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Unit-Root Econometrics 

A B S T R A C T  

Up to this point our analysis has been confined to stationary processes. Section 9.1 
introduces two classes of processes with trends: trend-stationary processes and unit- 
root processes. A unit-root process is also called difference-stationary or integrated 
of order 1 (I(1)) because its first difference is a stationary, or I(O), process. The tech- 
nical tools for deriving the limiting distributions of statistics involving I(0) and 1(1) 
processes are collected in Section 9.2. Using these tools, we will derive some unit- 
root tests of the null hypothesis that the process in question is I(1). Those tests not 
only are popular but also have better finite-sample properties than most other existing 
tests. In Section 9.3, we cover the Dickey-Fuller tests, which were developed to test 
the null that the process is a random walk, a prototypical I(1) process whose first 
difference is serially uncorrelated. Section 9.4 shows that these tests can be general- 
ized to cover 1(1) processes with serially correlated first differences. These and other 
unit-root tests are compared briefly in Section 9.5. Section 9.6, the application of this 
chapter, utilizes the unit-root tests to test purchasing power parity (PPP), the funda- 
mental proposition in international economics that exchange rates adjust to national 
price levels. 

- - 

9.1 Modeling Trends 

There is no shortage of examples of time series with what could be reasonably 

described as trends in economics. Figure 9.1 displays the log of U.S. real GDP. 
The log GDP clearly has an upward trend in that its mean, instead of being constant 
as with stationary processes, increases steadily over time. The trend in the mean 

is called a deterministic trend or time trend. For the case of log U.S. GDP, the 
deterministic trend appears to be linear. Another kind of trend can be seen from 
Figure 6.3 on page 424, which graphs the log yenldollar exchange rate. The log 
exchange rate does not have a trend in the mean, but its every change seems to have 
a permanent effect on its future values so that the best predictor of future values is 
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Figure 9.1: Log U.S. Real GDP, Value for 1869 Set to 0 

its current value. A process with this property, which is not shared by stationary 

processes, is called a stochastic trend. If you recall the definition of a martingale, 
it fits this description of a stochastic trend. Stochastic trends and martingales are 

synonymous. 
The basic premise of this chapter and the next is that economic time series can 

be represented as the sum of a linear time trend, a stochastic trend, and a stationary 
process. 

Integrated Processes 
A random walk is an example of a class of trending processes known as integrated 
processes. To give a precise definition of integrated processes, we first define 
I(0) processes. An I(0) process is a (strictly) stationary process whose long-run 
variance (defined in the discussion following Proposition 6.8 of Section 6.5) is 

finite and positive. (We will explain why the long-run variance is required to be 
positive in a moment.) Following, e.g., Hamilton (1994, p. 433 ,  we allow I(0) 

processes to have possibly nonzero means (some authors, e.g., Stock, 1994, require 
I(0j processes to have zero mean). Therefore, an I(0) process can be written as 

where {u,} is zero-mean stationary with positive long-run variance. 

' A  nore on semantics. Processes with trends are often called "nonstationary processes." We will not use this 
term in the rest of this book because a process can he not stationary without containing a trend. For example, let 
cl be an i.i.d. process with unit variance and let df take a value of 1 for r odd and 2 fo r t  even. Then a process {u, )  
defined by ul = dl - E I  is not stationary because its variance depends on t .  Yet the process cannot be reasonably 
described as a process with a trend. 
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The definition of integrated processes follows from the definition of I(0) pro- 
cesses. Let A be the difference operator, so, for a sequence {&}, 

At, = (1 - L)tf  = 6, - 6,-1, 

~ ~ 6 ,  = (1 - L126t = (6, - tt-I) - (6,-I - 6,-21, etc. (9.1.2) 

Definition 9.1 (I(d) processes): A process is said to be integrated of order d 
(I(d)) (d = 1,2 ,  . . . ) if its d-th difference ~ ~ 6 ,  is I(0). In particular, a process 
{t,} is integrated of order 1 (I(1)) if the first difference, At,, is I(0). 

