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Examples of Maximum Likelihood 

A B S T R A C T  

The method of maximum likelihood (ML) was developed in the previous chapter as a 
special case of extremum estimators. In view of its importance in econometrics, this 
chapter considers applications of ML to some prominent models. We have already 
seen some of those models in Chapters 3 and 4 in the context of GMM estimation. 

In deriving the asymptotic properties of ML estimators for the models considered 
here, the general results for ML developed in Chapter 7 will be utilized. Before 
proceeding, you should review Section 7.1, Propositions 7.5,7.6,7.8,7.9, and 7.11. 

A Note on Notation: We will maintain the notation, introduced in the previous 
chapter, of indicating the true parameter value by subscript 0. So 8 is a hypothetical 
parameter value, while Bo is the true parameter value. 

8.1 Qualitative Response (QR) Models 

In many applications in economics and other sciences, the dependent variable is 
a categorical variable. For example, a person may be in the labor force or not; a 
commuter chooses a particular mode of transportation; a patient may die or not; 
and so on. Regression models in which the dependent variable takes on discrete 
values are called qualitative response (QR) models. A QR model is described 
by a parameterized density function f (y, ( x,; 8) representing a family of discrete 

probability distributions of y, given x,, indexed by 8. 
A QR model is called a binary response model if the dependent variable can 

take on only two values (which can be taken to be 0 and 1 without loss of gener- 
ality) and is called a multinomial response model if the dependent variable can 
take on more than two values. Only binary models are treated in this subsection. 
For a thorough treatment of binary and multinomial models, see Amemiya (1985, 
Chapter 9). 
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The most popular binary response model is the probit model, which has already 
been presented in Example 7.3. Another popular binary model is the logit model: 

where A is the cumulative density function of the logistic distribution: 

This density f (y, ( x,; Bo) can be written as 

Talung logs of both sides and replacing the true parameter value 00 by its hypo- 
thetical value 0, we obtain the log likelihood for observation t: 

The logit objective function Q,(0) is l l n  times the log likelihood of the sam- 
ple (yl , X I ,  y2, XZ,  . . . , y,, x,). Under the assumption that {v,, x,} is i.i.d., the log 
likelihood of the sample is the sum of the log likelihood for observation t over t. 

Therefore. 

For probit, we have proved that its log likelihood function is concave (Example 
7.6), and that the ML estimator is consistent (Example 7.9) and asymptotically 
normal (Example 7.11) under the assumption that E(x,xi) is nonsingular. You 
are about to find out that doing the same for logit is easier. (On the first read- 
ing, however, you may wish to skip the discussion on consistency and asymptotic 
normality .) 

Score and Hessian for Observation t 

The logistic cumulative density function has the convenient property that 
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Using this, it is easy to derive (see Review Question l(a)) the following expressions 
for the score and the Hessian for observation t:  

where w, = (y,, xi)' 

Consistency 
Since x,xi is positive semidefinite, it immediately follows from its expression that 
H(w,; 8 )  is negative semidefinite and hence Q,(8) is concave. The relevant con- 
sistency theorem, therefore, is Proposition 7.6. We show here that the conditions 
of the proposition are satisfied under the nonsingularity of E(x,x:). Condition (a) 
of the proposition is the (conditional) density identification: f (y, I x,; 8 )  # f (y, I 
x,; 80) with positive probability for 8 # eO.' Since a logarithm is a strictly mono- 
tone transformation, this condition is equivalent to 

log f (y, 1 x,; 8 )  # log f (y, I x,; 80) with positive probability for 8 # 00, 
(8.1.9) 

where 80 is the true parameter value and the density f is given in (8.1.3). Verifi- 
cation of this condition is the same as in the probit example in Example 7.9 and 
proceeds as follows. The discussion in Example 7.8 has established that 

E(x,x;) nonsingular =+ xi8 # x;O0 with positive probability for 8 # 80. 
(8.1.10) 

Since the logit function A(v) is a strictly monotone function of v, we have 
A(xi8) # A ( X ; ~ ~ )  when xi8 # Thus, condition (a) is implied by the non- 
singularity of E(x,x;). Turning to condition (b) (that E[( log f (y,Jx,; e ) ~ ]  < oa for 
all 8), it is easy to show that 

Condition (b) can then be verified in a way analogous to the verification of the 
same condition for probit in Example 7.9. Thus, as in probit, the nonsingularity of 
E(x,xi) ensures that logit ML is consistent. 

'In other words, let X = f ( y t  I x i ;  0 )  and Y - f ( y t  I x i ;  0 0 ) .  X and Y are random variables because they 
are functions of w t  = ( y l ,  xi)' .  The condition can be stated simply as Prob(X # Y )  > 0 for tJ # 8 0 .  
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Asymptotic Normality 
To prove asymptotic normality under the same condition, we verify the conditions 
of Proposition 7.9. Condition (1) of the proposition is satisfied if the parameter 
space O is taken to be IWP . Condition (2) is obviously satisfied. Condition (3) can be 
checked easily as follows. Since E(y, I x,) = A(xi0), we have E[s(w,; 00) ( x,] = 
0 from (8.1.7). Hence, E[s(w,; Bo)] = 0 by the Law of Total Expectations. It is left 
as Review Question l(b) to derive the conditional information matrix equality 

Hence, (3) is satisfied by the Law of Total Expectations. The local dominance 
condition (condition (4)) is easy to verify for logit because, since IA(x;O)[l - 
A(xi0):Il < 1, wehave: IIH,(w,; @)I1 5 Ilx,xiII forallo. Theexpectationof Il~,xi11~ 
(the sum of squares of the elements of x,xi) is finite if E(x,xi) is nonsingular (and 
hence finite). So E(llx,xi 11) is finite. Regarding condition (3, the argument in 
footnote 29 of Newey and McFadden (1994) used for verifying the same condition 
for probit can be used for logit as 

Thus, we conclude that if {y,, x,} is i.i.d. and E(x,x;) is nonsingular, then the 
logit ML estimator 0 of 00 is consistent and asymptotically normal, with the asymp- 
totic variance consistently estimated by 

where w, = (y,, xi)' and H(w,; 0 )  is given in (8.1.8). 

Q U E S T I O N S  F O R  R E V I E W  

1. (Score and Hessian for observation t for general densities) In (8.1.1), re- 
place the logit cumulative density function (c.d.f.) A(xiBo) by a general c.d.f. 

F(xi00). 

(a) Verify that the score and Hessian for observation t are given by 

'only for interested readers, here's the argument. For any 17 > 0, there exists a C such that A(u)[l - A(u)] ) 
c > ofor I U I  5 v.  SO E[A(x'~)[I  - A(x'~)Ixx'] > ~ [ i ( l x ' e l  5 v)h(xle)[i - h ( x 1 e ) l ~ ' ]  > cE[i( lxle(  5 
v)xx1] in the matrix inequality sense, where 1 ((ul 5 13) is the indicator function. The last term is positive definite 
(not just positive semi-definite) for large enough 6 by non-singularity of E(xxl). 



Examples of Maximum Likelihood 

where F, = F(x;O), f, = f (xie), and f (.) = F1(.) is the density function. 

(b) Verify the conditional information matrix equality (8.1.12) for the general 
c.d.f. F .  Hint: Show that the expected value of the second term in the 

expression for the Hessian in the previous question is zero. 

2. Verify (8.1.7) and (8.1.8). 

3. (Logit for serially correlated observations) Suppose {y, , x, } is ergodic station- 
ary but not necessarily i.i.d. Is the logit ML estimator described in the text con- 
sistent? [Answer: Yes, because the relevant consistency theorem, Proposition 
7.6, does not require a random sample. However, the expression for ~ v a r ( 9 )  is 
not given by the negative of the inverse of the sample Hessian.] 

8.2 Truncated Regression Models 

A limited dependent variable (LDV) model is a regression model in which either 
the dependent variable y, is constrained in some way or the observations for which 
y, does not meet some prespecified criterion are excluded from the sample. The 
LDV model of the former sort is called a censored regression model, while the 
latter is called a truncated regression model. This section presents truncated 
regression models; censored regression models are presented in the next section. 

'The Model 
Suppose that {y,, x,) is i.i.d. satisfying 

The model would be just the standard linear regression model with normal errors, 
were it not for the following feature: only those observations that meet some pre- 
specified rule for y, are included in the sample. We will consider only the simplest 
truncation rule: y, > c where c is a known constant. This rule is sometimes called 
a "truncation from below." Once this case is worked out, it should not be hard to 
consider more general truncation rules. 
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0 c 

Figure 8.1 : Effect of Truncation 

Truncated Distributions 
To proceed, we need two results from probability theory. 

Density o fa  Truncated Random Variable: If a continuous random variable 
y  has a density function f ( y )  and c  is a constant, then its distribution after 
the truncation y  > c  is defined over the interval ( c ,  oo) and is given by 

Figure 8.1 illustrates how truncation alters the distribution for N ( 0 ,  1). The solid 
curve is the density of N ( 0 ,  1). Because it is a density, the area under the curve is 
unity. The dotted curve is the distribution after truncation, which is defined over 
the interval (c ,  oo). It lies above the solid curve over this interval so that the area 
under the dotted curve is unity. 

The second result follows. 

