linear 
in I and -$v2 is concave, - i(yy,  - is concave in I. So i i  above, 
which is the sum of two concave functions (plus a constant), is concave in 
I for any w,. Therefore, provided that all the conditions of Proposition 7.4 
besides concavity are satisfied for 8 ,  0, and m (w,; 8), the conditional ML 
estimator 0 is consistent. 

Identification in NLS and ML 
The identification condition (a) (that E[m(w,; 8)] be uniquely maximized at 80) in 
these consistency theorems for M-estimators can be stated in more primitive terms 
for NLS and ML. 

N L S  
Consider first NLS, where m(w,; 8) = -(y,-~(x,;  8)12 and E(y, I x,) = ~ ( x , ;  80). 
We have shown in Section 2.9 that the conditional expectation minimizes the mean 
squared error, that is, for any (measurable) function h(x,), 

mean squared error = ~ [ { y ,  - h ( ~ , ) ) ~ ]  

= E[{Y, - E(Y, I x , ) ) ~ ]  + E[{E(Y, I x,) - h ( ~ , ) ) ~ ]  

2 E[{Y, - E(Y, 1 x t ) ~ ~ ] .  (7.2.8) 

This is just reproducing (2.9.4) in the current notation. Furthermore, the condi- 
tional expectation is essentially the unique minimizer in the following sense. 

Being functions of x,, h(x,) and E(y, ( x,) are random variables. For 
two random variables X and Y, let X # Y mean Prob(X # Y) > 0 
(i.e., Prob(X = Y) < 1) and let X = Y mean Prob(X # Y )  = 0. 
(If X and Y differ only for events whose probability is zero, we do not 
need to care about the difference.) Therefore, h(x,) # E(y, I x,) means 
Prob(h(x,) # E(y, I x,)) > 0. If h(x,) # E(y, 1 x,) in this sense, 
then {E(y, I x,) - h ( ~ , ) ) ~  > 0 with positive probability. Consequently, 
E[{E(~ ,  1 x,) - h ( ~ , ) ) ~ ]  in (7.2.8) is positive and the mean squared error is 
strictly greater than ~ [ { y ,  - E(y, ( x , ) )~ ] .  
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Just setting h(x,) = ~ ( x , ;  0)  and noting that ~ ( x , ;  80) = E(y, I x,), we conclude 
that 

Therefore, the identification condition -that E[m(x,; o)] = - E [ ( ~ ,  - cp(x,; 8)}2] 
be maximized (i.e., E [ ( ~ ,  - ~ ( x , ;  o ) } ~ ]  be minimized) uniquely at f10 - holds if 

conditional mean identification: ~ ( x , ;  8 )  # ~ ( x , ;  80) for all 8 # OO. (7.2.10) 

ML 

For ML, the role played by (7.2.8) for NLS is played by the Kullback-Leibler 
information inequality. Here we examine identification for conditional ML (doing 
the same for unconditional or joint ML is more straightforward). The hypothetical 
conditional density f (y, I x,; O), being a function of (y,, x,), is a random variable 
for any 8.  The expected value of the random variable log f (y, I x,; 8 )  can be 
written as8 

Note well that the expected value is with respect to the true joint density f (y,, x,; 

00, 96,). The Kullback-Leibler information inequality about density functions 
(adapted to conditional densities) states that 

(provided, of course, that E[log f (y, I x,; O)] exists and is finite). (See Analytical 
Exercise 1 for derivation.) It immediately follows that the identification condition 
(that E[log f (y, I x,; 8)]  be maximized uniquely at 80) is satisfied if 

conditional density identification: f (y, I x,; 8 )  # f (y, I x,; 80) 

for all 8 # OO. (7.2.13) 

8 ~ f  f (yt I xr; 0) = 0, then its log cannot be defined. If this bothers you, assume f (yt I xt; 0) is positive for 
all yt,  xt, and 0 .  See White (1994, p. 9) for an argument that avoids such a simplifying assumption. 
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We can turn the two consistency theorems for M-estimators, Propositions 7.3 
and 7.4, into ones for conditional ML, with w, = (y,, xi)' and m(w,; 0) = log f . 
(y, ( x,; 0). Replacing the identification condition for M-estimators by conditional 
density identification, we obtain the following two self-contained statements about 
consistency of ML. 

Proposition 7.5 (Consistency of conditional ML with compact parameter 
space): Let { y, , x, } be ergodic stationary with conditional density f (y, I x, ; 00) 
and let 0 be the conditional ML estimator, which maximizes the average log con- 
ditional likelihood (derived under the assumption that { y,, x, } is i.i.d.): 

1 B = argmax - C log f(y, 1 x,; 0). 
B E @  

Suppose the model is correctly specified so that 00 is in O. Suppose that (i) the 
parameter space O is a compact subset of Rp , (ii) f (y, I x, ; 0) is continuous in 0 
for all (y, , x, ), and (iii) f (y, I x, ; 0) is measurable in ( y, , x, ) for all 0 E O (so by 
Lemma 7.1 0 is a well-defined random variable). Suppose, further, that 

(a) (identification) Prob[ f ( y, I x, ; 0) # f ( y, I x, ; Bo)] > 0 for all 0 # 00 in O,  

(b) (dominance) E[ supoco I log f (y, I x,; 0) 1 ] < m (note: the expectation is 
over y, and x,). 

Then 0 -+, 00. 

Proposition 7.6 (Consistency of conditional ML without compactness): Let 
{ y, , x, ] be ergodic stationary with conditional density f (y, I x, ; 00) and let 0 be the 
conditional ML estimator, which maximizes the average log conditional likelihood 
(derived under the assumption that { y, , x, ] is i.i.d.): 

1 B = argmax - C log f(y, I x,; 0). 
n 

Suppose the model is correctly specified so that 00 is in O. Suppose that (i) the 
true parameter vector 00 is an element of the interior of a convex parameter space 
O (C  Rp ), (ii) log f (y, I x, ; 0) is concave in 0 for all (y, , x,), and (iii) log f (y, I 
x,; 0) is measurable in (y,, x,) for all 0 in O.  (For sufficiently large n,  0 is well 
defined; see a few lines below.) Suppose, further, that 

(a) (identification) Prob[ f (y, I x, ; 0) # f (y, ( x, ; Bo)] > 0 for all 0 # 00 in O,  
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(b) E[ I log f (y, 1 x,; 8)1] < m (i.e., E[log f (y, I x,; 8)] exists and is finite) 
for all 8 E O (note: the expectation is over y, and x,). 

Then, as n -t m, 6 exists with probability approaching 1 and 0 -t , 80. 

There are two remarks worth making. 

The Kullback-Leibler information inequality (7.2.12) holds for unconditional 
densities as well (the proof is easier for unconditional densities). Therefore, 
Propositions 7.5 and 7.6 hold for unconditional ML; just replace f (y, I x,; 8) 

by f (wt; 8). 

The noteworthy feature of these two ML consistency theorems is that, despite 

the fact that the log likelihood is derived under the i.i.d. assumption for {y,, x,}, 
consistency is assured even if {y,, x,} is not i.i.d. but merely ergodic station- 
ary. This is because the ML estimator is an M-estimator. An ML estimator that 
maximizes a likelihood function different from the model's likelihood function 
is called a quasi-ML estimator or QML estimator. Put differently, a QML 
estimator maximizes the likelihood function of a misspecified model. There- 
fore, the "maximum likelihood estimators in Propositions 7.5 and 7.6 are QML 
estimators if {y,, x,} is ergodic stationary but not i.i.d. The propositions say that 
those particular QML estimators are consistent. 

The identification condition in conditional ML can be stated in even more prim- 
itive terms for specific examples. 

Example 7.8 (Identification in linear regression model): For the linear 
regression model with normal errors, the log conditional likelihood for obser- 
vation t is 

Since the log function is strictly monotonic, conditional density identification 

is equivalent to the condition that log f (yr 1 x,; 8) # log f (y, I x,; 80) 
with positive probability if 8 # 80. This condition is satisfied if E(x,xi) is 
nonsingular (and hence positive definite). To see why, let 8 = (B', a2)' and 
80 = (Bb, a;)'. Clearly, log f (y, ( x,; 8) # log f (y, I x,; 80) with positive 
probability if a2 # a;. So consider the case where a2 = a; but @ # Po. 
Then 
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Hence, xiB # xiBo with positive probability; if $B = <Po with probability 
1 (i.e.. if xiB # xiBo with probability zero), then E[($B - x # ~ } ~ ]  will be 
zero. Thus, y, - xiB # y, - xiBo with positive probability, implying that the 
identification condition is satisfied. The same condition about E(x,x;) also 
implies condition (b) in Proposition 7.6 because 

E[(yt - x;B)~I = E[(E, +$(Po - 8)l2] (since y, = <Po + E,) 

= E(E:) + (Bo - B)'E(xtxl,)(Bo - B) 

(since E(E, . x,) = 0). 