The reason the long-run variance of an I(0) process is required to be positive is 
to rule out the following definitional anomaly. Consider the process {v,} defined by 

where {E,} is independent white noise. As we verified in Review Question 5 of 
Section 6.5, the long-run variance of {vr} is zero. If it were not for the requirement 
for the long-run variance, {v,} would be I(0). But then, since AE, = v,, the inde- 
pendent white noise process {E,} would have to be I(l)! If a process {vr} is written 
as the first difference of an I(0) process, it is called an I(- 1) process. The long-run 
variance of an I(- 1) process is zero (proving this is Review Question I) .  

For the rest of this chapter, the integrated processes we deal with are of order 
1. A few comments about 1(1) processes follow. 

(When did it start?) As is clear with random walks, the variance of an 1(1) pro- 
cess increases linearly with time. Thus if the process had started in the infinite 
past, the variance would be infinite. To focus on 1(1) processes with finite vari- 
ance, we assume that the process began in the finite past, and without loss of 
generality we can assume that the starting date is t = 0. Since an I(0) process 
can be written as (9.1.1) and since by definition an I(1) process {t,} satisfies the 
relation A& = 6 + u,, we can write 6, in levels as 

where {u,} is zero-mean I(0). So the specification of the levels process {t,} must 
include an assumption about the initial condition. Unless otherwise stated, we 
assume throughout that ~(6:) < GO. SO to can be random. 

(The mean in J(0) is the trend in I(I)) As is clear from (9.1.4), an 1(1) process 
can have a linear trend, 6 . t .  This is a consequence of having allowed I(0) 
processes to have a nonzero mean 6. If 6 = 0, then the 1(1) process has no trend 
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and is called a driftless I(1) process, while if 6 # 0, the process is called an 
1(1) process with drift. Evidently, an 1(1) process with drift can be written as 
the sum of a linear trend and a driftless 1(1) process. 

(Two other names of I(1) processes) An I(1) process has two other names. It is 
called a difference-stationary process because the first difference is stationary. 
It is also called a unit-root process. To see why it is so called, consider a model 

(1 - PL)Y, = 6 + u,, (9.1.5) 

where u, is zero-mean I(0). It is an autoregressive model with possibly serially 
correlated errors represented by u,. If the autoregressive root p is unity, then the 
first difference of y, is I(O), so {y,) is I(1). 

Why Is It Important to Know if the Process Is I(l)? 
For the rest of this chapter, we will be concerned with distinguishing between 
trend-stationary processes, which can be written as the sum of a linear time trend 
(if there is one) and a stationary process, on one hand, and difference-stationary 
processes (i.e., 1(1) processes with or without drift) on the other. As will be shown 
in Proposition 9.1, an 1(1) process can be written as the sum of a linear trend (if 
any), a stationary process, and a stochastic trend. Therefore, the difference between 
the two classes of processes is the existence of a stochastic trend. There are at least 
two reasons why the distinction is important. 

1. First, it matters a great deal in forecasting. To make the point, consider the 
following simple AR(1) process with trend: 

where {E , )  is independent white noise. The s-period-ahead forecast of y,+, 
conditional on (v,, y,-l, . . . ) can be written as 

Both (y,, y,-1, . . . ) and (zt, ztP1, . . .) contain the same information because 
there is a one-to-one mapping between the two. So the last term can be written 
as 
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since zr+S = F,+, + P F , + ~ - ~  + . . . + p S - l ~ t + l  + pSzr. Substituting (9.1.8) into 
(9.1.7), we obtain the following expression for the s-period-ahead forecast: 

There are two cases to consider. 

Case lpl < 1. Now if Ipl < 1, then (z,) is a stationary AR(1) process 
and thus is zero-mean I(0). So (y,) is trend stationary. In this case, since 
~(z : )  < oo, we have 

E [ ( ~ ~ ~ ~ ) ~ ]  = P2S E(z,~) + o as s + oo. 