Moments of the Truncated Normal Dktribution: I f  y  -- N ( p O ,  n i )  and c  
is a constant, then the mean and the variance of the truncated distribution 
are 

@ ( u )  where v  = ( c  - po)/ao and A(v) m. 
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This formula for the mean clearly shows that the sample mean of draws from the 
truncated distribution is not consistent for PO. This is an example of the sample 
selection bias. The bias equals aoA(v). The function A(v) is called the inverse 
Mill's ratio or the hazard function. The function A(v) is convex and asymptotes 
to v as v + oo and to zero as v + -oo. So its derivative A1(v) is between 0 and 
1. It is easy to show that 

Using (8.2.3) and (8.2.4), we can show how truncation alters the form of the 
regression of y, on x,. By (8.2.1), the distribution of y, conditional on x, before 
truncation is N(x;Bo, a:). Observation t is in the sample if and only if y, > c. So 

E( y, I x, , t in the sample) = xi Po + ool (*) , 

Var(y, 1 x,, t in the sample) = a i [ l  - A ( d ) [ A ( e )  00 - -1. c-xi80 00 (8.2.7) 

This formula shows that the OLS estimate of the x, coefficient from the linear 
regression of y, on x, is not consistent because the correction term ool(*). 

which is correlated with x,, would be included in the error term in the linear regres- 
sion. Since the functional form of the hazard function A(v) is known (under the 
normality assumption for E,), we could avoid the sample selection bias by apply- 
ing nonlinear least squares to estimate (Bo, a:), but maximum likelihood should 
be the preferred estimation method because it is asymptotically more efficient. 

In passing, we note that the sample selection bias does not arise if selection is 
based on the regressors, not on the dependent variable. Suppose that observation t 
is in the sample if #(x,) 1 0. Then 

E(y, I x,, t in the sample) = E[xiBo + E, I x,, #(xt) > 01 
= xiBo + E [ ~ t  I xt, #(xt) > 01 
= xiPo. (8.2.8) 

The last equality holds since E [E, 1 x,, #(x,) > 01 = E(E, I x,) = 0 if #(x,) 0. 

The Likelihood Function 
Derivation of the likelihood function utilizes (8.2.2). As just noted, the pretrunca- 
tion distribution of y, I x, is N(x;Bo, a:), whose density function is 
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where @(.) is the density of N(0, 1). The probability that observation t is in the 
sample is given by 

Prob(y, > c I x,) = 1 - Prob(y, I c I x,) 

(since 1 x, - N(0. 1)). (8.2.10) 
0 0  

Therefore, by (8.2.2), the post-truncation density, defined over (c, m), is 

L ~ ( Y ~ - X ~ P O )  
f (y, I x, ,  t in the sample; Po, a t )  = 00 0 0  (8.2.1 1) 

1 - @(&j 
no 

This is the density (conditional on x,) of observation t in the sample. Taking logs 
and replacing (Po, a:) by their hypothetical values (B, a 2 ) ,  we obtain the log con- 
ditional likelihood for observation t :  

Were it not for the last term, this would be the log likelihood (conditional on x,) for 
the usual linear regression model. The last term is needed because the value of the 
dependent variable for observation t ,  having passed the test y, > c and thus being 
in the sample, is never less than or equal to c. 

Reparameteriziqg the Likelihood Function 
This log likelihood function can be made easier to analyze if we introduce the 
following reparameterization: 

(We have considered this reparameterization in Example 7.7 for the linear regres- 
sion model.) This is a one-to-one mapping between (B, a 2 )  and (6, y ), with 
the inverse mapping given by B = 6/ y, a2 = l l y 2 .  The reparameterized log 
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conditional likelihood is 

The objective function in ML estimation is l / n  times the log likelihood of the 
sample. For a random sample, the log likelihood of the sample is the sum over 
t of the log likelihood for observation t .  Thus, the objective function in the ML 
estimation of the reparameterized truncated regression model, denoted &(A, y), 
is the average over t of (8.2.14). The ML estimator (i, p) of (60, yo) is the (6, y ) 
that maximizes this objective function. 

Verifying Consistency and Asymptotic Normality 
The next task is to derive the score and the Hessian and check the conditions 
for consistency and asymptotic normality for the reparameterized log likelihood 
(8.2.14). (On the first reading, you may wish to skip the discussion on consistency 
and asymptotic normality.) 

Score and Hessian for Observation t 

A tedious calculation yields 

c-x:/9 where K is the number of regressors, w, = (y,, xi)', and v, - y c  - xi6 (= -). 

The Hessian is not everywhere negative semidefinite even after the reparameteri- 
zation. So the objective function &(6, y )  is not c~ncave .~  The relevant consis- 
tency theorem, therefore, is Proposition 7.5, not Proposition 7.6, while the relevant 
asymptotic normality theorem remains Proposition 7.9. 

3~owever,  it can be shown that the Hessian of the objective function On(@)  is negative semidefinite at any 
solution to the likelihood equations (see Orme, 1989). Since this rules out any saddle points or local minima, 
having more than two local maxima is impossible. Therefore, provided that the maximum of &(a, y )  occurs at 
a point interior to the parameter space, the first-order condition is necessary and suflicient for a global maximum. 
If an algorithm such as Newton-Raphson produces convergence, the point of convergence is the global maximum. 
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Consistency 
Condition (a) of Proposition 7.5 is the (conditional) density identification 

f(vt  I xt; 6, Y )  # f (yt  I xt: 60, YO) 
with positive probability for (6, y ) # (60, yo), 

where (60, yo) is the true parameter value and the parameterized log density f"(y, I 
x,; 6, y )  is given in (8.2.14). Clearly, given (y,, x,), the value of f(y, I x,; 6, y )  
is different for different values of y .  So identification boils down to the condition 
that xi6 # x;J0 with positive probability for 6 # 60. But (8.1 . lo)  indicates that 
this condition is satisfied if E(x,xi) is nonsingular. Turning to condition (b) of the 

proposition (the dominance condition for f(yt I x,; 6, y)), it is easy to show that 
the condition is satisfied under the nonsingularity of E ( x , x ~ ) . ~  Therefore, the ML 
estimator ( i ,  $) of (60, yo) is consistent under the nonsingularity of E(x,x;). 

Asymptotic Normality 
A rather tedious calculation using (8.2.6), (8.2.7), and (8.2.13) shows that E[s I 
x,] = 0. An extremely tedious calculation yields the conditional information 

matrix equality: E[ss' 1 x,] = - E[H I x,]. Therefore, condition (3) of Propo- 
sition 7.9 is satisfied. We will not discuss verification of conditions (4) and (5) of 

the prop~sit ion.~ 
Thus, we conclude: if {vt, x,} is i.i.d. and E(x,xi) is nonsingular, then the ML 

estimator (i, $) of the truncated regression model is consistent and asymptotically 

normal with the asymptotic variance consistently estimated by 

where w, = (y,,  xi)' and H(wt; 8 )  is given in (8.2.16). 

40nly for interested readers, what needs to be shown is ~ [ s u ~ ~ , ~  I log f(yl  I xt; @)I]  < m, where 0 = 
(Sf, y) '  and O is a compact set. An extension of the argument in Example 7.8 shows that there is a dominating 
function for the bracketed term in (8.2.14). The inequality (7.2.14) can be used to show that there is a dominating 
function for log[l - @(cy - x:S)]. 

 here seems to be no published work that verifies conditions (4) and (5). For the case where (xt] is a 
sequence of fixed constants, Sapra (1992) proved asymptotic normality under the assumption that xt is bounded 
and z:=, xrxi is nonsingular. (His proof is for the more general setting of serially correlated obser- 
vations.) It would seem reasonable to conjecture that for the case where xr is random (as here), a sufficient 
condition for consistency and asymptotic normality is the nonsingularity of E(xlxi). 
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Recovering Original Parameters 
By the invariance property of ML (see Section 7. l), the ML estimate of (Po, ci) 

A .. 
is /I = 6/? and k 2  = 1 /p2,  the value of the inverse mapping. Clearly, if the ML 
estimate of the reparameterized model, ( i ,  f), is consistent, then so is the ML esti- 
mate (B, k 2 )  thus recovered. The asymptotic variance of (B, k2)  can be obtained 

by the delta method (see Lemma 2.5) as ? ~ v a r ( i ,  ?)?, where 3 is the estimate of 
the Jacobian matrix for the inverse mapping (P = 6/ y ,  a2  = l /  2, evaluated at 

(5, f ) :  

Q U E S T I O N S  F O R  R E V I E W  

1. (Second moment of y,) From (8.2.6) and (8.2.7), derive: 

1 
E(Y: I x,, t in sample) = -[1 + A(vt)yc + ( ~ ( 6 ) ~  + A(vt)x:6], 

Y 

where v, - y c  - xi6. 

2. (Estimation of truncated regression model by GMM) The truncated regres- 
sion model can also be estimated by GMM. Consider the following K + 1 
orthogonality conditions. The first K of them are 

where w, = ( y ,  , xi)' and v, = y c - xi6. The (K + 1)-th orthogonality condition 
is 

(a) Verify that E[gl (w,; So, yo)] = 0 and E[g2(w,; 60, yo)] = 0. Hint: Use the 

Law of Total Expectations. v, is a function of x,. 

(b) Show that (6*, y *) satisfies the likelihood equations if and only if it satisfies 
the K + 1 orthogonality conditions. Hint: Let s2(w,; 6, y )  be the (K + 1)-th 
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element of s(w,; 6 ,  y )  in (8.2.15). Then 

8.3 Censored Regression (Tobit) Models 

The censored regression model is also called the Tobit model to pay respect to 
Tobin (1958), who was the first to introduce censoring in economics. The simplest 
Tobit model can be written as follows: 

Here, st I xt is N ( 0 ,  a:) and {y,, x,] (t = 1,2, . . . , n) is i.i.d. The threshold value 
c is known. Unlike in the truncated regression model, there is no truncation here: 
observations for which the value of the dependent variable y: fails to pass the test 
y: > c are in the sample. The feature that distinguishes the censored regression 
model from the usual regression model is that the dependent variable is censored, 
that is, constrained to lie in a certain range, which necessitates a distinction between 
the observable dependent variable yt and the unobservable or latent variable y:. 