The last term is finite if E(x,xi) is. These results, together with the fact 
noted earlier that the log likelihood is concave after reparameterization, imply 
that the conditional ML estimator of the linear regression model with normal 
errors (derived under the i.i.d. assumption for (y,, x,}) is consistent if (y,, x,} 
is ergodic stationary and E(x,xi) is nonsingular. 

Example 7.9 (Identification in probit): The same conclusion just derived 
in the previous example for the linear model also holds for the probit model, 
whose conditional likelihood for observation t is 

The same argument used in Example 7.8 implies that, under the nonsingular- 
ity of E(x,xi), xi8 # xiOO with positive probability if 8 # 80. But since 
@(v) is strictly monotonic, $9 # x;OO with positive probability implies 
@(xi8) # @(xiO0) and @(-xi8) # @(-$OO) with positive probability. 
Hence, the identification condition (a) in Proposition 7.6 is satisfied if E(x,xi) 
is nonsingular. 

The nonsingularity of E(x,xi) also implies that condition (b) of Proposi- 
tion 7.6 is satisfied for probit. It is easy to verify that 

I log @(v)l 5 I log@(O)I + Ivl + lv12 for all v. (7.2.14) 

Combining this bound for I log @ (v) 1 and the fact that y, and 1 - y, are less 
than or equal to 1 in absolute value, it is easy to show that E[ I log f (y, 1 
x,; 8)1] < cm if E(x,x:) exists and is finite (a condition implied by the non- 
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singularity of E(x,x;)).~ We therefore conclude that the probit ML estimator 
(whose log likelihood is derived under the i.i.d. assumption for {y,, x,}) is 
consistent if {y,, xl} is ergodic stationary and E(x,x;) is nonsingular. 

Consistency of GMM 
We now turn to GMM and specialize Proposition 7.1 to GMM by verifying the 
conditions of the proposition under a set of appropriate sufficient conditions. The 
GMM objective function is given by (7.1.3). Clearly, the continuity of en(@) in 8 
is satisfied if g(w,; 8) is continuous in 8 for all w,. If {w,} is ergodic stationary, 

then g,,(@) (E I:=, g(w,; 8)) +, E[g(w,; @)I. So the limit function Qo(8) is 

This function is nonpositive if W (= plim %) is positive definite. It has a max- 
imum of zero at 8 0  because E[g(w,; Bo)] = 0 by the orthogonality conditions. 
Thus, the identification condition (that Qo(8) be uniquely maximized at 8 0 )  in 
Proposition 7.1 is satisfied if E[g(w,; @)I  # 0 for 8 # 8 0 .  Regarding the uniform 
convergence of en(@) to Qo(8), it is not hard to show that the condition is satis- 
fied if g,, (.) converges uniformly to E[g(w,; .)I (see Newey and McFadden, 1994, 
p. 2132). The multivariate version of the Uniform Law of Large Numbers stated 
right below Lemma 7.2, in turn, provides a sufficient condition for the uniform 
convergence. So we have proved 

Proposition 7.7 (Consistency of GMM with compact parameter space): Let 
{w,] be ergodic stationary and let i be the GMM estimator defined by 

where the symmetric matrix % is assumed to converge in probability to some 

90nly for interested readers, here is a proof: 

I l o g f ( ~ r  Ixr;@)l  i I~tI l log@(x:@)l+Il  -~tlllog@(-x:@)l 

< I log @(x;@)l + /log @(-x:@)l (since lytl i 1 and I1 - ytl i 1) - 

< 2 x [ I log W O ) I  + IX;BI + I X ; @ I ~ ]  (by (7.2.14)) - 

i 2 x [llog@(O)I + Ilxtll . 1 1 @ I I  + llxr112. ll@112]. 

The last inequality is due to the Cauchy-Schwartz inequality that Ix'yl _( llxll llyll for any two conformable vectors 
x and y. Also, E((lxt 11'). which is the sum of ~(1:) over i, is finite because the nonsingularity of E(xtxi) implies 

~(1:) < w for all i. 1f E(llxr (1') < W ,  then E(llxr 11) < W .  



468 Chapter 7 

symmetric positive definite matrix W .  Suppose that the model is correctly specified 
in that E[g(w, ; 80:~] = 0 (i.e., the orthogonality conditions hold) for 80 E 0. 
Suppose that (i) the parameter space O is a compact subset o f  RP , (ii) g(w, ; 8)  is 
continuous in 8 for all w, , and (iii) g(w, ; 8 )  is measurable in w, for all 8 in 0 (so 
0 is a well-defined random variable by Lemma 7.1). Suppose, further, that 

(a) (identification) E[g(w,; 8)] # 0 for all 8 # 80 in 0, 

(b) (dominance) :E[  sup^,^ Ilg(wt; 8 )  11 I < 00. 

Then 0 -+, 80. 

If Q,(B) is concave, then the compactness of 0, the continuity of g(w,; 8), 
and the dominance condition can be replaced by the condition that E[g(w,; 8)] 
exist and be finite for all 8.  We will not state this result as a proposition because 
there are very few applications in which Q, (8) is concave. For example, the GMM 
objective function for the Euler equation model in Example 7.5 is not concave. Just 
about the only well-known case is one in which g(w,; 8 )  is linear in 8, but the linear 
case has been treated rather thoroughly in Chapter 3. When g(w,; 8)  is nonlinear 
in 8 ,  specifying primitive conditions for (a) (identification) and (b) (dominance) in 
Proposition 7.7 is generally quite difficult. So in most applications those conditions 
are simply assumed. 

Q U E S T I O N S  F O R  R E V I E W  

1. (Necessity of density identification) We have shown for conditional ML that 
the conditional density identification (7.2.13) is sufficient for condition (a) (that 
E[log f (y, I x,; 8)] be maximized uniquely at OO). That it is also a necessary 
condition is clear from the Kullback-Leibler information inequality. Without 
using this inequality, show the necessity of conditional mean identification. 
Hint: Show that, if (7.2.13) were false, then (a) would not hold. Suppose that 

there exists a el # O0 such that O1 E 0 and f (y, I x,; 81) = f (y, I x,; 80). 

Then E[log f (y, I x,; e l ) ]  = E[log f (y, I x,; 80)l. 

2. (Necessity of conditional mean identification) Without using (7.2.8), show 
that conditional mean identification is necessary as well as sufficient for iden- 
tification in NLS. 

3. (Identification in NLS) Suppose that the q function in NLS is linear: 
( ~ ( x , ;  8)  = xi@. Verify that identification is satisfied if E(x,xi) is nonsingular. 
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4. (Identification in NLS estimation of probit) In the probit model, E(y, 1 x,) = 
@(xiOO). Consider estimating O0 by least squares. Verify that conditional mean 
identification is satisfied if E(x,xi) is nonsingular. 

5. (Quasi-ML) Suppose in Proposition 7.5 that {y,, x,} is i.i.d., so the likelihood 
function itself is not misspecified. But suppose that the true parameter vector 
O0 is not included in the assumed parameter space O. So in this sense the 
estimator 6 is a quasi-ML estimator. Drop condition (a), and suppose instead 
that there is a unique O* in O that maximizes E[log f (y, I x,; O)]. Show that 
the QML estimator 6 is consistent for O*. Hint: Replace the O0 in Proposition 

7.3 by O*. In Propositions 7.1-7.4, O0 does not need to be the "true" parameter 

vector. 

6. (Identification in linear GMM) Consider the linear GMM model of Chapter 3. 
Verify that the rank condition for identification derived in Chapter 3 is equiva- 
lent to the identification condition in Proposition 7.7. 

7. (Concavity of the objective function in linear GMM) Verify that the GMM 
objective function in linear GMM is concave in 8. Hint: The Hessian (the 

A 

matrix of second derivatives) of Q,(O) is -SLWS,, where S, - C:=, x,zi. 
A twice continuously differentiable function is concave if and only if its Hessian 

is everywhere negative semidefinite. 

8. (GMM identification with singular W) For W, if we require it to be merely 
positive semidefinite, not necessarily positive definite, what would be the iden- 
tification condition in Proposition 7.7? Hint: Suppose W is positive semidef- 

inite. Show that if E[g(w,; 00)] = 0 and W E[g(w,; O)] # 0 for 8 # 00, then 

Qo(0) = -; E[g(w,; O)]'W E[g(w,; O)] has a unique maximum at 00. 

7.3 Asymptotic Normality 

The basic tool in deriving the asymptotic distribution of an extremum estimator is 
the Mean Value Theorem from calculus. How it is used depends on whether the 
estimator is an M-estimator or a GMM estimator. Therefore, the proof of asymp- 
totic normality will be done separately for M-estimators (including ML as a special 

I case) and GMM estimators. This is followed by a brief remark on the relative effi- 
ciency of GMM and ML. By way of summing up, we will point out at the end of 
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the section that the Taylor expansion for the sampling error has a structure shared 
by both M-estimators and GMM. 