Therefore, the s-period-ahead forecast E(y,+, I y,, y,-1, . . . ) converges in 
mean square to the linear time trend a + 6 . (t + s) as s + oo. More precisely, 

E{[E(Y,+, I yt, Yt-1. . . . ) - a - 6 . (t + s)l2] + 0 as s + oo. (9.1.10) 

That is, the current and past values of y do not affect the forecast if the fore- 
casting horizon s is sufficiently long. In particular, if 6 = 0, then 

That is, a long-run forecast is the unconditional mean. This property, called 
mean reversion, holds for any linear stationary processes, not just for station- 
ary AR(1) processes.2 For this reason, a linear stationary process is sometimes 
called a transitory component. 

Case p = 1. Suppose, instead, that p = 1. Then (z,) is a driftless random 
walk (a particular stochastic trend), and v, can be written as 

which shows that (y,) is a random walk with drift with the initial value of zo+a 
(a particular 1(1) or difference-stationary process). Setting p = 1 in (9.1.9), we 
obtain 

'see,  e.g., Hamilton (1994, p. 439) for a proof 
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That is, a random walk with drift 8 is expected to grow at a constant rate of 
8 per period from whatever its current value y, happens to be. Unlike in the 
trend-stationary case, the current value has a permanent effect on the forecast 
for all forecast horizons. This is because of the presence of a stochastic trend 
2,. A stochastic trend is also called a permanent component. 

2. The second reason for distinguishing between trend-stationary and difference- 
stationary processes arises in the context of inference. For example, suppose 
you are interested in testing a hypothesis about /3 in a regression equation 

where u,  is a stationary error term. If the regressor x,  is trend stationary, then, 
as was shown in Section 2.12, the t-value on the OLS estimate of /3 is asymp- 
totically standard normal. On the other hand, if x, is difference stationary, that 
is, if it has a stochastic trend, then the t-value has a nonstandard limiting distri- 
bution, so inference about /3 cannot be made in the usual way. The regression in 
this case is called a "cointegrating regression." Inference about a cointegrating 
regression will be studied in the next chapter. 

Which Should Be Taken as the Null, I(0) or I(l)? 
To distinguish between trend-stationary processes and difference-stationary, or 1(1), 
processes, the usual practice in the literature is to test the null hypothesis that the 
process is I(l),  rather than taking the hypothesis of trend stationarity as the null. 
Presumably there are two reasons for this. One is that the researcher believes the 
variables of the equation of interest to be 1(1) and wishes to control type I error with 
respect to the 1(1) null. This, however, is not ultimately convincing because usually 
the researcher does not have a strong prior belief as to whether the variables are I(0) 
or I(1). For a concise statement of the problem this poses for inference, see Watson 
(1994, pp. 2867-2870). The other reason is simply that the literature on tests of the 
trend-stationary null against the 1(1) alternative is still relatively underdeveloped. 
There are available several tests of the null hypothesis that the process is I(0) or 
more generally trend stationary; see contributions by Tanaka (1990), Kwiatkowski 
et al. (1992), and Leybourne and McCabe (1994), and surveys by Stock (1994, 
Section 4) and Maddala and Kim (1998, Section 4.5). As of this writing, there 
is no single I(0) test commonly used by the majority of researchers that has good 
finite-sample properties. In this book, therefore, we will concentrate on tests of the 
1(1) null. 
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Other Approaches to Modeling Trends 
In addition to stochastic trends and time trends, there are two other popular 

approaches to modeling trends: fractionally integration and broken trends with 

an unknown break date. They will not be covered in this book. For a survey of 
the former approach, see Baillie (1996). The literature on trend breaks is growing 
rapidly. Surveys can be found in Stock (1994, Section 5) and Maddala and Kim 

(1998, Chapter 13). 

Q U E S T I O N  FOR R E V I E W  

1. (Long-run variance of differences of I(0) processes) Let {u,} be I(0) with 

Var(u,) < GO. Verify that {Au,} is covariance stationary and that the long- 

run variance of {Au,} is zero. Hint: The long-run variance of {v,) (where 

v, - Au,) is defined to be the limit as T -+ GO of ~ a r ( f i 5 ) .  f i ~  = 

( ~ 1  + v2 + ' ' ' + v T ) / f i  = (UT - u O ) / f i .  