The former is the censored value of the latter. An equivalent way to write the 
model is 

y, = max{x:bo + E,, cl. (8.3.3) 

Tobit Likelihood Function 

For those observations that remain intact after censoring (Tobin (1958) called those 

observations nonlimit observations), the density of y, (conditional on x,) is 

This differs from the density for the truncated model (8.2.1 1) simply because there 
is no truncation. For those observations, called limit observations, for which the 
value of the dependent variable is altered by censoring, all we know is that y: 5 c, 
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the probability of which is given by 

Prob(y: _( c 1 x,) = Prob (Y: ;o<so - , - <so 1 
00 

c - <Po = a( ) (since 
"0 

I xt - N(0, 1)). (8.3.5) 

Therefore, the density of y,, defined over the interval [c, oo), is (8.3.4) for y, > c 
and a probability mass of size @(c-ziBO) at y, = c. This density can be written as 

where the dummy variable Dt is a function of y, defined as 

0 if y, > c(i.e., y: > c), 
(8.3.7) 

1 ify, = c(i.e., y: 5 c). 

Taking logs and replacing (so, a;) by their hypothetical values (j3, a2) ,  we obtain 
the log conditional likelihood for observation t: 

Thus, the Tobit average log likelihood for a random sample can be written as 

Reparameterization 
As in the truncated regression model, the discussion is simplified if we introduce 
the reparameterization (8.2.13). The reparameterized log conditional likelihood is 
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We have seen that the term in braces is concave in (6, y )  (see Example 7.7). We 
have also seen that log @(v) is concave (see Example 7.6), which implies that 
log @ (y c - xi6) is concave in (6, y ). It follows that the reparameterized Tobit 
average log likelihood for observation t ,  being a non-negative weighted average of 
two concave functions, is concave in the parameters (this finding is due to Olsen, 
1978). Accordingly, as in probit and logit, the relevant consistency theorem for 
Tobit is Proposition 7.6. 

The remaining task is to write down the score and the Hessian and check the 
conditions for consistency and asymptotic normality for the reparameterized log 
likelihood (8.3.10). 

Score and Hessian for Observation t 

A straightfonvard calculation utilizing the fact that A(-v) = && = $$$ and 
(8.2.5) produces 

c-xis where v, - yc  - xi6 (= -). 

Consistency and Asymptotic Normality 

For Tobit, we will not verify the conditions for consistency and asymptotic normal- 
ity. For the case where {x,} is a sequence of fixed constants, Amemiya (1973) has 
proved the consistency and asymptotic normality of Tobit ML under the assump- 
tion that x, is bounded and lim A C:=, x,xi is nonsingular. It seems a reasonable 
guess that for the case where x, is stochastic (as here), a sufficient condition for 
consistency and asymptotic normality is the nonsingularity of E(xtxi). 

Recovering Original Parameters 

As in the truncated regression model, the ML estimate of (Po,  a:) can be recovered 
A A 

as /I = 6/p and e2 = 1 /p2. The asymptotic variance of (p, e 2 )  can be obtained 



i Examples of Maximum Likelihood 52 1 

I - A  

1 by the delta method as T~var(6,  );)J1, where? is as in (8.2.18) and ~va r ($ ,  );) is 

Q U E S T I O N S  FOR R E V I E W  

1. (Censored vs. truncated regression) One way to see the difference between 
truncation and censoring is to calculate E(yt I x,) for the censored regression 
model. Show that 

Hint: Conditional on y, > c, the distribution of y, (conditional on x,) is none 

other than the truncated distribution derived in the previous section, whose 

expectation is given in (8.2.6). The probability that y, > c is given in (8.2.10). 

2. Show that the Hessian given in (8.3.12) is negative semidefinite. Hint: 

0 0 
;yfXt2] = [ I r ]  [x: Y f ] +  [ .  

-ytx: + Y, -Yt 0 7 

[*xi - cx; -;:.I = [:I [x: c ]  . 

Also, A(v) 1 v for all v (i.e., A(-v) + v 3 0 for all -v). 

3. (Tobit for serially correlated observations) Suppose {y,, x,} is ergodic station- 
ary but not necessarily i.i.d. Is the Tobit ML estimator described in the text 
consistent? [Answer: Yes.] 

- - 

8.4 Multivariate Regressions 

In Section 1.5 and also in Example 7.2 of Chapter 7, we pointed out that the OLS 
estimator of the linear regression model is numerically the same as the ML estima- 
tor of the same model with normal errors. We have derived the GMM estimators 
for the single-equation models with endogenous regressors in Chapter 3 and for 
their multiple-equation versions in Chapter 4, but we have not indicated what the 
ML estimators for those models are. In this section and the next, we derive those 
ML counterparts. This section examines the ML estimation of the multivariate 
regression model, which is the simplest multiple-equation model. 
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The Multivariate Regression Model Restated 
The multivariate regression model is described by Assumptions 4.1-4.5 and 4.7, 
with z,, = x,, = x, for all m = 1,2, . . . , M. To change the notation of Chapter 
4, the system of M equations can be written as 

Here, we maintain the convention of designating the true parameter vector by sub- 
script 0. If we define 

then the M-equation system can be written compactly as 

yl = nbxI + Vr (t = 1,2, . . . , n). 

The model has the following features. 

{yr, x,) is ergodic stationary (Assumption 4.2). 

The common regressors x, are predetermined in that E(x, - v,,) = 0 for all m 

(Assumption 4.3). 

The rank condition for identification (Assumption 4.4) reduces to the familiar 
condition that E(x,x:) be nonsingular. 

The error vector is conditionally homoskedastic in that E(v,vi I x,) = Po, and 
Po is positive definite (Assumption 4.7). 

The GMM estimator of no, is the OLS estimator: 

So the GMM (OLS) estimate of no is given by 
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The Likelihood Function 
i The model is not yet specific enough to lend itself to ML estimation. We make the 

supplementary assumptions that (1) v, 1 x, -- N(0, Qo), and (2) (y,, x,} is i.i.d. 
(This assumption strengthens Assumptions 4.2 and 4.5.) 

The multivariate regression model with the normality assumption (1) implies 
that y, ( x, -- N(II;xt, QO). The density of this multivariate normal distribution is 

(2n)-M/2 l ~ ~ l - l / ~  exp - -(y, - n ; ~ [ ) ~ n ; l  (y, - n;x,)]. (8.4.6) r :  
Replacing the true parameter values ( n o ,  QO) by their hypothetical values (II,  Q) 
and taking logs, we obtain the log conditional likelihood for observation t: 

1 where use has been made of the fact that - log( 1 S2 1) = log(l Q-' I ). 
For a random sample, l l n  times the log conditional likelihood of the sample 

is the average over t of the log conditional likelihood for observation t .  So the 
objective function Qn(II ,  Q) is 

It is left as Review Question 2 to show that the last term can be written as 

where 6 ( I I )  is defined as 

So the objective function can be rewritten as 

The ML estimate of ( n o ,  QO) is the (n, Q) that maximizes this objective function. 
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The parameter space for ( n o ,  Po) is 

{(n, P )  1 P is symmetric and positive definite}. 

Maximizing the Likelihood Function 
We now prove that the solution to the maximization problem is numerically the 
same as the GMM estimator. That is, the ML estimator of no is given by the 
GMMIOLS estimator fi in (8.4.5) and the ML estimate of Po is given by 

where i, - y, - ll x,. 
It is left as Analytical Exercise 2 to show that, under the assumptions of the 

multivariate regression model stated above, G ( n )  is positive definite with proba- 
bility one for any given ll for sufficiently large n. So we can assume that G ( n )  is 
positive definite, not just positive semidefinite. The proof that the GMM estimator 
is numerically the same as the ML estimator is based on the following two-step 
maximization of the objective function. 

Step I :  The first step is to maximize Q,(ll, P )  with respect to P ,  taking ll as 
given. For this purpose, the following fact from matrix algebra is useful. 

An Inequality Involving Trace and ~e terminant :~  Let A and B 
be two symmetric and positive definite matrices of the same size. 
Then the function 

f (A) r log ([A() - trace (AB) 

is maximized uniquely by A = B-'. 

This result, with A = P-' and B = G ( n ) ,  immediately implies that the 
objective function (8.4.1 1) is maximized uniquely by P = G ( n ) ,  given 
ll. Substituting this P into (8.4.1 1) gives ( l l n  times) the concentrated 
log likelihood function (concentrated with respect to P): 

6 ~ h i s  result is implied by Lemma A.6 of Johansen (1995). The uniqueness of the minimizer is due to the 
linearity of the trace operator and the strict concavity of log(lA1) noted in Magnus and Neudecker (1988, p. 222). 
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Step 2: Looking at the concentrated log likelihood function Q;l;(n), we see that 
the ML estimator of no should minimize 

It is left as Analytical Exercise 1 to show that this is minimized by the 
OLS estimator fi given in (8.4.5). Finally, setting II = fi in (8.4.10) 
gives (8.4.12). 

Consistency and Asymptotic Normality 

We have shown in Chapter 4, without the normality assumption (that s t  I xt is 
normal) or the i.i.d. assumption for ( y , ,  x , } ,  that the GMMIOLS estimator fi in 

(8.4.5) is consistent and asymptotically normal and that G in (8.4.12) is consistent. 
It then follows, trivially, that the ML estimator of no is consistent and asymptot- 
ically normal and the ML estimator of St0 is consistent. It is worth emphasizing 

that the ML estimator of no based on the likelihood function that assumes normal- 
ity is consistent and asymptotically normal even if the error term is not normally 

distributed. 
We will not be concerned with the asymptotic normality of the ML estimator 

A h  

of 510, Sl(n). One way to demonstrate the asymptotic normality would be to verify 

the conditions of the relevant asymptotic normality theorem of the previous chapter. 