Asymptotic Normality of M-Estimators 
Reproducing (7.1.2), the objective function for M-estimators is 

It will be convenient to give symbols to the gradient (vector of first derivatives) and 
the Hessian (matrix of second derivatives) of the m function as 

In analogy to ML, s(wr; 8) will be referred to as the score vector for observation 
t. This s(wr; 8) should not be confused with the score in the usual sense, which is 
the gradient of the objective function Qn(8). The score in the latter sense will be 
denoted sn (8) later in this chapter. The same applies to the Hessian: H(wr; 8) will 
be referred to as the Hessian for observation t,  and the Hessian of Q,(8) will be 
denoted H, (8). 

The goal of this subsection is the asymptotic normality of 9 described in 
(7.3.10) below. In the process of deriving it, we will make a number of assump- 
tions, which will be collected in Proposition 7.8 below. Assume that m(wr; 8)  is 
differentiable in 8 and that 9 is in the interior of O. So 9, being the interior solution 
to the problem of maximizing Q, (8), satisfies the first-order conditions 

1 " 
= - C s(wr; 9) (by (7.3.1) and (7.3.2)). 

n 

We now use the following result from calculus: 

Mean Value Theorem: Let h : RP + IW4 be continuously differentiable. Then 
h(x) admits the mean value expansion 
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where ii is a mean value lying between x and q . l o  

Setting q = p, x = 0 , q  = B0. and h(-) = 9 in the Mean Value Theorem, we 
obtain the following mean value expansion: 

where 8 is a mean value that lies between 9 and 80. The continuous differentiability 
requirement of the Mean Value Theorem is satisfied if m (w,; 8) is twice continu- 
ously differentiable with respect to 8. Combining this equation with the first-order 
condition above, we obtain 

Assuming that C:=, H(wt; 8) is nonsingular, this equation can be solved for 
0 - 80 to yield 

This expression for (fi times) the sampling error will be referred to as the mean 
value expansion for the sampling error. Note that the score vector s(wt; 8 )  is 
evaluated at the true parameter value 80. 

NOW, since 8 lies between 80 and 0, 8 is consistent for 80 if 0 is. ~f {wtj is 
ergodic stationary, it is natural to conjecture that 

''The Mean Value Theorem only applies to individual elements of h, so that x actually differs from element to 
element of the vector equation. This complication does not affect the discussion in the text. 
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The ergodic stationarity of w, and consistency of 8 alone, however, are not enough 
to ensure this; some technical condition needs to be assumed. One such technical 
condition is the uniform convergence of C:=, H(w,; .) to E[H(w,; .)I in a neigh- 
borhood of OO." But by the Uniform Convergence Theorem, the uniform conver- 
gence of C:=, H(w,; .) is satisfied if the following dominance condition is satis- 
fied for the Hessian: for some neighborhood X of 80, E[ sup,,, IIH(w,; 8 )  111 < oo 

(this is condition (4) below).12 This is a sufficient condition for (7.3.8); if you can 
directly verify (7.3.8), then there is no need to verify the dominance condition for 
asymptotic normality. 

Finally, if (7.3.8) holds and if 

then by the Slutzky theorem (see Lemma 2.4(c)) we have 

Collecting the assumptions we have made so far, we have 

Proposition 7.8 (Asymptotic normality of M-estimators): Suppose that the con- 
ditions of  either Proposition 7.3 or Proposition 7.4 are satisfied, so that {w,} is 
ergodic stationary and the M-estimator e defined by (7.1.1) and (7.1.2) is consis- 
tent. Suppose, further, that 

(1) 80 is in the interior of  O,  

(2) m ( W, ; 8)  is twice continuously differentiable in 8 for any w, , 

(3) & X:=, S(W, ; 80) + d  N(0, 2 ) .  2 positive definite, where s(w, ; 8 )  is defined 
in (7.3.2), 

 his is a consequence of the following result (see, e.g., Theorem 4.1.5 of Amemiya, 1985): 

Suppose a sequence of random functions hn(B) converges to a nonstochastic function ho(B) uniformly 
in 19 over an open neighborhood of BO. Then plim,,, hn(e) = ho(B0) if plim E = 190 and ho(B) is 
continuous at BO. 

Set hn(B) to $ H(wt; .) and ho(B) to E[H(w~; B ) ] .  Continuity of EIH(wl; 8 ) ]  will be assured by the 
Uniform Convergence Theorem. The uniform convergence needs to be only over a neighborhood of 00, not over 
the entire parameter space, because E is close to 190 for n sufficiently large. 

1 2 ~  matrix can be viewed as a vector whose elements have been rearranged. So the Euclidean norm of a matrix, 
such as IIH(wr; 0 )  1 1 ,  is the square root of the sum of squares of all its elements. 
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(4) (local dominance condition on the Hessian) for some neighborhood & of  80, 

so that for any consistent estimator 8, i C:=, H(w,; 8)  +, E[H(w,; Bo)], 
where H(w, ; 8)  is defined in (7.3.3), 

(5) E[H(w,, 80:~] is nonsingular. 

Then e is asymptotically normal with 

(This is Theorem 4.1.3 of Amemiya (1985) adapted to M-estimators.) Two remarks 
are in order. 

Of the assumptions we have made in the derivation of asymptotic normality, 
the following are not listed in the proposition: (i) e is an interior point, and 

(ii) C:=, H(w,; 8)  is nonsingular. It is intuitively clear that these conditions 
hold because e converges in probability to an interior point 80, and C:=, 
H(w,; 8)  converges in probability to a nonsingular matrix E[H(w,; Bo)]. See 
Newey and McFadden (1994, p. 2152) for a rigorous proof. This sort of techni- 
cality will be ignored in the rest of this chapter. 

If w, is ergodic stationary, then so is s(w,; 80) and the matrix C is the long 
run variance matrix of {s(w,; e0)}.13 A sufficient condition for (3) is Gordin's 
condition introduced in Section 6.5. So condition (3) in the proposition can be 
replaced by Gordin's condition on {s(w,; eO)]. It is satisfied, for example, if w, 
is i.i.d. and E[s(w,; 00)] = 0. The assumption that X is positive definite is not 
really needed for the conclusion of the proposition, but we might as well assume 
it here because in virtually all applications it is satisfied (or assumed) and also 
because it will be required in the discussion of hypothesis testing later in this 
chapter. 

Consistent Asymptotic Variance Estimation 
To use this asymptotic result for hypothesis testing, we need a consistent estimate 
of 

1 3 ~ h e  long-run variance was introduced in Section 6.5. 
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Since e +, eo, condition (4) of Proposition 7.8 implies that 

Therefore, provided that there is available a consistent estimator e of L,  

is a consistent estimator of the asymptotic variance matrix. To obtain %, the meth- 
ods introduced in Section 6.6, such as the VARHAC, can be applied to the esti- 
mated series (s(wt; e ) }  under some suitable technical conditions. 

Asymptotic Normality of Conditional ML 
We now specialize this asymptotic normality result to ML for the case of i.i.d. 
data. In ML, where the m function is a log (conditional) likelihood, the first-order 
conditions (7.3.4) are called the likelihood equations. The fact that the m function 
is a log (conditional) likelihood leads to a simplification of the asymptotic variance 
matrix of e .  We show this for conditional ML; doing the same for unconditional or 
joint ML is easier. 

Consider the two equalities in condition (3) of Proposition 7.9 below. The sec- 
ond equality is called the information matrix equality (not to be confused with the 
Kullback-Leibler information inequality). It is so called because E[s(w,; 80) s(wt; 
eO)'] is the information matrix for observation t. It is left as Analytical Exer- 
cise 2 to derive these two equalities under some technical conditions permitting the 
interchange of differentiation and integration. Here, we just note the implication 
of these two equalities for Proposition 7.8. If w, is i.i.d., the Lindeberg-Levy CLT 
and the first equality (that E[s(wt; eO)] = 0) imply 

1 " 
- z s ( w t ;  60) + N(0, L)  where L = E[s(w,; eo) s(w,; eo)']. 
f i  t=1 d 

This and the information matrix equality imply that Avar(e) in Proposition 7.8 is 
simplified in two ways as 
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Thus, we have proved 

Proposition 7.9 (Asymptotic normality of conditional ML): Let w, (= (y,, xj)') 
be i.i. d. Suppose the conditions of  either Proposition 7.5 or Proposition 7.6 are sat- 
isfied, so that e +, 80. Suppose, in addition, that 

(1) 80 is in the interior of  O,  

(2) f ( y, I x, ; 8)  is twice continuously differentiable in 8 for all (y, , x,), 

(3) E[s(w,; Bo)] = 0 and - E[H(w,; BO:I] = E[s(w,; 80) s(w,; Bo)'], where s and 
H functions are defined in (7.3.2) and (7.3.3), 

(4) (local dominance condition on the Hessian) for some neighborhood X of 80, 

so that for any consistent estimator 8 ,  x:=, H(w,; 8 )  + p  E[H(w,; Bo)], 

(5) E [ ~ ( w ,  ; 00)] is nonsingular. 