9.2 Tools for Unit-Root Econometrics 

The basic tool in unit-root econometrics is what is called the "functional central 
limit theorem" (FCLT). For the FCLT to be applicable, we need to specialize 1(1) 

processes by placing restrictions on the associated I(0) processes. Which restric- 

tions to place, that is, which class of I(0) processes to focus on, differs from author 

to author, depending on the version of the FCLT in use. In this book, following the 
practice in the literature, we focus on linear I(0) processes. After defining linear 

I(0) processes, this section introduces some concepts and results that will be used 

repeatedly in the rest of this chapter. 

Linear I(0) Processes 
Our definition of linear I(0) processes is as follows. 

Definition 9.2 (Linear I(0) processes): A linear I(0) process can be written as a 

constant plus a zero-mean linear process {u,) such that 

u, = @(L)E,, @(L) = $ro + $rlL + @ 2 ~ 2  + . . .  fort  = 0, f 1, f 2 , .  . . . (9.2.1) 

{E,} is independent white noise (i.i.d. with mean 0 and E(E:) = o2 > O), (9.2.2) 

Keen
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The innovation process {E,] is assumed to be white noise i.i.d. This requirement is 
for simplifying the exposition and can be relaxed ~ubstantially.~ In the rest of this 
chapter, we will refer to linear I(0) processes as simply I(0) processes, without the 
qualifier "linear." Also, unless otherwise stated, {E,] will be an independent white 
noise process and {u,] a zero-mean I(0) process. 

Condition (9.2.3a) (sometimes called the one-summability condition) is 
stronger than the more familiar condition of absolute surnmability. This stronger 
assumption will make it easier to prove large sample results of the next section, 
with the help of the Beveridge-Nelson decomposition to be introduced shortly. 
Since { t , ]  is absolutely summable, the linear process {u,] is strictly stationary 
and ergodic by Proposition 6.1 (d). The j-th order autocovariance of {u, ] will be 
denoted yj. Since E(u,) = 0, yj = E(u,u,-,). By Proposition 6.l(c) the autoco- 
variances are absolutely sumrnable. 

To understand condition (9.2.3b), recall that the long-run variance (which we 
denote h2 in this chapter) equals the value of the autocovariance-generating func- 
tion at z = I by Proposition 6.8(b). By Proposition 6.6 it is given by 

00 

I' = long-run variance of {u,] = yo + 2 C y, = o2 . [ t ( l )12.  (9.2.4) 
j=l 

The condition (9.2.3b) thus ensures the long-run variance to be positive. 

Approximating 1(1) by a Random Walk 
Let {.$,I be 1(1) so that At, = 6 + u, where u, - ~ ( L ) E ,  is a zero-mean I(0) 
process satisfying (9.2.1)-(9.2.3) with ~(6:) < m. Using the following identity 
(to be verified in Review Question 1): 

3 ~ o r  example, the innovation process can be stationary martingale differences. See, e.g., Theorem 3.8 of 
Tanaka (1996, p. 80). 
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we can write u, as 

u, - + ( L ) E ~  = + ( l )  - E, + qt - qtPl with qt -- ~ ( L ) E ~ .  (9.2.6) 

It can be shown (see Analytical Exercise 7) that a (L)  is absolutely summable. 
So, by Proposition 6.l(a), {qt] is a well-defined zero-mean covariance-stationary 
process (it is actually ergodic stationary by Proposition 6.l(d)). Substituting (9.2.6) 
into (9.1.4), we obtain (what is known in econometrics as) the Beveridge-Nelson 
decomposition: 

Thus, any linear J(1) process can be written as the sum of a linear time trend (6 . t ) ,  
a driftless random walk or a stochastic trend (+( l )  ( E ~  + E~ + . . . + E ~ ) ) ,  a stationary 
process (qt), and an initial condition (co - qo). Stated somewhat differently, we 
have 

Proposition 9.1 (Beveridge-Nelson decomposition): Let {u, } be a zero-mean 
I(0) process satisfying (9.2.1)-(9.2.3). Then 

where 11, = ~ ( L ) E ~ ,  aj = -(+j+l + $rjlrjt2 + . . . ). {qt] is zero-mean ergodic 
stationary? 