Q U E S T I O N  F O R  R E V I E W  

1. Prove (8.4.9). Hint: Use the following properties of the trace operator. (1) 

trace(x) = x if x is a scalar, (2) trace(A + B) = trace(A) + trace(B), and (3) 

trace(AB) = trace(BA) provided AB and BA are well defined. The answer is 
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= trace 1; x Q-l (y, - nfx,)  (y, - n'x, 
,=I  1 

8.5 FlML 

As seen in Chapter 4, the multivariate regression model is a specialization of the 
seemingly unrelated regression (SUR) model, which in turn is a specialization of 
the multiple-equation system to which three-stage least squares (3SLS) is appli- 
cable. The two-stage least squares (2SLS) estimator is the GMM estimator when 
each equation of the system is estimated separately, while 3SLS is the GMM esti- 
mator when the system as a whole is estimated. This section presents the ML 
counterparts of 2SLS and 3SLS. 

The Multiple-Equation Model with Common Instruments Restated 
To refresh your memory, the model is an M-equation system described by Assump- 
tions 4 .14.5  and 4.7, with x,, = x, for all m = 1,2 ,  . . . , M (so the set of instru- 
ments is the same across equations). Still maintaining the convention of denot- 
ing the true parameter value by subscript 0, we can write the M equations of the 
system as 

The model has the following features. 

Unlike in the multivariate regression model, for each equation m,  the regres- 

sors z,, may not be orthogonal to the error term, but there are available K pre- 
determined variables x, that are known to satisfy the orthogonality conditions 
E(x, . E,,) = 0 for all m (this is Assumption 4.3). Defining the M x 1 vector 

as 
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the orthogonality conditions can be expressed as 

These K predetermined variables serve as the common set of instruments in the 
GMM estimation. 

The endogenous variables of the system are those variables (apart from the 
errors) in the system that are not included in x,. 

The rank condition for identification (Assumption 4.4) is that the K x L, matrix 

E(x,z;,) be of full column rank for all m. Equation m is said to be overidenti- 
fied if the rank condition is satisfied and L, < K. 

The error vector is conditionally homoskedastic in that E(E,E; I x,) = Co, and 
Co is positive definite (Assumption 4.7). 

E(x,x;) is nonsingular (a consequence of conditional homoskedasticity and the 
nonsingularity requirement in Assumption 4.5). 

The GMM estimator for this system as a whole is the 3SLS estimator given in 
(4.5.12), while the single-equation GMM estimator of each equation in isolation is 
2SLS given in (3.8.3). 

The following examples will be used to illustrate the concepts to be introduced 
shortly. 

Example 8.1 (A model of market equilibrium): An expanded version of 
Working's example considered in Section 3.1 is a two-equation system: 

~ I = Y ~ ~ P I + ~ I I + B I ~ ~ ~ + E ~ ~  (demand), (8.5.4) 

91 = Y ~ I P I  + 821 + 8 2 2 ~ ~  + &12 (supply). (8.5.5) 

In this system, q, is the amount of coffee transacted and p, is the coffee price. 
The variable a, appearing in the demand equation is a taste shifter, while the 
variable w, is the amount of rainfall that affects the supply of coffee. The 
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system can be cast in the general format by setting 

Ytl  = 41, Yt2 = qt, Zt l  = ['I 7 '2 = [ r t  ] 7 

at Wt 

go1 = [":I 9 go2 = ["I . 
812  822  

(Note that y,, and yt2 are the same variable.) If E(E,;) = 0, E ( ~ , E , ~ )  = 0, and 
E(wtstj) = 0 for j = 1,2,  then (1, a,, w,) can be included in the common 
set of instruments. So 

xt = [i] . 
The other nonerror variables in the system, p, and q,, are endogenous vari- 
ables. Provided that the rank condition for identification is satisfied, each 
equation is just identified because the number of right-hand side variables 
equals that of instruments. 

Example 8.2 (Wage equation): In the empirical exercise of Chapter 3, 
we estimated a standard wage equation. Consider supplementing the wage 
equation by an equation explaining KWW (the score on the "Knowledge of 
the World of Work" test): 

where St, for example, is years in schooling for individual t .  Assume that 
E(E,,) = 0 and E(IQ,E,~) = 0 for j = 1, 2. Assume also that there is a 
variable MED (mother's education), which does not appear in either equation 
but which is predetermined in that E(MED,&,,) = 0 for j = 1, 2. So the 
common set of instruments is x, = (1, IQ,, MED,)'. The rest of the nonerror 
variables in the system are endogenous variables. This two-equation system 
has three endogenous variables, LW, S, and M. Provided that the rank 
condition is satisfied, the first equation is just identified because the number of 
right-hand side variables equals the number of instruments, while the second 
equation is overidentified. 
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The Complete System of Simultaneous Equations 
The ML counterpart of 3SLS is called the full-information maximum likelihood 
(FIML) estimator. If it is to be estimated by FIML, the multiple-equation model 
needs to be further specialized before introducing the normality and i.i.d, assump- 
tions. The required specialization is that those M equations form a "complete" 
system of simultaneous equations. Completeness requires two things. 

1. There are as many endogenous variables as there are equations. This condition 
implies that, if y, is an M-dimensional vector collecting those M endogenous 
variables, then (ytl, . . . , y , ~ ,  z , ~ ,  . . . , Z,M) are all elements of (y,, x,), which 
allows one to write the M-equation system (8.5.1) as 

ro yr + Bo x, = E, t = 1 2  . n (8.5.8) 
( M x M ) ( M x l )  ( M x K ) ( K x l )  ( M x l )  

with the m-th equation being y,, = ~ ~ , 6 ~ ,  + E,,. (This is illustrated for 
Example 8.1 below.) The equation system written in this way is called the 
structural form, and (ro, Bo) are called the structural form parameters. As 
will be illustrated below, each of the structural form parameters is a function of 

(801, - .  . 9 6 0 ~ ) .  
The system in Example 8.1 satisfies this first requirement. The system in 

Example 8.2 is not a complete system because the number of endogenous vari- 
ables is greater than the number of equations. It is not possible to estimate 
incomplete systems by FIML (unless we complete the system by adding appro- 
priate equations, see the discussion about LIML below). This is in contrast to 
GMM; incomplete systems can be estimated by 3SLS (or more generally by 
multiple-equation GMM if conditional homoskedasticity is not assumed), as 
long as they satisfy the rank condition for identification. 

2. The square matrix ro is nonsingular. This implies that the structural form can 
be solved for the endogenous variables y, as 

where 

V, ro - I  et  
( M x l )  ( M x M )  ( M x l )  

Expression (8.5.9) is known as the reduced-form representation of the struc- 
tural form, and the elements of no are called the reduced-form coefficients. In 
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each equation of the reduced form, the regressors are the same set of variables, 
x,. From (8.5.3) and (8.5.1 I), it follows that E(x,vi) = 0, namely, that all the 
regressors are predetermined. The reduced form, therefore, is a multivariate 
regression model. 

Relationship between (ro, Bo) and bo 
Let 60 be the stacked vector collecting all the coefficients in the M-equation system 
(8.5.1): 

For understanding the mechanics of FIML, it is important to see how the coeffi- 
cient matrices ( r o ,  Bo) depend on 60. To illustrate, consider Example 8.1. The 60 
vector is 

The two endogenous variables are (p,, q,). It does not matter how the endogenous 
variables are ordered, so arbitrarily put p, first in y,: y, = (p,, q,)'. The structural 
form parameters can be written as 

This example serves to illustrate three points. First, each row of ro has an 
element of unity, reflecting the fact that the coefficient of the dependent variable 
in each of the M equations (8.5.1) is unity. In this sense ro is already normal- 
ized. Second, some elements of ro and Bo are zeros, reflecting the fact that some 
endogenous or predetermined variables do not appear in certain equations of the 
M-equation system. This feature of the structural form coefficient matrices is 
called the exclusion restrictions. (In Example 8.1, no elements of ro happen 
to be zero because the two endogenous variables appear in both equations.) Third, 
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the system involves no cross-equation restrictions, so each element of 60 appears 

in (To, Bo) just once. 

The FIML Likelihood Function 
To make the complete system of simultaneous equations estimable by FIML, we 
assume (1) that the structural error vector E, is jointly normal conditional on x,, 
i.e., E, 1 X, - N(0, Co), and (2) that {y,, x,} is i.i.d., not just ergodic stationary 
martingale differences (this assumption strengthens Assumptions 4.2 and 4.5). 

By the normality assumption (1) about the structural errors e, and (8.5.1 l), 
we have v, I x, -- N(0, r;lCo(r;l)'). Combining this and the reduced form 
y, = nbx, + V, with (8.5.10) produces 

So the log conditional likelihood for observation t is 

M 1 
log f (y, I x,; 6, C) = -- i o g ( 2 ~ )  - - iog((r- 'x(r-l) ' l)  

2 2 
1 

- -[ y, + ~ - l ~ x t ] ' [ ~ - ' C ( ~ - ' ) ' ] - l [ y ,  + T-~BX,]. (8.5.16) 
2 

The likelihood is a function of (6, C)  because, as illustrated in (8.5.14), the struc- 

tural form coefficients ( r ,  B) are functions of 6. Now 

[ y, + T-~Bx,]'[T-' C(r-')'I-'[ y, + r-'Bx,] 

= [yt + r - l ~ x , ] ( ' [ r ' C - l ~ ] [ y ,  + r-'BX,] 

= [ry,  + Bx,]'C-' [ry,  + Bx,] 

and 

Substituting these into (8.5.16), 

1 
- -[TY, 2 + B x , ] ' ~ ' [ r y ,  + Bx,]. (8.5.19) 

Taking the average over t ,  we obtain the FIML objective function for a random 

sample: 
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The FIML estimate of (60, Xo) is the (6, X) that maximizes this objective function. 