Then e is asymptotically normal with Avar(e) given by (7.3.13). 

Two remarks about the proposition: 

Condition (3) is stated as an assumption here because its derivation requires 
interchange of integration and differentiation (see Analytical Exercise 2). A 
technical condition under which the interchange is legal is readily available from 
calculus (see, e.g., Lemma 3.6 of Newey and McFadden, 1994). So condition 
(3) could be replaced by such a technical condition on f (y, I x,; 8). We do not 
do it here because in most applications condition (3) can be verified directly. 

It should be clear from the above discussion how this proposition can be adapted 
to unconditional ML: simply replace f (y, I x,; 8 )  by f (w,; 8). 

To use this asymptotic result for hypothesis testing, we need a consistent esti- 
mate of ~ v a r ( e ) .  Noting that it can be written as -{E[H(w,; 80)]]-'. a natural 
estimator is 

first estimator of Avar(9) = - (7.3.14) 
t=l 

Since e +, 80, this estimator is consistent by condition (4) of Proposition 7.9. 
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Another estimator, based on the relation Avar(8) = (E[S(W,; 00) s(wt; o~) ' ] ) - ' ,  is 

second estimator of Avar(8) = 
t=l 

To insure consistency for this estimator, we need to make an assumption in addi- 
tion to the hypothesis of Proposition 7.9 (see, e.g., Theorem 4.4 of Newey and 
McFadden, 1994). We will not show it here because in many applications the 
consistency of this second estimator can be verified directly. 

There is no compelling reason for prefemng one estimator of Avar(8) over the 
other. The second estimator, which requires only the first derivative of the log like- 
lihood, is easier to compute than the first. This can be an important consideration 
when it is impossible to calculate the derivatives of the density function analyt- 
ically and some numerical method must be used. On the other hand, in at least 
some cases the first provides a better finite-sample approximation of the asymp- 
totic distribution (see, e.g., Davidson and MacKinnon, 1993). 

Two Examples 

To get a better grasp of the asymptotic normality results about conditional ML, it 
is useful to see how the results can be applied to familiar examples. We consider 
two such examples. 

Example 7.10 (Asymptotic normality in linear regression model): To 
reproduce the log conditional density for observation t for the linear regres- 
sion model with normal errors. 

2 1 1 
log f(yt ) x, ;B ,o  ) = --log(2n) - -log(02) - ( Y ' - ~ " ) ~ .  (7.3.16) 

2 2 2a2 

With O = RK x R++ (where K is the dimension of B), condition (1) of 
Proposition 7.9 is satisfied. Condition (2) is obviously satisfied. To verify 
(3), a routine calculation yields:14 

1 4 ~ o r  the parameter u2  the differentiation is with respect to u2 rather than u .  
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where w, = (y,, xi)', 0 = (B', u2)' and i., = y, - xiB (which should be 
distinguished from E, = y, - xiBo). So for 0 = Bo the i., in these expressions 
can be replaced by E, .  In the linear regression model, E(E, 1 x,) = 0. Also, 
since E,  is N(0, a:), we have E(E:) = 0 and E(EQ) = 30:. Using these 
relations, it is easy to verify (3). In particular, 

If E(x,xi) is nonsingular, then E[H(w,; Bo)] is nonsingular and (5) is satisfied. - - 
Regarding condition (4), let E, = y, - xiB for some consistent estimator B 
and a2. Condition (7.3.8) in this example is 

- 
It is straightforward to show this, given that E, = E, -xi (B -Bo). We conclude 
that all the conditions of Proposition 7.9 are satisfied if E(x,xi) is nonsingular. 

Example 7.11 (Asymptotic normality of probit ML): To reproduce the 
log conditional likelihood of the probit model, 

With O = Rp, condition (1) of Proposition 7.9 is satisfied. Condition (2) is 
obviously satisfied. To verify (3), a tedious calculation yields 

I (To derive (7.3.22), use the fact that y: = y,.) Here, a(.) is the cumulative 
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density function of N(0, 1) and d(.) = a ' ( - )  is its density function. It is then 
easy to prove the conditional version of (3): 

So (3) is satisfied by the Law of Total Expectations. In particular, for probit, 
it is easy to show that 

1 where 

is called the inverse Mill's ratio or the hazard for N(0, 1). It can be shown 
that the term in braces in (7.3.22) is between 0 and 2 (see Newey and McFad- 
den, 1994, p. 2147). So 

The Euclidean norm J(xtxi 1 1  is the square root of the sum of squares of the ele- 
ments of xtxi. Therefore, the expectation of 11x,$)1~ and hence that of (Jxtxi 1 1  
are finite if E(xtxi) (exists and) is finite. So the local dominance condition 
on the Hessian (condition (4)) is satisfied if E(xt$) is nonsingular. It can be 
shown that condition (5) is satisfied if E(xt$) is nonsingular (see footnote 29 
on p. 2147 of Newey and McFadden, 1994). We conclude, again, that all the 
conditions of Proposition 7.9 are satisfied if E(xt$) is nonsingular. 

Asymptotic Normality of GMM 
Now turn to GMM. The GMM objective function is 

1 1 " 
Q.(W = -r&(e)l@ffi(e) with &(e) = - C g ( ~ , ;  8). (7.3.27) 

( K x l )  n t=l 

As in the case of M-estimators, we apply the Mean Value Theorem to the first-order 
condition for maximization, but the theorem will be applied to &((?I), not its first 
derivative. Thus, unlike in the case of M-estimators, the objective function needs 
to be continuously differentiable only once, not twice. This reflects the fact that 
the sample average enters the objective function differently for the case of GMM. 
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Assuming that e is an interior point, the first-order condition for maximization 
of the objective function is 

a ~n (8) * I  A 0 =-=-Gn(8)  W g,(e), ae (7.3.28) 
( P X ~ )  ( p x K )  ( K x K )  ( K x l )  

( p x l )  

where Gn (8) is the Jacobian of g, (8): 

ag,(e) Gn(8) G - 
( K x p )  38' ' 

Now apply the Mean Value Theorem to g, (8), not to a Q ,  (8)/a8 as in M-estimation, 
to obtain the mean value expansion 

Substituting this into the first-order condition above, we obtain 

0 = -Gn(e)' i@ g,(80) - G, (e)' i@ G, (8) (e - 80). (7.3.31) 
( ~ x l )  ( p x K )  ( K x K )  ( K x l )  ( p x K )  ( K x K )  ( K x p )  ( p x l )  

Solving this for (e - Bo) and noting that h ( 8 )  = ! I:=, g(w,; B), we obtain 

- 1  1 
( 8  - 0 )  = - n i@ ( 8  ( 8  i@ - C g ( w t ;  80). 

( P X ~ )  ( p x K )  ( K x K )  ( K x p )  ( p x K )  ( K x K )  Z/;; r=l 

In this expression, the Jacobian Gn (8) of g, (8) is evaluated at two different points, 
e and 8. Since ~ ( 8 )  = I:=, g(w,; 8), the Jacobian at any given estimator 8 can 
be written as 

If w, is ergodic stationary and 8 is consistent, it is natural to conjecture that this 
expression converges to ~ [ a g ( w , ;  80)/a8']. As was true for M-estimators, this 
conjecture is true if ag(w,; 8)/a01 satisfies the suitable dominance condition spec- 
ified in condition (4) below. It should now be clear that the GMM equivalent of 
Proposition 7.8 is 
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Proposition 7.10 (Asymptotic normality of GMM): Suppose that the conditions 
of Proposition 7.7 are satisfied, so that {w, ) is ergodic stationary, @ ( K  x K )  con- 
verges in probability to a symmetric positive definite matrix W ,  and the 
p-dimensional GMM estimator 9 is consistent. Suppose, fiuther, that 

(1)  is in the interior of O,  

(2) g(w,; 9) is continuously differentiable in 9 for any w,, 
( K x l )  

(3) 5 x:=, g(w,; 80) +, N (0, S ), S positive definite, 
( K x K )  

(4) (local dominance condition on w) for some neighborhood X of go, 

a m i )  so that for any consistent estimator 9, xyZl +p ~[v], 
( K x P )  

(5) ~ [ ~ ~ ( ; ; i " ) ]  is of full column rank. 
( K x P )  

Then the following results hold: 

(a) (asymptotic normality) 9 is asymptotically normal with 

where G - E[-I. 
( K  X P )  

(b) (consistent asymptotic variance estimation) Suppose there is available a con- 
sistent estimate s of S. The asymptotic variance is consistently estimated by 

A a ( w , . ) )  
where G - - ~ , ( g )  = !x:=l 

( K x P )  

The assumption that S is positive definite is not really needed for the conclusion 
of the proposition, but we might as well assume it here because in virtually all 
applications it is satisfied (or assumed) and also because it will be required in the 
discussion of hypothesis testing later in thls chapter. 