For a moment set 6 = 0 in (9.2.7) so that (6,) is driftless I(1). An important 
implication of the decomposition is that any driftless 1(1) process is dominated by 
the stochastic trend +( l )  C:=l E, in the following sense. Divide both sides of the 
decomposition (9.2.7) (with 6 = 0) by f i  to obtain 

4 ~ o r  a more general condition, which does not require the I(0) process (uf) to be linear, under which u 1 + 
. . . t ut is decomposed as shown here, see Theorem 5.4 of Hall and Heyde (1980). In that theorem, { E ~ ]  is a 
stationary martingale difference sequence, so the stochastic trend is a martingale. 



566 Chapter 9 

Since E(#) < m by assumption, ~ [ ( t ~ / & ) ~ ]  + 0 as t + m. SO to/& con- 
verges in mean square (and hence in probability) to zero. The same applies to 
rl,/& and rlo/&. So the terms in the brackets on the right-hand side of (9.2.8) can 
be ignored asymptotically. In contrast, the first term has a limiting distribution of 
N (0, u2. [+ (1)12) by the Lindeberg-Levy CLT of Section 2.1. In this sense, the sto- 
chastic trend grows at rate &. Using (9.2.4), the stochastic trend can be written as 

which shows that changes in the stochastic trend in 6, have a variance of h2, the 
long-run variance of (At,}. 

Now suppose 6 # 0 so that (6,) is 1(1) with drift. As is clear from dividing 
both sides of (9.2.7) by t rather than & and applying the same argument just given 
for the 6 = 0 case, the stochastic trend as well as the stationary component can be 
ignored asymptotically, with t , / t  converging in probability to 6. In this sense the 
time trend dominates the 1(1) process in large samples. 

Relation to ARMA Models 

In Section 6.2, we defined a zero-mean stationary ARMA process (u,}  as the 
unique covariance-stationary process satisfying the stationary ARMA(p, q )  
equation 

where @(L) satisfies the stationarity condition. If (E,} is independent white noise 
and if 8(1) # 0, then the ARMA(p, q)  process is zero-mean I(0). To see this, note 
from Proposition 6.5(a) that u, can be written as (9.2.1) with 

Since @(I )  # 0 by the stationarity condition and 8(1) # 0 by assumption, con- 
dition (9.2.3b) (that +(1) # 0) is satisfied. By Proposition 6.4(a), the coefficient 
sequence (*) is bounded in absolute value by a geometrically declining sequence, 
which ensures that (9.2.3a) is satisfied. 

Given the zero-mean stationary ARMA(p, q) process (u,} just described, the 

associated I(1) process (t,} defined by the relation At, = u, is called an autore- 
gressive integrated moving average (ARIMA(p, 1, q))  process. Substituting the 
relation u, = (1 - L)t, into (9.2.10), we obtain 
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with @* (L) = @(L)(l  - L), @(L) stationary, and 0(1) # 0. One of the roots of 
the associated autoregressive polynomial equation @* (z) = 0 is unity and all other 
roots lie outside the unit circle. More generally, a class of I(d) processes can be 
represented as satisfying (9.2.12) where @*(L) is now defined as 

So @* (z) = 0 now has a root of unity with a multiplicity of d (i.e., d unit roots) and 
all other roots lie outside the unit circle. This class of I(d) processes is called au- 
toregressive integrated moving average (ARIMA(p, d, q ) )  processes. The first 
parameter (p) refers to the order of autoregressive lags (not counting the unit 
roots), the second parameter (d) refers to the order of integration, and the third 
parameter (q) is the number of moving average lags. Since @(L) satisfies the 
stationarity condition, taking d-th differences of an ARIMA(p, d ,  q)  produces a 
zero-mean stationary ARMA(p, q) process. So an ARIMA(p, d ,  q)  process is 

I(d). 