The FIML Concentrated Likelihood Function 

As in the maximization of the objective function of the multivariate regression 
model, we can proceed in two steps. The first step is to maximize e n ( & ,  X) with 
respect to X given 6. This yields 

Its (m, h)  element can be written as 

By substituting (8.5.21) back into the objective function (8.5.20), ( l l n  times) the 
FIML concentrated likelihood function can be derived as 

The second step is to maximize this FIML concentrated likelihood with respect to 
6. The FIML estimator $ of 60 is the 6 that maximizes this f~nc t ion .~  The FIML 
estimator of Xo is %(i). 

7 ~ o  the FIML estimator is an extremum estimator that maximizes 

1 " -1; z ( y t  + l-'Bxt)(yt + l-'Bxt)'1 
t=l 

Some aspects of this extremum estimator are explored in an optional analytical exercise (see Analytical Exer- 
cise 3). 
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Testing Overidentifying Restrictions 
Now compare this FIML concentrated likelihood Qi(6) given in (8.5.23) with that 
for the multivariate regression model, Q,*(II) given in (8.4.13). The FIML concen- 
trated likelihood Qi  (6) is what obtains when we impose on Qi (II) the restrictions 
implied by the null hypothesis that 

Put differently, FIML estimation of 60 is a constrained multivariate regression. 
Therefore, the truth of the null hypothesis can be tested by the likelihood ratio 
principle. Since the OLS estimator fi given in (8.4.5) maximizes the multivariate 
regression concentrated likelihood function Q,* (ll) given in (8.4.13) and the FINIL 
estimator i maximizes the FlML concentrated likelihood function ~ i ( i )  given in 
(8.5.23), the likelihood ratio test statistic is 

A - 1 -  A h  

= n x (log16(-(I' B)')I - log lB(r~)l) .  

A h  

where G ( n )  is defined in (8.4.10) and ( r ,  B) is the value of ( r ,  B) implied by i .  
Since the dimension of 6 equals EL, L,, the number of restrictions implied by 
the null hypothesis Ho above is 

which is the total number of overidentifying restrictions of the system. Therefore, 
the likelihood ratio test based on the LR statistic (8.5.25) is a test of overidentify- 
ing restrictions. It is a specification test because the restriction being tested is a 
condition assumed in the model. 

Properties of the FIML Estimator 
There is no closed-form solution to the FIML estimator. So, in order to establish 
the consistency and asymptotic normality, we would have to verify the conditions 
of relevant theorems of the previous chapter. We summarize here, without proof, 
the main properties of the FIML estimator. 

Identification 

Stating the identification condition in various forms for complete simultaneous 
equations systems is a major topic in most textbooks. Here it is left as an optional 
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analytical exercise (Analytical Exercise 3) to show that the identification condi- 
tion for FIML as an extremum estimator is equivalent to the rank condition for 
identification (that E(xtzi,) be of full column rank for all rn = 1,2,  . . . , M ) .  

Asymptotic Propert ies 

Although the FIML objective function (8.5.20) is derived under the normality of 
.st I x,, the FIML estimator of 60 is consistent and asymptotically normal without 
the normality assumption. For a proof of consistency without normality, see, e.g., 
Amemiya (1985, pp. 232-233). There is a nice proof of asymptotic normality 
of due to Hausman (1975), which shows that an iterative instrumental variable 
estimation can be viewed as an algorithm for solving the first-order conditions for 
the maximization of Q,(6, x ) . ~  This argument shows that the FIML estimator of 
60 is asymptotically equivalent to the 3SLS e~timator.~ Therefore, its asymptotic 
variance is given by (4.5.15), and a consistent estimator of the asymptotic variance 
is (4.5.17). 

lnvariance 

Since the FIML estimator is an ML estimator, it has the invariance property dis- 
cussed in Section 7.1. To illustrate, consider Example 8.1 and suppose you wish to 
reparameterize the supply equation as 

The old supply parameters (y21, 821, 822) and the new supply parameters (Y21, B21, 
F22) are connected by the one-to-one mapping 

If ();21, & I ,  &2) is the FIML estimator of (y21, 821, 822) for the system consisting 
of the demand equation (8.5.4) and the old supply equation (8.5.5), then the FIML 
estimator based on the system consisting of (8.5.4) and the new supply equation 

is numerically the same as the value of the above mapping at ();21, E 2 ) .  The 
3SLS estimator (and 2SLS for that matter) does not have this invariance property. 

'we will not display the first-order conditions (the likelihood equations) for FIML because i t  requires some 
cumbersome matrix notation. See Amemiya (1985, pp. 233-234) or Davidson and MacKinnon (1993. pp. 658- 
660) for more details. For the SUR model, the likelihood equations and the iterative procedure are much easier 
to describe; see the next subcection. 

9 ~ h i s  asymptotic equivalence does not carry over to nonlinear equation systems; nonlinear FIML is more 
efficient than nonlinear 3SLS. See Amemiya (1985, Section 8.2). 
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The foregoing discussion about FIML can be summarized as 

Proposition 8.1 (Asymptotic properties of FIML): Consider the M-equation sys- 
tem (8.5.1) and let So be the stacked vector collecting all the coefficients in the 
M-equation system. Make the following assumptions. 

the rank condition for identification (that E(x, z;,) be o f  full column rank for all 
m = 1 ,2 ,  . . . , M) is satisfied, 

E(x,x:) is nonsingular, 

the M-equation system can be written as a complete system of simultaneous 

equations (8.5.8) with To nonsingular, 

E, ( X, - N (0, XO), XO positive definite, 

the parameter space for (So, Xo) is compact with the true parameter vector 

(So, X 0) included as an interior point. 

Then 

(a) the FIML estimator ( i ,  %), which maximizes (8.5.20), is consistent and asymp- 
totically normal, 

(b) the asymptotic variance of i is given by (4.5.15), and a consistent estimator of  
the asymptotic variance is (4.5.1 7) where emh is the (m , h ) element of % -l, 

(c) the likelihood ratio statistic (8.5.25) for testing overidentifying restrictions is 
asymptotically with K M - xEl L, degrees of  freedom. 

Furthermore, these asymptotic results about i hold even i f  E, 1 x, is not normal. 

ML Estimation of the SUR Model 

The SUR model is a specialization of the FIML model with z,, being a subvector 
of x,. It is therefore an M-equation system (8.5.1) where the regressors z,, are 
predetermined. Unlike in the multivariate regression model, the set of regressors 
could differ across equations. It is easy to show (see Review Question 3) that no 
two dependent variables can be the same variable, so y, (M x 1) in the structural 
form (8.5.8) simply collects the M dependent variables. Furthermore, since z,, 
includes no endogenous variables, To in the structural form is the identity matrix. 
Thus, the FIML objective function (8.5.20) becomes 



536 Chapter 8 

where r is understood to be the identity matrix. (We continue to carry r around 
in order to facilitate the comparison to the objective function for LIML to be intro- 
duced in the next subsection.) As in FIML, the C that maximizes the objective 
function given 6 is given by %(6) in (8.5.21). 

For the SUR model, the score with respect to 6 can be written down rather 
easily. The m-th row of r y ,  + Bx, is y,, - zi,6,. Define y (Mn x 1) and Z 
(Mn x EL, L,) as in the first analytical exercise to Chapter 4. Then 

Therefore, 

(Doing the same for the more general case of FIML is not as easy because, although 
(8.5.30) holds for FIML as well, the score % is more complicated thanks to the 
term log([ r 1 2, in the FIML likelihood function. Put differently, if I r 1 is a constant 
(i.e., independent of 6), then % for FIML is the same as (8.5.31).) Setting this 
equal to zero and solving for 6, we obtain 

Given some consistent estimator 5 of Co, i ( 2 )  is the SUR estimator of So derived 
in Chapter 4. 

These two functions ( i(C),  g(6)) define a mapping from the parameter space 
for (6, C) to itself, and a solution to the first-order conditions for the maximization 
of Q n  ( 8 ,  C) is a fixed point in this mapping. Such a fixed point can be calculated 

* ( J )  A(]) 
by the following iterative SUR. Let (6 , X ) be the estimate of (60, Xo) in the 
j-th iteration. The estimate in the next iteration is 

The first part of this iteration is the SUR estimation given % ( j ' ,  while the latter 
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part updates the estimate of Zo using the current estimate of So. If this process 
converges, then the limit is a solution to the first-order conditions. 

Q U E S T I O N S  F O R  R E V I E W  

1. (Deriving f (y, I x,) from f (E, ( x,)) In this exercise, we wish to derive the 
likelihood for observation t for the FIML model by the following fact from 
probability theory: 

Change of Variable Formula: Suppose E is a continuous M-dimen- 
sional random vector with density f , ( ~ )  and g : RM += RM is a one- 
to-one and differentiable mapping on an open set S ,  with the inverse 
mapping denoted as g-' (.). Let the M x M matrix J(E) be the Jacobian 
matrix (the M x M matrix of partial derivatives, whose (i, j) 

element is y). Assume that IJ(E)~ is not zero at any point in S. 
Then the density of y = g(e) is given by 

(Note that I J(g-' (y)) 1 is a determinant, which may or may not be positive.) 
Using this fact, derive the density of y, I x, from the density of E, I x, 
and verify that the associated log likelihood is given by (8.5.16). Hint: The 

inverse mapping g-'(y,) is the left-hand side of (8.5.8). So J(E,) = r;'. Also, 

log(abs((r1)) = log(lr12). 