It is useful to note the analogy between linear and nonlinear GMM by compar- 
ing this proposition to Proposition 3.1. In linear GMM, g, (9) is given by 
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So - G,(o) in Proposition 7.10 reduces to -(: x x , z i ) ,  and G reduces to 
- E(x,zi). The thrust of Proposition 7.10 is that the asymptotic distribution of the 
nonlinear GMM estimator can be obtained by taking the linear approximation of 
g, (8) around the true parameter value. 

The analogy to linear GMM extends further: 

(Efficient nonlinear GMM) Using the current notation, the matrix inequality 
(3.5.1 1) in Section 3.5 is 

(G' wG)-'GI WS WG(G1 WG)-' 2 (G's-'G)-I, (7.3.36) 

which says that the lower bound for ~ v a r ( 6 )  is (GIS-'G)-'. The lower bound is 
A 

achieved if % satisfies the efficiency condition that plim,,, W = S-', namely, 
that % = g-' for some consistent estimator of S. 

( J  statistic for testing overidentifying restrictions) Suppose that the conditions 
of Proposition 7.10 are satisfied and that % = g-' so that % satisfies the ef- 
ficiency condition: plim % = S-'. Then the minimized distance J = n&(9)' 
A 

(0) (= -2n ~ " ( 9 ) )  is asymptotically chi-squared with K - p degrees of 
freedom. The proof of this result is essentially the same as in the linear case; see 
Newey and McFadden (1994, Section 9.5) for a proof. 

(Estimation of S) S is the long-run variance of (g(w,; go)). Under some suit- 
able technical conditions, the methods introduced in Section 6.6 - such as the 
VARHAC - can be applied to the estimated series (g(w, ; 0)) to obtain g .  In 
particular, if w, is i.i.d., then S = ~ [ g ( w , ;  OO)g(w,; 00)'] and the sample second 
moment of g(w, ; 6)  can serve as g .  

GMM versus ML 
The question we have just answered is: taking the orthogonality conditions as 
given, what is the optimal choice of the weighting matrix W? A related, but dis- 
tinct, question is: what is the optimal choice of orthogonality conditions?15 This 
question, too, has a clear answer, provided that the parametric form of the den- 
sity of the data (wl ,  . . . , w,) is known. Here, we focus on the i.i.d. case with the 

I5yet another efficiency question concerns the optimal choice of instruments in generalized nonlinear instru- 
mental estimation (a special case of GMM where the g function is a product of the vector of instruments and the 
error term for an estimation equation). See Newey and McFadden (1994, Section 5.4) for a discussion of optimal 
instruments. 
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density of w, given by f (w,; 8). Let 6 be the GMM estimator associated with 
A 

the orthogonality conditions E[g(w,; 00)] = 0. Its asymptotic variance Avar(8) is 
given in Proposition 7.10. It is not hard to show that 

~ v a r ( 0 )  2 E[s(w,; 80) s(w,; 8o)']-' where s(w,; 80) = a log f (w, ; 80) 

( P X I )  ae 

That is, the inverse of the information matrix E(ssl) is the lower bound for the 
asymptotic variance of GMM estimators. This matrix inequality holds under the 
conditions of Proposition 7.10 plus some technical condition on f (w,; 8)  which 
allows the interchange of differentiation and integration. See Newey and McFad- 
den (1994, Theorem 5.1) for a statement of those conditions and a proof. Asymp- 
totic efficiency of ML over GMM estimators then follows from this result because 
the lower bound [E(ssl)]-I is the asymptotic variance of the ML estimator. The 
superiority of ML, however, is not very surprising, given that ML exploits the 
knowledge of the parametric form f (w,; 8 )  of the density function while GMM 
does not. 

As you will show in Review Question 4 below, GMM achieves this lower 
bound when the g function in the orthogonality conditions is the score for obsewa- 
tion t: 

Therefore, the GMM estimator with optimal orthogonality conditions is asymp- 
totically equivalent to ML. Actually, they are numerically equivalent, which can 
be shown as follows. Since K (the number of orthogonality conditions) equals p 
(the number of parameters) when g is chosen optimally as in (7.3.38), the GMM 

A A 

estimator 8 should satisfy g,(8) = 0, which under (7.3.38) can be written as 

This is none other than the likelihood equations (i.e., the first-order condition for 
ML). They have at least one solution because the ML estimator satisfies them. 
If they have only one solution, then 0 is the ML estimator as well as the GMM 
estimator. If they have more than one solution, we need to choose one from them 
as the GMM estimator. Since one of the solutions is the ML estimator, we can 
simply choose it as the GMM estimator. 
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Expressing the Sampling Error in a Common Format 
To prepare for the next section's discussion, it is useful to develop a slightly dif- 
ferent proof of asymptotic normality. We have used the Mean Value Theorem 
to derive the mean value expansion for the sampling error, which is (7.3.7) for 
M-estimators and (7.3.32) for GMM. We show in this subsection that they can be 
written in a common format, (7.3.43) below. 

Consider M-estimators first. Noting that = 1 C:=l s(wt; eo), the mean 
value expansion (7.3.7) can be written as 

By condition (4) of Proposition 7.8, C:=, H(wt; e)  converges in probability to 
some p x p symmetric matrix q given by 

So rewrite (7.3.40) as 

By construction, the term in braces converges in probability to zero. By condition 
1 n (3) of Proposition 7.8. f i  (= 7 E t = ,  s(w,; 00)) converges to a random J 

variable. So the last term, which is the product of the term in braces and f i  w. 
converges to zero in probability by Lemma 2.4(b). This fact can be written com- 
pactly as a Taylor expansion:16 

where the term "o," means "some random variable that converges to zero in prob- 
ability."17 The exact expression for the o, term will depend on the context. Here, it 
equals the last term in (7.3.42). As you will see, all that matters for our argument 

I61t is apt to call this equation a Taylor expansion rather than a mean value expansion because the matrix that 
multiplies fi is evaluated at 0 ,  rather than at 6 as in the mean value expansion. 

"The "op" notation was introduced in Section 2.1. 
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is that the op term vanishes (converges to zero in probability), not its expres- 
sion. Since the difference between f i ( e  - 80) and -Y-'f i  vanishes, the 

asymptotic distribution of f i ( 0  - 80) is the same as that of -Y- ' f i  by 
Lemma 2.4(a). It then follows that f i ( 0  - 80) converges to a normal distribution 
with mean zero and asymptotic variance given by 

Avar(6) = Y-'ZY-' where Z = Avar 
( P  x P )  

( a  Q;rO)). (7.3.44) 

For M-estimators, fi = -!- x:=, s(w,; 80) and Z is the long-run vari- 
J;; 

ance of s(w,; 80). Setting Y = E[H(w,; e0)] gives the expression for ~ v a r ( 0 )  in 
Proposition 7.8. 

Next turn to GMM. The expression for fi is 

1 " J;; aQn(eO) = -[G~(Bo)]' 9- g(wt; 80). ae (7.3.45) 
J;; ,=, 

ag(w . B O )  (Recall that Gn (8) - .) Since G, (80) = x +, G (= E[+]). 
9 +, W ,  and 1 x:=, g(w,; 80) +=d N ( 0 ,  S) under the conditions of Proposition 

J;; 
7.10, we have fi converging to a normal distribution with mean zero and 

Now rewrite the mean value expansion for the sampling error for GMM (7.3.32) as 

It is left as Review Question 5 below to show that this can be written as the Taylor 
expansion (7.3.43), with the symmetric matrix Y given by 

Substituting (7.3.48) and (7.3.46) into (7.3.44), we obtain the GMM asymptotic 
variance indicated in Proposition 7.10. 

Table 7.1 summarizes the discussion of this subsection by indicating how the 
substitution should be done to make the common formulas applicable to 
M-estimators and GMM. 



Table 7.1: Taylor Expansion for the Sampling Error 

J;;(D - eo) = - 8 - l  J;; aQn(eO) + o,, J;; aQn(eo) + N ( O ,  c), AVX(D) = r l - l x ~ - l  ae ae d 

Terms for substitution M-estimators GMM 

8 ~ [ ~ ( w t ;  eo) ]  -GIWG 

C long-run variance of s(wt; 80) G' WS WG 

NOTE: See (7.3.2) and (7.3.3) for definition of s(w,; 8) and H(wt; 8). Also, 

I " 
gn (8) = - g(wt ; 8) and G = E 

n 
t = l  
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In passing, it is useful for the next section's discussion to note that C = -\Ir 
for ML with i.i.d. observations and efficient GMM (the GMM with W = S-'). 
For ML, C = E[s(w,; 80) s(w, ; fI0)'], which equals the negative of the \Ir given 
in (7.3.41) thanks to the information matrix equality. For efficient GMM, setting 
W = S-I in (7.3.46) gives 

which is the negative of the \Ir in (7.3.48). 