The Wiener Process 
The next two sections will present a variety of unit-root tests. The limiting distri- 
butions of their test statistics will be written in terms of Wiener processes (also 
called Brownian motion processes). Some of you may already be familiar with 
this from continuous-time finance, but to refresh your memory, 

Definition 9.3 (Standard Wiener processes): A standard Wiener (Brownian 
motion) process W(.) is a continuous-time stochastic process, associating each 
date t E [0, 11 with the scalar random variable W(t), such that 

(2) for any dates 0 5 tl < tz < . . . < tk 5 1, the changes 

are independent multivariate normal with W(s) - W(t) -- N(0, (s - t)) (so in 
particular W(l)  -- N(0, 1)); 

(3) for any realization, W(t) is continuous in t with probability 1. 
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Roughly speaking, the functional central limit theorem (FCLT), also called the 
invariance principle, states that a Wiener process is a continuous-time analogue 
of a driftless random walk. Imagine that you generate a realization of a standard 
random walk (whose changes have a unit variance) of length T, scale the graph 
vertically by deflating all its values by fi, and then horizontally compress this 
normalized graph so that it fits the unit interval [0, I]. In Panel (a) of Figure 9.2, 
that is done for a sample size of T = 10. The sample size is increased to 100 in 
Panel (b), and then to 1,000 in Panel (c). As the figure shows, the graph becomes 
increasingly dense over the unit interval. The FCLT assures us that there exists a 
well-defined limit as T + cx and that the limiting process is the Wiener process. 
Property (2) of Definition 9.3 is a mathematical formulation of the property that the 
sequence of instantaneous changes of a Wiener process is i.i.d. The continuous- 
time analogue of a driftless random walk whose changes have a variance of a2, 

rather than unity, can be written as a W(r). 
To pursue the analogy between a driftless random walk and a Wiener process 

a bit further, consider a "demeaned standard random w a l k  which is constructed 
from a standard driftless random walk by subtracting the sample mean. That is, let 
(<,I be a driftless random walk with Var(Af,) = 1 and define 

The continuous-time analogue of this demeaned random walk is a demeaned stan- 
dard Wiener process defined as 

(We defined the demeaned series for t = 0, 1 ,  . . . , T - 1, to match the dating 
convention of Proposition 9.2 below. If the demeaned series is defined for t = 

1 ,  2, . . . , T, then its continuous-time analogue, too, is (9.2.15).) 
We can also create from the standard random walk (6,) a detrended series: 

where G and $ are the OLS estimates of the intercept and the time coefficient in the 
regression o f t ,  on (1, t) (t = 0, 1, . . . , T - 1). The continuous-time analogue of 
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Figure 9.2: Illustration of the Functional Central Limit Theorem 
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the detrended random walk is a detrended standard Wiener process defined as 

The coefficients a and d are the limiting random variables of 2 and 6^, respectively, 
as T + co (see, e.g., Phillips and Durlauf, 1986, for a derivation). Therefore, 
if a linear time trend is fitted to a drifless random walk by OLS, the estimated 
linear time trend 6̂  converges in distribution to a random variable d; even in large 
samples 6̂  will never be zero unless by accident. This phenomenon is sometimes 
called spurious detrending. 

A Useful Lemma 
Unit-root tests utilize statistics involving I(0) and 1(1) processes. The key results 
collected in the following proposition will be used to derive the limiting distribu- 
tions of the test statistics of the unit-root tests of Sections 9.3-9.4. 

Proposition 9.2 (Limiting distributions of statistics involving I(0) and I(1) 
variables): Let {t,) be driftless 1(1) so that At, is zero-mean I(0) satisfying 
(9.2.1)-(9.2.3) and E(C;) < 00. Let 

h2 = long-mn vm'ance of {At,) and yo = Var(A6,). 

Then 

1 T 

(a) Z ( b - d 2  + d h2 - 1' ~ ( r ) ~  dr, 
t=1 

Let { t r )  be the demeaned series created from (6,) by the formula (9.2.14). Then 
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Let {c: ) be the detrended series created from {ct ] by the formula (9.2.16). Then 

The convergence is joint. That is, a vector consisting o f  the statistics indicated in 
( a ) + )  converges to a random vector whose elements are the corresponding random 
variables also indicated in (a)-(0. 