2. (Instruments outside the system) Consider the complete system of simultane- 
ous equations (8.5.8) with lrol # 0. Suppose that one of the K predetermined 
variables, say  XI^, does not appear in any of the M-equations. Let g * (y I x) be 
the least squares projection of y on x. Show that E*(y,m I x,) = g*(y,m 1 St), 
where St = (I,,, . . . , X,.K-,)' (so x, = (Si, xtK)I). (AS you will show in Ana- 
lytical Exercise 4, including x , ~  in the list of instruments in addition to St will 
not change the asymptotic variance of the FIML estimator of So; it probably 
makes the small sample properties only worse.) 

3. Recall that in Example 8.1 y, I and y,2 are the same variable. In the SUR model, 
this cannot happen; that is, no two elements of (ytl,  ~ ~ 2 ,  . . . , yrM) are the same 
variable if the assumptions describing the model are satisfied. Prove this. Hint: 

Suppose y,, and y,2 are the same variable. Then 
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Since ztl and zt2 are subvectors of x,, the right-hand side can be written as 

xia for some K-dimensional vector a .  Use the orthogonality conditions that 

E(xtei) = 0 and the nonsingularity of E(x,x;) to show that a = 0. 

- -  

8.6 LlML 

LIML Defined 
The advantage of the FIML estimator is that it allows you to exploit all the infor- 
mation afforded by the complete system of simultaneous equations. This, however, 
is also a weakness because, as is true with any other system or joint estimation pro- 
cedure, the estimator is not consistent if any part of the system is rnisspecified. 
If you are confident that the equation in question is correctly specified but not so 
sure about the rest of the system, you may well prefer to employ single-equation 
methods such as 2SLS. The rest of this section derives the ML estimator called the 
limited-information maximum likelihood (LIML) estimator, which is the ML 
counterpart of 2SLS. 

Let the m-th equation of the M-equation system be the equation of interest. The 
L, regressors, ztm, are either endogenous or predetermined. Let y, be the vector 
of Mm endogenous variables and 2, be the vector of Km predetermined variables, 
with Mm + Km = L,. Partition So, conformably as Som = (ybm, Bb,)'. Then the 
m-th equation can be written as 

Obviously, this single equation in isolation is an incomplete system because of the 
existence of the Mm included endogenous variables i t .  However, if this equation 
is supplemented by the Mm reduced-form equations for y, taken from (8.5.9), then 
the system of 1 + Mm equations thus formed is a complete system of simultaneous 
equations. To describe this idea more fully, let no be the associated reduced- 
form coefficient matrix and collect appropriate Mm columns from no and write the 
reduced-form equations for the Mm included endogenous variables as 
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Combining (8.6.1) and (8.6.2), we obtain the system of I + Mm equations: 

where 

Here, we have assumed, without loss of generality, that the included predetermined 
variables 2, are the first K,  elements of x,. The equation system (8.6.3) is a com- 
plete system of 1 + M, simultaneous equations because 

For example, consider Example 8.2. The included endogenous variable in the 
wage equation is St. Supplement the wage equation by a reduced-form equation 
for St, a regression of St on a constant, IQ,, and MED,. The To matrix for the 
two-equation system that results is 

The hypothetical value T of ?;o has the same structure shown in (8.6.4) for 
- 
To. So I?;) = I .  Replacing in the FIML objective function (8.5.20) (6, B) by 
(ym , B, , a), l- by r, and Z by x, and noting that 1?;1 = 1, we obtain the LIML 
objective function: 

1 
- - 2n c [ T ~ t  + EX,]'C' [FY, + Ex,], (8.6.6) 

,=I 

A A - - 
where is the (1 + M,) x (1 + Mm) variance matrix of E l .  Let (f,,, B,, ll. Z)  
be the FIML estimator of this system. The LIML estimator of 60, = (ybtn, Bbtn)' 
is (f;, r,)'. This derivation of the LIML estimator, which is different from the 
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original derivation by Anderson and Rubin (1949), is due to Pagan (1979). Since 
LIML is a FIML estimator, Proposition 8.1 assures us that the LIML estimator is 
consistent and asymptotically normal even if the error is not normally distributed. 

Computation of LIML 
For the SUR model, we have shown that the ML estimator can be obtained from 
the iterative SUR procedure. If you reexamine the argument, you should see that 
it does not depend on r in the SUR objective function (8.5.29) being the identity 
matrix; all that is needed is that the determinant of r is a constant. Therefore, the 
same argument also applies to the LIML objective function (8.6.6). That is, we can 
obtain the LIML estimator of 60, by applying the iterative SUR procedure to the 
(l+Mm)-equation system (8.6.3). In particular, if Xo is known, the LIML estimator 
is the SUR estimator. On the face of it, this conclusion -that SUR can be used to 
estimate the coefficients of included endogenous variables -is surprising, but it is ,. 
true. The essential reason is this: the sampling error 6, - JOrn depends not only 
on the correlation between the included endogenous variables y, and the error term 
E ~ ,  but also on the correlation between y, and +,. Those two correlations cancel 
each other out. Review Question 1 verifies this for a simple example. 

The iterative SUR procedure, however, is not how the LIML estimator is usu- 
ally calculated, because there is a closed-form expression for the estimator. The 
simultaneous equation system (8.6.3) has two special features. One is the special 
structure of ?;, which we have noted, and the other is the fact that there are no 
exclusion restrictions in the rows of B corresponding to the included endogenous 
variables y,. Thanks to these features, the LIML estimator i, = ( f ; ,  p,)' and 
also the likelihood ratio statistic (8.5.25) can be calculated explicitly. 

To write down the closed-form expressions for the LIML estimator and the - - 
likelihood ratio statistic, we need to introduce some more notation. Let Z,, Y, X, 
X, and y, be the data matrices and the data vector associated with z,,, y,, x,, x,, 

and y,,  , respectively: 
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and let M and G be the annihilators based on X and g, respectively: 

Then the LIh4L estimator i, can be written as 

where k is the smallest characteristic root of 

with (1 + M,) x (1 + M,) matrices %' and W defined by 

(See, e.g., Davidson and MacKinnon, 1993, pp. 645-649, for a derivation.) The 
likelihood ratio statistic (8.5.25) for testing overidentifying restrictions reduces to 

LR = n log k. (8.6.12) 

Since there are no overidentifying restrictions in the supplementary M, equations 
(8.6.2), the equation of interest is the only source of overidentifying restrictions, 
which are K - L, in number. Therefore, by Proposition 8.1, this statistic for testing 
overidentifying restrictions is asymptotically (K - L, ). When the equation is 
just identified so that K = L,, then the LR statistic should be zero. Indeed, it can 
be shown that k = 1 in this case (see, e.g., p. 647 of Davidson and MacKinnon, 
1993). 

If we do not necessarily require k to be as just defined, the estimator (8.6.9) is 
called a k-class estimator. The LIML estimator is thus a k-class estimator with 
k defined above. Inspection of the 2SLS formula in terms of data matrices (see 
(3.8.3') on page 230) immediately shows that the 2SLS estimator is a k-class esti- 
mator with k = 1, and the OLS estimator is a k-class estimator with k = 0. It 
follows that LIML and 2SLS are numerically the same when the equation is just 
identified (so that k = 1). 

We have already shown that LIML is consistent and asymptotically normal. 
Moreover, using the explicit formula (8.6.9), it can be shown that the LIML esti- 
mator of do, has the same asymptotic distribution as 2SLS (see, e.g., Amemiya, 
1985, Section 7.3.4). So the formula for the asymptotic variance of LIML is given 
by (3.8.4) and its consistent estimate by (3.8.5). 
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LIML versus 2SLS 
Since LIML and 2SLS share the same asymptotic distribution, you cannot prefer 
one over the other on asymptotic grounds. For any finite sample, LIML has the 

invariance property, while 2SLS is not invariant. Furthermore, the conclusion one 
could draw from the large literature on finite-sample properties (see, e.g., Judge 
et al., 1985, Section 15.4) is that LIML should be preferred to 2SLS. Major con- 

clusions from the literature are listed below. They assume that the predetermined 
variables xt are fixed constants, however. 

Suppose errors are normally distributed. The p-th moment of the 2SLS estima- 

tor exists if and only if p < K - L,, + 1, where K is the number of predetermined 

variables and L,, is the number of regressors in the m-th equation. Thus, 2SLS 

does not even have a mean if the equation is just identified (i.e., if K = L,), 
and this is true even if the distribution of errors is a normal distribution, whose 

moments are all finite. 

The LIML estimator has no finite moments even if errors are normally dis- 

tributed. 

However, in most Monte Carlo simulations (see, e.g., Anderson, Kunitomo, and 

Sawa, 1982), LIML approaches its asymptotic normal distribution much more 

rapidly than does 2SLS. 

Q U E S T I O N S  F O R  R E V I E W  

1. (Why SUR can be used for a structural equation) To see why SUR can be 
used to estimate the coefficients of included endogenous variables, consider 

the following simple example: 

where xt is predetermined. Suppose for simplicity that 

is known. Let ( f ,  f i  be the SUR estimator of (yo, Po). 
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(a) Show that 

where amh is the (m, h )  element of xi1. Hint: The formula for the SUR 

estimator is given by (4.5.12) with (4.5.13') and (4.5.14') on page 280. 

(b) Show that 

converges to zero in probability. Hint: 

8.7 Serially Correlated Observations 

So far, we have assumed i.i.d. observations in deriving the asymptotic variance of 
ML estimators. This section is concerned with ML estimation when observations 
are serially correlated. 