Q U E S T I O N S  F O R  R E V I E W  

1. (Score and Hessian of objective function) For M-estimators and ML in partic- 
ular, we defined the score for observation t ,  s(w,; 8), to be the gradient (vector 
of first derivatives) of m(w,; 8)  and the Hessian for observation t ,  H(w,; 8), to 
be the Hessian of m(w,; 8). Let the score (without the qualifier "for observation 
t") be the gradient of the objective function Qn(8) and denote it as sn(8). Let 
the Hessian (without the qualifier "for observation t") be the Hessian of e n ( @ )  
and denote it as Hn(8). Under the conditions of Proposition 7.9, show that 

Hint: {s(w,; 00)) is i.i.d. 

2. (Conditional information matrix equality for the linear regression model) For 
the linear regression model of Example 7.10, verify that 

3. (Avar for the linear regression model) For the linear regression model of Exam- 
ple 7.10, let (3, s 2 )  be the ML estimate of (B, a'). Write down the first esti- 

-A 

mator of ~ v a r ( e )  defined in (7.3.14). Does Avar(B) equal S 2 ( t  x,xi)-'? 
[Answer: No.] 

4. (GMM with optimal orthogonality conditions) Assume that the relevant tech- 
nical conditions are satisfied for the hypothetical density f (w,; 8 )  so that the 
information matrix equality holds. Using Proposition 7.10, show that when the 
g function in the orthogonality conditions is given as in (7.3.38), the asymp- 
totic variance matrix of the GMM estimator equals the inverse of the infor- 
mation matrix for observation t (which is the lower bound in (7.3.37)). Hint: 

Since K equals p,  G is a square matrix and the expression for ~ v a r ( e )  in 
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! Proposition 7.10 reduces to ~var( t?)  = G-'sG'-' . The choice of g implies 
G = E[H(w,; 00)] and S = E[s(w,; 80) s(wt; 80)']. 

5. (Taylor expansion of the sampling error for GMM) Show that (7.3.47) can be 
written as the Taylor expansion (7.3.43) under the conditions of Proposition 
7.10, by taking the following steps. 

I (a) Show that B-' = + Y, where Y, +, 0. 

(b) Show that c = f i  + y. where y. +, 0. Hint: G. ( t? )  - G,, (90) = 

(G.& - G) - (G.(B0) - G) +, 0 and G$ x:=l g(w,; 80) converges 
in distribution to a random variable. 

(c) ~howthat-B-lc = - ~ - ' f i ~ + x , , ,  wherex. = -[Y.&-+ 

*-'yn + Y,Y.]. 

I (d) Show that xn +, 0. 

I 6. (Why the GMM distance is deflated by 2) Verify that, if the negative of the 
distance g, (8)'$-1g, (8) were not divided by 2 in the definition of the efficient 
GMM objective function, then we would not have X = -*. 

7.4 Hypothesis Testing 

As is well known for ML, there is a trio of statistics -the Wald, Lagrange mul- 
tiplier (LM), and likelihood ratio (LR) statistics -that can be used for testing the 
null hypothesis. The three statistics are asymptotically equivalent in that they share 
the same asymptotic distribution (of X 2 ) .  I, this section we show that the asymp- 
totic equivalence of the trinity can be extended to GMM by developing an argu- 
ment applicable to both ML and GMM. The key to the argument is the common 
format for the sampling error derived at the end of the previous section. On the 
first reading, you may wish to read the next subsection and then jump to the last 
subsection. 

The Null Hypothesis 

We have already considered, in the context of the linear regression model, the 
problem of testing a set of r possibly nonlinear restrictions (see Section 2.4). To 
recapitulate, let 80 be the p-dimensional model parameter. The null hypothesis can 



488 

be expressed as 

We assume that a(.) is continuously differentiable. Also, let 

be the Jacobian of a(8). We assume that 

A. -- A(OO) is of full row rank. 
( r  x P) 

Chapter 7 

(7.4.1) 

This ensures that the r restrictions are not redundant. This rank condition implies 

that r 5 p.  
Let 6 be the extremum estimator in question. It is either ML or GMM. It solves 

the unconstrained optimization problem (7.1.1). The Wald statistic for testing the 
null hypothesis utilizes the unconstrained estimator. The LM statistic, in contrast, 
utilizes the constrained estimator, denoted 0, which solves 

max Q,(8) s.t. a(8) = 0. (7.4.4) 
B E @  

As was shown in Section 7.2, the true parameter value 80 solves the "limit uncon- 
strained problem" where Q, in the unconstrained optimization problem (7.1.1) 
is replaced by the limit function Qo. It also solves the "limit constrained prob- 
lem" where Q, in the above constrained optimization problem is replaced by Qo, 
because do satisfies the constraint. It turns out that the uniform convergence in 
probability of en ( . )  to Qo(.) assures that the limit of the constrained estimator 
8 is the solution to the limit constrained problem, which is 80. For a proof, see 
Newey and McFadden (1994, Theorem 9.1) for GMM and Gallant and White 
(1988, Lemma 7.3(b)) for general extremum estimators. It is also possible to show 
that, if all the conditions ensuring the asymptotic normality of the unconstrained 
estimator are satisfied, then 0, too, is asymptotically normal under the null. For a 
proof for GMM, see Newey and McFadden (1994, Theorem 9.2); for ML, see, e.g., 
Amemiya (1985, Section 4.5).18 

181f you are interested in the proof, it is just the mean value version of the discussion in the subsection on the 
LM statistic below, which is based on Taylor expansions. 
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The Working Assumptions 
The argument for showing that the Wald, LM, and LR statistics are all asymptoti- 
cally X2(r) is based on the truth of the following conditions. 

(A) f i ( e  - 80) admits the Taylor expansion (7.3.43), which is reproduced here 

(B) fim +d N(0. Z), Z positive definite. ae 

(C) f i (8  - Bo) converges in distribution to a random variable. 

(D) Z = -*. 
We have shown in the previous section that the first two conditions are satisfied 
for conditional ML under the hypothesis of Proposition 7.9, for unconditional ML 
under the hypothesis suitably modified, and for GMM under the hypothesis of 
Proposition 7.10. As just noted, under the same hypothesis, the constrained esti- 
mator e is consistent and asymptotically normal, ensuring condition (C). So con- 
ditions (A)-(C) are implied by the hypothesis assuring the asymptotic normality of 
the extremum estimator. 

The Wald and LM statistics, if defined appropriately so as not to depend on 
condition (D), are asymptotically X2(r). But their expressions can be simplified 
if condition (D) is invoked. Furthermore, without the condition, the LR statistic 
would not be asymptotically x2.  AS was noted at the end of the previous section, 
condition (D) is satisfied for ML and also for efficient GMM with W = S-'. 
Therefore, the part of the discussion that relies on condition (D) is not applicable 
to nonefficient GMM. 

The Wald Statistic 

Throughout the book we have had several occasions to derive the Wald statistic 
using the "delta method" of Lemma 2.5. Here, we provide a slightly different 
derivation based on the Taylor expansion. Applying the Mean Value Theorem to 
a(e) around Bo and noting that a(Bo) = 0 under the null, the mean value expansion 
of f i a ( 9 )  is 

Derivation of the Taylor expansion from the mean value expansion is more trans- 
parent than in the previous section and proceeds as follows. Since 8,  lying between 
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e0 and e ,  is consistent and since A(.) is continuous, ~ ( 8 )  converges in probability 
to A. (- A(eO)). Furthermore, the term multiplying A(8), f i ( e  - eO), converges 
to a random variable. So ( ~ ( 8 )  - Ao)Jii(e - 80) vanishes (converges to zero in 
probability) by Lemma 2.4(b). Denoting this term by o , ,  the mean value expansion 
can be rewritten as a Taylor expansion: 

(Note that this argument would not be valid if f i ( e  - 80) did not converge to a 
random variable.) 

Substituting the Taylor expansion (7.4.5) into this, we obtain an equation link- 

ing Jii a(& to Jii : 

J;;a(i) = - 9 - I  J;; a Qn (80) 
ae + oP. (7.4.8) 

( r x l )  ( r x p )  ( p x p )  
( p x l )  

(The op here is A. times the op in (7.4.5) plus the o, in (7.4.7), but it still converges 
to zero in probability.) It immediately follows from this expression and the asymp- 
totic normality of Jii (condition (B)) that fist($) converges to a normal 
distribution with mean zero and 

~var(a(6))  = Ao9- ' I ;~ - 'Ab  
( r x r )  

= A. I;-' Ab (if condition (D) is invoked). (7.4.9) 
( r x p )  ( p x p )  ( p x r )  

Since the r x p matrix A. is of full row rank and I; is positive definite (by condition 
(B)), this r x r matrix is positive definite. Therefore, the associated quadratic form 

is asymptotically X2(r) under the null. As noted above, A($) +, Ao. So if there - A - 1  
is available a consistent estimator 2 of I;, then A(8)I; ~ ( e ) '  is consistent for 
AoI;-'Ab, which implies by Lemma 2.4(d) that the Wald statistic defined by 

too is asymptotically (r) under the null. 
How the consistent estimator 2 of I; (= - 9 )  is obtained depends on whether 

the extremum estimator is ML or efficient GMM. For ML, it is given by a consistent 
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estimate of -\lr = - E[H(w,; (lo)]: 

or by a consistent estimate of C = ~ [ s ( w , ;  8o) s(w,; eO)']: 

For efficient GMM, C = GtS-'G (see (7.3.49)), which is consistently estimated 

by 

A A n  - 1 " ag(wt; e )  
2 =G's-'G with = G , ( I ) =  -C aet . (7.4.14) 

( K x p )  n 
t = l  

A 

As already mentioned, S is an estimate of the long-run variance matrix constructed 
from the estimated series (g(w,; e)}. 