Part (a), for example, reads as follows: the sequence of random variables { ( l l ~ ) ~  

cT=~ indexed by T converges in distribution to a random variable h2 1 w2 
dr. The limiting random variables in the proposition are all written in terms of 
standard Wiener processes. Note that the same Wiener process W ( . )  appears in 
(a) and (b) and that the demeaned and detrended Wiener processes in (c)-(f) are 
derived from the Wiener process appearing in (a) and (b). So the limiting random 
variables in (a)-(f) can be correlated. 

To gain some understanding of this result, suppose temporarily that {<,I is 
a driftless random walk with Var(A<,) = a 2 .  Given that a Wiener process is 
the continuous-time analogue, it is not surprising that "CT=, (ct-1)2" suitably nor- 
malized by a power of T becomes "a2 1 w2." Perhaps what you might not have 
guessed is the normalization by T2. One way to see why the square of T provides 
the right normalization, is to recall that E[(<,)~] = Var(&) = a2 . t .  Thus, 

So the mean of C T = , ( ~ , - ~ ) ~  grows at rate T2. In order to construct a random 
variable that could have a limiting distribution, c T = ~ ( ~ ~ - ~ ) ~  will have to be divided 
by T2. 

Now suppose that {c,) is a general driftless 1(1) process whose first difference 
is a zero-mean I(0) process satisfying (9.2.1)-(9.2.3). Then serial correlation in 
Act can be taken into account by replacing a2 by h2 (the long-run variance of 

{A&}). This is due to implication (9.2.9) of the Beveridge-Nelson decomposi- 
tion that a driftless 1(1) process is dominated in large samples by a random walk 
whose changes have a variance of h2. Put differently, the limiting distribution of 
c ~ _ ~ ( < ~ - ~ ) ~ / T ~  would be the same if {&I, instead of being a general driftless 



572 Chapter 9 

1(1) process with serially correlated first differences, were a driftless random walk 
whose changes have a variance of A ~ .  

For a proof of Proposition 9.2, see, e.g., Stock (1994, pp. 2751-2753). It is a 
rather mechanical application of the FCLT and a theorem called the "continuous 
mapping theorem." Since W(l) - N(0, l), the limiting random variable in (b) is 

where X - x 2  ( 1 )  (chi-squared with 1 degree of freedom). Proof of (b) can be done 
without the fancy apparatus of the FCLT and the continuous mapping theorem and 
is left as Analytical Exercise 1. 

Q U E S ' T I O N S  F O R  R E V I E W  

1. (Verifying Beveridge-Nelson for simple cases) Verify (9.2.5) for $(L) = 1 + 
L. Do the same for $(L) = (1 - #L)-' where 141 < 1. 

2. (A CLT for I(0)) Proposition 6.9 is about the asymptotics of the sample mean 
of a linear process. Verify that the paragraph right below Proposition 9.1 is a 
proof of Proposition 6.9 with the added assumption of one-summability. 

3. (Is the stationary component in Beveridge-Nelson I(O)?) Consider a zero- 
mean I(0) process 

Verify that the long-run variance of { r ] , }  defined in (9.2.6) is zero. 

4. (Initial values and demeaned values) Let (6,) be driftless I(1) so that 6, can 
be written as 6, = t o  + ul + u2 + . . . + u,. Does the value of to affect the 
value of 6; where (6;) is the demeaned series created from {c,) by the formula 
(9.2.14)? [Answer: No.] 

5. (Linear trends and detrended values) Let 6, be I(1) with drift, so it can be 
written as the sum of a linear time trend a + 6 . r and a driftless 1(1) process. 
Do the values of a and 6 affect the value of 6: where {t:) is the detrended 
series created from (6,) by the formula (9.2.16)? [Answer: No.] 
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9.3 Dickey-Fuller Tests 

In this and the following section, we will present several tests of the null hypothesis 
that the data generating process (DGP) is I(1). In this section, the 1(1) process is a 
random walk with or without drift, and the tests are based on the OLS estimation 

of appropriate AR(1) equations. Those tests were developed by Dickey (1976) and 

Fuller (1976) and are referred to as Dickey-Fuller tests or DF tests. We take the 

convention that the sample has T + 1 observations (yo, y l ,  . . . , yT), SO that the 

AR(1) equation can be estimated for t = 1,2 ,  . . . , T .  