Two Questions 
When observations are serially correlated, there arise two distinct questions. The 
first is whether the ML estimator that maximizes a likelihood function derived from 
the assumption of i.i.d. observations is consistent and asymptotically normal when 
indeed the observations are serially correlated. More precisely, suppose that the 
observation vector w, is ergodic stationary but not necessarily i.i.d., and consider 
the ML estimator that maximizes 
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where log f (w,; 8 )  is the log likelihood for observation t. This objective function 
would be ( l l n  times) the log likelihood of the sample (wl,  . . . , w,) if the obser- 
vations were i.i.d. Even though the log likelihood for observation t, log f (w,; e) ,  
is correctly specified, this objective function is misspecified because it assumes, 
incorrectly, that (w,] is i.i.d. The ML estimator that maximizes this objective func- 
tion is a quasi-ML estimator because the likelihood function is misspecified. Is a 
quasi-ML estimator that incorrectly assumes no serial correlation consistent and 
asymptotically normal? 

We have actually answered this first question in the previous chapter. By 
Propositions 7.5 and 7.6, the quasi-ML estimator is consistent because it is an 
M-estimator, with m(w,; 8 )  given by the log likelihood for observation t. For 
asymptotic normality, the relevant theorem is Proposition 7.8, which spells out 
conditions under which an M-estimator is asymptotically normal. Just reproduc- 
ing the conclusion of Proposition 7.8, the expression for the asymptotic variance is 
given by 

where Bo is the true value of 8,  H(w,; 8 )  is the Hessian for observation t, and C is 
the long-run variance of the score for observation t evaluated at 80, s(w,; 80). This 
asymptotic variance can be consistently estimated by 

where 5 is a consistent estimate of C. Any of the "nonparametric" methods dis- 
cussed in Chapter 6 (such as the VARHAC) can be used to calculate 5 from the 
estimated series {s(w,; e)]; there is no need to parameterize the serial correlation 

in {s(w,; 00)). 
The second question is what is the likelihood function that properly accounts 

for serial correlation in observations and what are the properties of the "genuine" 
ML estimator that maximizes it. The question can be posed for conditional ML 
as well as unconditional ML. In conditional ML, we divide the observation vector 
w, into two groups, the dependent variable y, and the regressors x,, and examine 
the conditional distribution of (yl ,  . . . , y,) conditional on (xl ,  . . . , x,). Parameter- 
izing this conditional distribution is relatively straightforward when {w,] is i.i.d., 
because it can be written as a product over t of the conditional distribution of y, 
given x,. In fact, this i.i.d. case is what we have examined in this and previous 
chapters. If {w,} is serially correlated, however, the researcher does not know the 
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dynamic interaction between y, and x, well enough to be able to write down the 

conditional distribution.I0 In the rest of this section, we deal only with examples 
of unconditional ML estimation with serially correlated observations. 

Unconditional ML for Dependent Observations 
We start out with the simplest case of a univariate series. Let (yo, yl , . . . , yn) be the 
sample. (For notational convenience, we assume that the sample includes observa- 
tion for t = 0.) When the observations are serially correlated, the density function 

of the sample can no longer be expressed as a product of individual densities. How- 
ever, it can be written down in terms of a series of conditional probability density 

functions. The joint density function of (yo, yl)  can be written as 

Similarly, for (YO, Y I ,  ~ 2 1 ,  

f (YO, Y I ,  ~ 2 )  = f ( ~ 2  I Y I ,  yo)f (yo, y ~ ) .  (8.7.5) 

Substituting (8.7.4) into this, we obtain 

A repeated use of this sort of sequential substitution produces 

If the conditional density f (y, 1 y,-1, . . . , yl , yo) and the unconditional density 

f (yo) are parameterized by a finite-dimensional parameter vector 8 ,  then ( l l n  

times) the log likelihood of the sample (yo, y1, . . . , y,) can be written as 

The ML estimator 8 of the true parameter value 80 is the 8 that maximizes this log 
likelihood function. We will call this ML estimator the exact ML estimator. 

'O~or a discussion of conditional ML when the complete specification of the dynamic interaction is not pos- 
sible or undesirable, see Wooldridge (1994, Section 5). For a discussion of possible restrictions on the dynamic 
interaction (such as "Granger causality" and "weak exogeneity"), see, e.g., Davidson and MacKinnon (1993, 
Section 18.2). 
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ML Estimation of AR(1) Processes 
In Section 6.2, we considered in some detail first-order autoregressive (AR(1)) 
processes. If we assume for an AR(1) process that the error term is normally 
distributed, we obtain a Gaussian AR(1) process: 

with E~ - i.i.d. N(0, a t ) .  We assume the stationarity condition that (40( < 1. 
So (y,} is ergodic stationary by Proposition 6.l(d). From Section 6.2, we know 
that the unconditional mean of y, is co/(l - &) and the unconditional variance 
is a;/(1 - 4;). Furthermore, since y, can be written as a weighted average of 

( E ~ ,  &,-I, . . . ), its distribution is normal when E, is normal. Therefore, 

co a02 
Y O "  N ( - . ~ ) .  1 - 4 0  

Also, it follows directly from (8.7.9) and the normality assumption that 

Therefore, using the formula (8.7.7), the joint density of (yo, y1, . . . , yn) for a 
hypothetical parameter value 0 = (c, 4, a2) '  can be written as 

Taking logs and dividing both sides by n, we obtain the objective function for exact 
ML: 

The exact ML estimator e of the AR(1) process is the 0 that maximizes this objec- 
tive function. Assuming an interior solution, the estimator solves the first-order 
conditions (the likelihood equations) obtained by setting % to zero. They are a 
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system of equations that are nonlinear in 0, so finding 0 requires iterative algo- 
rithms such as those described in Section 7.5. 

Conditional ML Estimation of AR(1) Processes 
The source of the nonlinearity in the likelihood equations is the log likelihood of 
yo. As an alternative, consider dropping this term and maximizing 

1 "  1 1 1 
Qn(fi) = - x(-2 log(2n) - log(a2) - - (y, - c - $y,-1)2}. (8.7.14) n 

r = l  
20  

Using the relation f (yo, y1, . . . , yn) = f (yl, . . . , Yn I yo) f (yo) and (8.7.12), we 
see that this objective function is ( l l n  times) the log of the likelihood conditional 
on the first observation yo, 

Let 0 be the 0 that maximizes the log conditional likelihood (8.7.14) (conditional 
on yo)  This ML estimator will henceforth be called the yo-conditional ML esti- 
mator. Here, conditioning is on yo, which makes the estimator here conceptually 
different from the conditional ML estimators of the previous sections where con- 
ditioning is on x,. 

Before examining the relationship between the two ML estimators, the exact 
ML estimator 0 and the yo-conditional ML estimator 0, we give two derivations of 
the asymptotic properties of the latter. The first derivation is based on the explicit 
solution for the estimator. Recall from Section 1.5 and Example 7.2 that the objec- 
tive function in the ML estimation of the linear regression model y, = xiPo + E ,  

for i.i.d. observations is 

It was shown in Section 1.5, and is very easy to show, that the ML estimator of 
Po is the OLS coefficient estimator and the ML estimator of a: equals the sum 
of squared residuals divided by the sample size. Now, with x, = (1, Y,-~) '  and 
Po = (c0, $0)', the objective function for the linear regression model reduces to 
Qn(0) in (8.7.14), the conditional log likelihood for the AR(1) process. Therefore, 

algebraically, the conditional ML estimator ( E ,  6) of (co, $0) is numerically the 
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same as the OLS coefficient estimator in the regression of y, on a constant and y,-1, 
and the conditional ML estimator i?* of at is the sum of squared residuals divided 
by n .  Regarding the asymptotic properties of the estimator, we have shown in 
Section 6.4 that (;,I$) is consistent and asymptotically normal with the asymptotic 
variance indicated in Proposition 6.7 for p = 1 and that e2 is consistent for ao2. 

Therefore, for the asymptotic normality of the conditional ML estimator ( t ,  I $ ) ,  
which maximizes the yo-conditional likelihood for normal errors, the normality 
assumption is not needed. 

The second derivation is more indirect but nevertheless more instructive. As 
just noted, the objective function Q,(8) coincides with (8.7.16) with x, = (1, Y,-~)'  
and Po = (co, 40)'. Since {y,, x,} is merely ergodic stationary and not necessarily 
i.i.d., the conditional ML estimator ( t ,  I$ ,  G2) can be viewed as the quasi-ML esti- 
mator considered in Proposition 7.6. It has been verified in Example 7.8 that the 
objective function satisfies all the conditions of Proposition 7.6 if E(x,xi) where 
x, = (1, Y,-~)'  is nonsingular. We have shown in Section 6.4 that this nonsingular- 

ity condition is satisfied for AR(1) processes if at > 0. Thus, the conditional ML 
is consistent. To prove asymptotic normality, view the conditional ML estimator 
as an M-estimator with w, = (y,, ytPl)' and 

The relevant theorem, therefore, is Proposition 7.8. Let s(wt; 8) be the score for 
observation t and let H(w,; 8) be the Hessian for observation t associated with this 
m function, and consider the conditions (1)-(5) of Proposition 7.8. The discussion 
in Example 7.10 implies that all the conditions except for (3) hold if E(x,xi) where 
x, = (1, y,-1)' is nonsingular, which as just noted is satisfied if a; > 0. This leaves 

condition (3) that x:=, s(w,: 80) +=, N ( 0 .  2). In the AR(1) model, f (y, I 
yt-1, . . . , y1, yo) = f (y, ( yt-,). As you will show in Review Question 1, this 
special feature of the joint density function implies that the sequence {s(w,; eO)} is 
a martingale difference sequence. Since s(w,; 80) is a function of w, = (y,, Y,-~)'  

and {y,} is ergodic stationary, the sequence {s(w,; 00)} also is ergodic stationary. 
So by the ergodic stationary martingale difference CLT of Chapter 2, we can claim 
that condition (3) is satisfied with 

Finally, it is easy to show the information matrix equality for observation t that 

- :E[H(w,; 00)] = E[s(w,; 80) s(w,; eO)'] (a proof is in Example 7.10). Substitut- 
ing this and (8.7.18) into (8.7.2), we conclude that the asymptotic variance of the 
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yo-conditional ML estimator 0 of 00 is given by 

That is, the usual conclusion for a correctly specified ML estimator for i.i.d. obser- 
vations is applicable to the yo-conditional ML estimator that maximizes the cor- 
rectly specified conditional likelihood (8.7.14) for dependent observations.' ' 

The difference between (8.7.13) and (8.7.14) is the log likelihood of yo divided 
by n. If the sample size n is sufficiently large, then the first observation yo makes a 
negligible contribution to the likelihood of the sample. The exact ML estimator and 
the yo-conditional ML estimator turn out to have the same asymptotic distribution, 
provided that ( $ 1  < 1 (see, e.g., Fuller, 1996, Sections 8.1 and 8.4). For this 
reason, in most applications the parameters of an autoregression are estimated by 
OLS (yo-conditional ML) rather than exact ML. 