The Lagrange Multiplier (LM) Statistic 
Let y, (r x 1) be the Lagrange multiplier for the constrained problem (7.4.4). The 
constrained estimator e satisfies the first-order conditions 

We seek the Taylor expansion of these first-order conditions. By condition 

(C), f i ( 8  - eo) converges to a random variable. So f i a ( e )  admits the Taylor 
expansion 

It is left as Review Question 2 to show that the following Taylor expansion holds 
for both ML and GMM: 

An implication of this equation is that ,h converges to a random variable. 
So ,h y,, satisfying (7.4.15), converges to a random variable. Consequently, since 
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A(0) +, Ao, we obtain 

Substituting these three equations into the first-order conditions, we obtain 

Using the formula for partitioned inverses, this can be solved to yield 

The rest is the same as in the derivation of the Wald statistic. From (7.4.21), 
f i  y, converges to a normal distribution with mean zero and variance given by 

= (AoX-'Ab)-l (if condition (D) is invoked). (7.4.23) 

Since this r x r matrix is positive definite, the associated quadratic form 

is asymptotically X2(r) under the null. If there is available a consistent estima- - --1 
tor, denoted $, of X, then A(0)X ~ ( 8 ) '  is consistent for AoX-'Ab. So the LM 
statistic defined by the first line below is asymptotically X2(r) under the null. This 
statistic can be beautified by the first-order conditions (7.4.15): 

- --1 
LM -- n y: [A(B)Z ~ ( g ) ' ]  y, 

(1 xr)  ( r x  1) 

(since ~ ( 9 ) ' ~ ~  = -%$ by (7.4.15)). 

( l x p )  (px l )  
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The last expression for the LM statistic is the reason why the statistic is also called 

the score test statistic. It is the distance from zero of the score evaluated at the con- 

strained estimate 8. You should not be fooled by its beauty, however: despite being 

a quadratic form associated with a p-dimensional vector, the degrees of freedom 

of its X 2  asymptotic distribution are r, not p ,  as is clear from the derivation. 
For ML, g is given by (7.4.12) or (7.4.13), evaluated at 8 .  For GMM, C is 

consistently estimated by 

1 " ag(w,; 8)  g=G'g-'G with 6 - G , ( ~ ) = - X  . (7.4.26) 
( K x p )  n r=l ae' 

Here, g is an estimate of the long-run variance matrix constructed from the esti- 

mated series {g(wr; 8)). 

The Likelihood Ratio (LR) Statistic 
The LR statistic is defined as 2n times Q, (8) - Q, (8). (For efficient GMM, calling 

this the likelihood ratio statistic is a slight abuse of the language because Q, for 

GMM is not the likelihood function, but we will continue to use the term for both 

ML and GMM.) It is not hard to show for ML and GMM (see Review Questions 6 
and 7) that 

The validity of this expression does not depend on condition (D). 
From this expression, it is easy to derive the asymptotic distribution of the LR 

statistic. Subtracting (7.4.22) from (7.4.5), we obtain 

Substituting this into (7.4.27), the LR statistic can be written as 

Now invoke assumption (D). The LR statistic becomes 
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This is asymptotically x2(r)  because the variance of the limiting distribution of 
A ~ X - ' ( & Z  9) is the positive definite matrix in brackets. 

This completes the proof of the asymptotic equivalence of the trio of statis- 
tics. But it should be clear from the proof that something stronger than asymptotic 
equivalence (that the three statistics share the same asymptotic distribution) holds. 
We have shown in the proof that the difference between the Wald statistic and 
(7.4.10) is 0,. But by (7.4.8) the difference between the latter and the quadratic 
form in the expression for the LR statistic (7.4.30) is o, when I: = -Y. So the 
numerical difference between the Wald statistic and the LR statistic is o, when 
X = -\P. The same applies to the LM statistic. The difference between it and 
(7.4.24) is 0,. But the difference between the latter and the quadratic form in 
(7.4.30) is again o, when I: = - Y. 

Summary of the Trinity 
To summarize the rather lengthy discussion of this section, 

Proposition 7.11 (The trinity): Let i the extremum estimator defined in (7.1.1). 
Consider the null hypothesis (7.4.1) where a(-) is continuously differentiable (so 
the Jacobian A(@ = is continuous) and the rank condition (7.4.3) is satisfied. 
Let 8 be the constrained extremum estimator defined in (7.4.4). Assume: 

the hypothesis of Proposition 7.9, if the extremum estimator is conditional ML, 

the hypothesis appropriately modified as indicated right below Proposition 7.9, 

in the case of unconditional ML, 

the hypothesis of Proposition 7.10 with W = S-' and that there is available a 
consistent estimator of S constructed from e and constructed from 8 ,  in the 
case of efficient GMM. 

Define the Wald, LM, and LR statistics as in Table 7.2. Then 

(a) the constrained extremum estimator e is consistent and asymptotically nonnal, 

(b) the three statistics all converge in distribution to X2(r)  under the null where r 
is the number of restrictions in the null, 

(c) moreover, the numerical difference between the three statistics converges in 
probability to zero under the null. 
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Q U E S T I O N S  F O R  R E V I E W  

1. Verify that the LM statistic for ML can be written as 

2. Derive (7.4.18). Hint: For ML, replace * by 0 in (7.3.5). For GMM, derive 

where 0 lies between O0 and 0 .  The derivation of this should be as easy as the 

derivation of (7.3.31). 

3. Explain why the LR statistic would not be asymptotically X 2  if X = -* did 

not hold. 

4. For ML, suppose the trio of statistics are calculated as indicated in Table 7.2, 

but suppose wr is actually serially correlated. Which one is still asymptotically 

x2? [Answer: None.] 

5. Suppose X = -* does not hold but suppose that a consistent estimate % of * 
is available along with the consistent estimate % of X. Propose an LM statistic 

that is asymptotically X2(r). Hint: Use the first equality in (7.4.23), which is 

valid without X = -*. The answer is 

6. (Optional, proof of (7.4.27)) Prove (7.4.27) for M-estimators. Hint: Take for 

granted the "second-order" mean value expansion around 0, 

where 0 lies between 0 and 0. By the first-order condition. 9 = 0. Also, 
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7. (Optional, proof of (7.4.27) for GMM) Prove (7.4.27) for GMM. Hint: From 
the mean value expansion of &(8) around 9, derive the Taylor expansion 

Substitute this into ~ ~ ( 9 )  = -+&(9)' @& (9). Then use the first-order condi- 
tion that ~ ~ ( 9 ) '  @&(9) = 0. 

7.5 Numerical Optimization 

So far, we have not been concerned about the computational aspect of extremum 
estimators. In the ML estimation of the linear regression model, for example, the 
objective function Qn(8) is quadratic in 8, so there is a closed-form formula for 
the maximizer, which is the OLS estimator. The objective function is quadratic for 
linear GMM also, with the linear GMM estimator being the closed-form formula. 
In most other cases, however, no such closed-form formulas are available, and 
some numerical algorithm must be employed to locate the maximum. A number of 
algorithms are available, but this section covers only the two most important ones. 
More details can be found in, e.g., Judge et al. (1985, Appendix B). The first is 
used for calculating M-estimators, while the second is used for GMM. 

Newton-Raphson 
We first consider M-estimators, whose objective function Q, (8) is (7.1.2). Since 
Qn(8) is twice continuously differentiable for M-estimators, there is a second- 
order Taylor expansion 

where ij is the estimate in the j-th round of the iterative procedure to be described 
in a moment, and s, and H, are the gradient and the Hessian of the objective 
function: 
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The ( j  + 1)-th round estimator ej+l is the maximizer of the quadratic function on 
the right-hand side of (7.5.1). It is given by 

This iterative procedure is called the Newton-Raphson algorithm. If the objective 
function is concave, the algorithm often converges quickly to the global maximum. 

For ML estimators, when the global maximum 6 is thus obtained, the estimate 
of ~ v a r ( e )  is obtained as -H,($)-' (recall that Hn(8) E H(w,: 8)). 