Conditional ML Estimation of AR(p) and VAR(p) Processes 

A Gaussian AR(p) process can be written as 

with E, - i.i.d. N(0, a:). The conditional ML estimation of the AR(p) process is 
completely analogous to the AR(1) case. If the sample is (y-,+', ~ - ~ + 2 ,  . . . , YO, 
yl,  . . . , yn), then ( l l n  times) the log likelihood of the sample conditional on 

( Y - ~ + I ,  . . . , YO) is (8.7.16) with 

Therefore, the conditional ML (conditional on (y-,,, , y-p+2, . . . , yo)) estimator 

of (co, $ o ~ ,  . . . , $op) is numerically the same as the OLS coefficient estimator in 
the regression of y, on a constant and p lagged values of y,. The conditional ML 
estimate of a: is the sum of squared residuals divided by the sample size. By 
Proposition 6.7, the conditional ML estimator of the coefficients is consistent and 
asymptotically normal if the stationarity condition (that the roots of 1 - $ 0 ~ 2  - . . . - 
$opzP = 0 be greater than 1 in absolute value) is satisfied. Again as in the AR(1) 
case, the error term does not need to be normal for consistency and asymptotic 
normality. The exact ML estimates and the conditional ML estimates have the 
same asymptotic distribution if the stationarity condition is satisfied. 

 his argument can be applied to models more general than autoregressive processes. See Lemma 5.2 of 
Wooldridge ( 1994). 
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These results generalize readily to vector processes. A Gaussian VAR(p) 
(p-th order vector autoregression) can be written as 

with e, -- i.i.d. N ( 0 ,  QO). The objective function in the conditional ML estimation 
is (I / n  times) the log conditional likelihood: 

where 

This coincides with the objective function in the ML estimation of the multivari- 

ate regression model considered in Section 8.4. Therefore, the conditional ML 

estimate of (co, no) is numerically the same as the equation-by-equation OLS esti- 
mator. It is consistent and asymptotically normal if the coefficient matrices satisfy 

the stationarity condition (that all the roots of (IM - * 0 1 ~  - . . . - @ O p ~ P I  = 0 be 

greater than 1 in absolute value). This result does not require the error vector e, to 

be normally distributed. 

Q U E S T I O N S  F O R  R E V I E W  

1. (Score is m.d.s.) Consider the Gaussian AR(1) process (8.7.9) and let s(w,; 8)  
be the score for observation t (the gradient of (8.7.17)) with w, = (y,, Y , - ~ ) '  

and 8 = (c, 4, a2)'. 

(a) Show that 

where /3 = (c, 4)' and x, = ( I ,  ytPl)'. 
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(b) Show that 

Hint: At 6 = 60, y, - xip = E ~ .  

(c) Show that {s(wt; eO))  is a martingale difference sequence. Hint: s(wt; 60) 
is a (measurable) function of (y,, Y ( - ~ ) .  SO s(w,-,; 60) ( j  2 2 )  can be 

calculated from (ytP1, yt - 2 ,  . . . ). 

(d) Does this result in (c) carry over to Gaussian AR(p)? [Answer: Yes.] 

P R O B L E M  S E T  FOR C H A P T E R  8 

A N A L Y T I C A L  E X E R C I S E S  

1. Show that 

h 

where it = y, - filxt and ll is given in (8.4.5). (Since it does not depend on 
II by construction, this inequality shows that the left-hand side is minimized at 
II = fi.) Hint: Use the "add-and-subtract" strategy to derive 
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Then use the following result from matrix algebra: 

Let A and B be two positive semidefinite matrices of the same size. 

Then IA + BI 2 IA(. 

2. ( 6 ( n )  is positive definite.) Under the conditions of the multivariate regres- 

sion model, show that 6 ( n )  defined in (8.4.10) is positive definite for any 
given ll. Hint: Derive y, - n'x, = v, + ( n o  - n)'x,. Since (y,, xr} is i.i.d., 
6 ( n )  converges almost surely to ~ [ ( y ,  - ll'x,)(y, - ll'x,)']. Show that 

Then use the matrix inequaltiy mentioned in the previous exercise. Q0 is positive 

definite by assumption. 

3. (Optional, identification of 6 in FIML) As noted in footnote 7 of Section 8.5, 
the FIML estimator of 60 is an extremum estimator whose objective function is 

where 

Let 

To show the consistency of this extremum estimator, we would verify the two 

conditions of Proposition 7.1 of the previous chapter. Reproducing these two 
conditions in the current notation: 

identification: Qo(6) is uniquely maximized on the compact parameter space 

at 60, 

uniform convergence: Q,  (.) converges uniformly in probability to Qo(.). 

In this exercise we prove that the rank condition for identification (that E(x,z;,) 
be of full column rank for all m) is equivalent to the above extremum estimator 

identification condition. In the proof, take for granted all the assumptions we 

made about FIML in the text. 
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To set up the discussion, we need to introduce some new notation. Repro- 

ducing the m-th equation of the structural form from the text: 

The regressors z,, consist of M, endogenous variables and K, predetermined 
variables with M, + K, = L,. Define 

S, : a matrix that selects those M, endogenous regressors from y,, 
(Mm x M )  

C, : a matrix that selects those K, predetermined regressors from x,. 
( K m  x  K )  

To illustrate, S1 and C1 for Example 8.1 with y, = (p, , 9,)' and x, = (1, a,, w,)' 

is 

So  the regressors in the m-th equation can be written as 

(a) Show that 

E(x,z;,) = E(x,x;) [ no s:, i c:, ] 
( K x L , )  ( K x K )  ( K x M ) ( M x M , )  ( K x K , )  

Hint: Use the reduced form (8.5.9) and the fact that E(x,v;) = 0. 

Since multiplication by a nonsingular matrix (E(x,xi) here) does not alter rank, 

equation (6) implies that the rank condition for identification is equivalent to 

the condition that the rank of [nosh ! c;] be L,. 

(b) Show that 

plim G(6) = r ; ' ~ ~ ( r ; ' ) '  + [IIb + r-'B] E ( x , x ~ ) [ n ~  + r - l ~ ] ' ,  (7) 
n+m 

where IIb = - r i l B o .  Hint: Since (y,, x,} is i.i.d., the probability limit is 

given by E [ ( ~ ,  + r-'Bx,)(y, + T-'BX,)']. Also, 
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(c) Show that lG(6)) is minimized only if rllb + B = 0. Hint: Since E(x,x',) 
is positive definite, the second term on the right-hand side of (7) is zero only 

if no + ~ ' ( r - I ) '  = 0. Use the fact from matrix algebra noted in Exercise 1 

above. 

Therefore, the extremum estimator identification condition (that Qo(6) be max- 
imized uniquely at 60) holds if and only if ( r ,  B) = (ro, Bo) is the only solu- 
tion to r ll; + B = 0 viewed as a system of simultaneous equations for ( r  , B). 

(d) Let a; (1 x (M + K)) be the m-th row of [r ! B], and let eh be a (1 x (M + 
K)) vector whose element corresponding to y,, is one and whose other 
elements are zero. To illustrate, e; for Example 8.1 with y, = (p,, q,)' and 
x, = ( I ,  a,, w,)' is (0, l,O,O,O). Verify for Example 8.1 the general result 
that 

(e) Rewrite I'll; + B = 0 as 

Show that the m-th row of rll; + B = 0 can be written as 

where 

KO, -- [no t ~ ~ ] e , .  

(f) Verify that 6, = 60, is a solution to (10). Show that a necessary and 
sufficient condition that 6, = 60, is the only solution to (10) is the rank 
condition for identification for equation m. Hint: Recall the following fact 

from linear algebra: Suppose Ax = y has a solution XO. A necessary and 

sufficient condition that it is the only solution is that A is of full column rank. 

(g) Explain why we can conclude that the only solution to Tllo + B = 0 is 
(r, B) = (rot  Bo). Hint: Each element of 6 appears in either r or B only 

once. 
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4. (Optional, instruments that do not show up in the system) Consider the com- 

plete system of simultaneous equations discussed in Section 8.5. Let 

Suppose that x , ~  does not appear in any of the M structural equations. Show 
that dropping x , ~  from the list of instruments changes neither the rank con- 

dition for identification nor the asymptotic variance of the FIML estimator 

of JO. Hint: Define the two matrices, S, and C, as in Exercise 3, so that 

z:,,, = (yiSk ! xiC;,) and (6) holds. FIML is asymptotically equivalent to 3SLS, 

so its asymptotic variance is given in (4.5.1 5). The last row of C;n is a vector of 

zeros. Let ?io ( ( K  - 1 )  x M )  be the matrix of reduced-form coefficients when 

.xrK is dropped from the system. Then 
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