Gauss-Newton 
Now turn to GMM, whose objective function is Q, (8) = -ig,,(8)' ftg,,(8) (see 
(7.1.3)). As in the derivation of the asymptotic distribution, we work with a lin- 
earization of the g,, (8) function. The first-order Taylor expansion of g,, (8) around 
ej is 

where 

v. , = - g,,(e,) - Gn(ej)ej, G, = -Gn(ej). (7.5.5) 

(Recall that G, (8) E .) If the g,, (8) function in the expression for the GMM 
objective function were this linear function vj - Gj8, then the objective function 
would be quadratic in 8 and the maximizer (or the minimizer of the GMM distance) 
would be the linear GMM estimator: 

This is the ( j  + 1)-th round estimate in the Gauss-Newton algorith~n. '~ Unlike in 
Newton-Raphson, there is no need to calculate second-order derivatives. 

Writing Newton-Raphson and Gauss-Newton in a Common Format 
There are also similarities between Gauss-Newton and Newton-Raphson. Substi- 
tuting (7.5.5) into (7.5.6) and rearranging, we obtain 

I 9 ~ h e  Gauss-Newton algorithm was originally developed for nonlinear least squares. See Review Question 2 
for how Gauss-Newton is applied to NLS. The algorithm presented here is therefore its GMM adaptation. 
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The second bracketed term is none other than the gradient evaluated at 9, for the 
GMM objective function Q, (8) = - f g,, (8)'%?g,, (8). The role played by the 
Hessian of the objective function in (7.5.3) is played here by the first bracketed 
term, which is the estimate based on e, of the -GI WG in Table 7.1. Therefore, 
the analogy between M-estimators and GMM noted in Table 7.1 also holds here. 
Furthermore, if g,, is linear, then the Hessian equivalent (the first bracketed term in 
(7.5.7)) is the Hessian of the GMM objective function. So the analogy is exact: the 
Gauss-Newton algorithm coincides with the Newton-Raphson algorithm. 

Equations Nonlinear in Parameters Only 
In the Gauss-Newton algorithm (7.5.7), when g,,(8) (= C g(w,; 8)) is not linear 
in 8, it is generally necessary to take averages over observations to evaluate the 
gradient and the Hessian equivalent in each iteration. (This is also generally true 
in Newton-Raphson if the objective function is not quadratic in 8.)  For large data 
sets it is a very CPU time-intensive operation. There is, however, one case where 
the averaging over observations in each iteration is not needed. That occurs in a 
class of generalized nonlinear instrumental variable estimation (a special case of 
nonlinear GMM where g(y,, z,, 8) can be written as a(y,, z,; 8)x1). Suppose that 
the equation a(y,, z,; 8)  takes the form 

where ao(.) and al (-) are known functions of (y,, z,) (but not functions of 8). A 
function of tlus form is said to be nonlinear in parameters only or linear in 
variables. It can be easily seen that 
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These equations make it clear that the sample averages need to be calculated just 
once, before the start of iterations. 

Q U E S T I O N S  F O R  R E V I E W  
A 

1 . (Does Q, increase during iterations?) Set 0 = B,+, in (7.5.1) and rewrite it as 

Consider the Newton-Raphson algorithm (7.5.3). Suppose that 6,+] is suffi- 
ciently close to 6, so that the sign of Q.(O,+~) - Q, (6,) is the same as that of 
the right hand side of the equation. Show that ~ , ( 0 , + ~ )  2 ~ ~ ( 0 , )  if Q,(O) is 
concave. Hint: Using (7.5.3), the right-hand side can be written as 

2. (Gauss-Newton for NLS) Ln NLS (nonlinear least squares), the objective func- 
tion is given by (7.1.19). Let 6, be the estimate in the j-th round and consider 
the linear approximation 

Replace ~ ( x , ;  8 )  in the m function by this linear function in 0. Show that the 
maximizer of this linearized problem is 
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P R O B L E M  S E T  F O R  C H A P T E R  7 

ANALYTICAL EXERCISES 

1. (Kullback-Leibler information inequality) Let f (y I x; 8 )  be a parametric 
family of hypothetical conditional density functions, with the true density func- 
tion given by f (y I x; 80). Suppose E[log f (y 1 x; 8:1] exists and is finite for 
all 8.  The Kullback-Leibler information inequality states that 

Prove this by taking the following steps. In the proof, for simplicity only, 
assume that f (y 1 x; 8) > 0 for all (y, x) and 8,  so that it is legitimate to take 
logs of the density f (y I x; 8). 

(a) Suppose Prob[ f (y ( x; 8 )  # f (y 1 x; O0:)1 > 0. Let w = (y, x')' and 
define 

Verify that a(w) # 1 with positive probability, so that a(w) is a noncon- 
stant random variable. 

(b) The strict version of Jensen's inequality states that 

if c(x) is a strictly concave function and x is a nonconstant random 
variable, then E[c(x)] < c(E(x)). 

Using this fact, show that 

Hint: log(x) is strictly concave. 

(c) Show that E[a(w)] = 1. Hint: The conditional mean of a(w) equals 1 
because 
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The last equality holds because f (y I x; 8)  is a density function for any x 
and 8.  Note well that the conditional expectation is taken with respect to the 

true conditional density f (y 1 x; $0). 

(d) Finally, show the desired result. 

2. (Information matrix equality) For ML, the score vector and the Hessian for 
observation (y , x) can be rewritten (with w = (y , x')') as: 

As usual, for simplicity, assume f (y 1 x, 8) > 0 for all (y, x) and 8,  so it is 
legitimate to take logs of the density function. 

(a) Assuming that integration (i.e., taking expectations) and differentiation can 
be interchanged, show that E[s(w; Bo)] = 0. Hint: Since f (y ( x; 8)  is a 

hypothetical density, its integral is unity: 

Differentiate both sides of this equation with respect to 8 and then charlge 

the order of differentiation and integration to obtain the identity 

1 S(W: 6)f (y I x; 6)dy = 0 . 
( P X ~ )  

Set 8 = 80 and obtain E[s(w; go) 1 x] = 0. 

(b) Show the information matrix equality: 
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Hint: Differentiating both sides of the above identity in the previous hint 

and assuming that the order of differentiation and integration can be inter- 

changed, we obtain 

Show that the integrand can be written as 

3. (Trinity for linear regression model) Consider the linear regression model 
with normal errors, whose conditional density for observation t is 

Let (8, c2)  be the unrestricted ML estimate of 8 = (Bra2)' and let (p, 52) be 
the restricted ML estimate subject to the constraint RB = c where R is an r x K 
matrix of known constants. Assume that O = IRK x &+ and that E(x,xi) is 
nonsingular. Also, let 

(a) Verify that B minimizes the sum of squared residuals. So it is the OLS 
estimator. Verify that minimizes the sum of squared residuals subject to 
the constraint RB = c. So it is the restricted least squares estimator. 

(b) Let Qn(8) = C:=, log f (y, I x,; 8, a2). Show that 

where SSRu (= C(y t  - x$?)~) is the unrestricted sum of squared residuals 
and SSRR (- C(y, - X ~ F ) ~ )  is the restricted sum of squared residuals. 
Hint: Show that c2 = S S R U / n  and G 2  = S S R R / n .  
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(c) Verify that the 2 given hen, although not the same as -+ x:=, H(wt; e) ,  
is consistent for - E[H(w,; Oo)]. Verify that the % given here, although 
not the same as -A C:=l H(w,; 8), is consistent for - E[H(w,; do)]. Hint: 
From the discussion in Example 7.8, 9 is consistent. As mentioned in Sec- 

tion 7.4, 8 too is consistent under the null. Given the consistency of and 

8 ,  it should be easy to show that 62  and a2 are consistent for a2. 

(d) Show that the Wald, LM, and LR statistics using 2 and 2 given here in the 
formulas in Table 7.2 can be written as 

(RP - c)'[R(x'x)-'~'1-I (RP - c) 
W = n .  

SSR 

L M = n .  (y - ~ B ) ' P ( Y  - xg') 
SSR 

7 

where y (n x 1) and X (n x K )  are the data vector and matrix associated 
with y, and x,, and P = X(X1X)-'X'. Hint: The A(@) (r x (K + 1)) in 

Table 7.2 is 

(e) Show that the three statistics can also be written as 

SSRR - SSRu 
W = n -  

SSRu 
9 

SSRR - SSRU 
L M = n .  

SSR 

Hint: As we have shown in an analytical exercise of Chapter 1, 
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(f) Show that W 1 LR >_ LM. (These inequalities do not always hold in 
nonlinear regression models.) 

A N S W E R S  T O  S E L E C T E D  Q U E S T I O N S  

2a. Since f (y I x; 8) is a hypothetical density, its integral is unity: 

This is an identity, valid for any 8 E O. Differentiating both sides of this 
identity with respect to 8, we obtain 

If the order of differentiation and integration can be interchanged, then 

But by the definition of the score, s(w; 8) f (y I x; 0) = $ f (y I x; 8). Substi- 
tuting this into (3), we obtain 

This holds for any 0 E O, in particular, for 80. Setting 8 = 80, we obtain 

Then, by the Law of Total Expectations, we obtain the desired result. 
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