The AR(1) Model 
The Dickey-Fuller test statistics are derived from the estimation of the first-order 

autoregressive model: 

yt = pyt-1 + E ~ ,  { E ~ }  independent white noise. (9.3.1) 

(The case with intercept will be studied in a moment.) This model includes both 

1(1) and I(0) processes: if p = 1, that is, if the associated polynomial equation 

1 - pz = 0 has a unit root, then Ay, = E~ and {y,) is a driftless random walk, 

whereas if lp 1 < 1, the process is zero-mean stationary AR(1). Thus, the hypoth- 
esis that the data are generated by a driftless random walk can be formulated as the 

null hypothesis that p = 1. If we take the position that the DGP is either I(0) or 

I( l) ,  then - 1 < p _( 1. Given this a priori restriction on p,  the I(0) alternative can 

be expressed as p < 1. So one-tailed tests will be used to test the null of p = 1 
against the I(0) alternative. 

The tests will be based on 6, the OLS estimate of p in the AR(1) equation 

(9.3.1). Under the I(1) null of p = 1, the sampling error is 6 - 1, whose expression 

is given by 

As will be verified in a moment, the numerator has a limiting distribution if divided 

by T and the denominator has one if divided by T ~ .  SO consider the sampling error 

magnified by T : 
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Deriving the Limiting Distribution under the 1(1) Null 
Deriving the limiting distribution of T . ( i  - 1) under the 1(1) null (a driftless ran- 
dom walk) is very straightforward. Since {y,} is driftless I(1), parts (a) and (b) of 
Proposition 9.2 are applicable with 6, = y,. Furthermore, since Ay, is independent 
white noise, h2 (the long-run variance of {Ay,}) equals yo (the variance of Ay,). 
Thus, 

As noted in the Proposition, the convergence is joint, so WT E (wIT, ~ 2 ~ ) '  as 
a vector converges to a 2 x 1 random vector, w r (w 1, ~ 2 ) ' .  Since (9.3.3) is a 
continuous function of wT (it equals w ~ ~ / w ~ ~ ) ,  it follows from Lemma 2.3(b) that 

w l  ? w ( r l 2  - y ; ( ~ ( i ) ~  - 1) 
+ - =  - - DF,. 

W2 y ~ . / d W ( r ) ~ d r  x W ( ~ ) ~ d r  

(9.3.6) 

The test statistic T . (6 - 1) is called the Dickey-Fuller, or DF, p statistic. Several 
points are worth noting: 

T . (6 - l),  rather than the usual 8 . (6 - l ) ,  has a nondegenerate limiting 
distribution. The estimator 6 is said to be superconsistent because it converges 
to the true value of unity at a faster rate (T). 

The null hypothesis does not specify the values of Var(~,) and yo (the initial 
value) of the DGP, yet they do not affect the limiting distribution, the distribution 
of the random variable DF,. That is, the limiting distribution does not involve 
those nuisance parameters. So we can use T . (6 - 1) as the test statistic. This 
test of a driftless random walk is called the Dickey-Fuller p test. 

Note that both the numerator and the denominator involve the same Wiener 

process, so they are correlated. Since W(1) is distributed as standard normal, 
the numerator of the expression for DF, could be written as (X2(1) - 1)/2. But 
this would obscure the point being made here. 
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The usual t-test for the null of p = 1, too, has a limiting distribution. It is just 
a matter of simple algebra to show that the t-value for the null of p = 1 can be 
written as 

where s is the standard error of regression: 

It is easy to prove (see Review Question 3) that s2 is consistent for yo (= Var(Ay,)). 
It is then immediate from this and (9.3.4) and (9.3.5) that 

;(w(1)2 - 1) 
t + =  E DFt. 

This limiting distribution, too, is free from nuisance parameters. So the t-value 
can be used for testing, but the critical values for the standard normal distribution 
cannot be used; they have to come from a tabulation (provided below) of D F, . This 
test is called the DF t test. 

We summarize the discussion so far as 

Proposition 9.3 (Dickey-Fuller tests of a driftless random walk, the case with- 
out intercept): Suppose that {y,} is a driftless random walk (so {Ay,} is inde- 
pendent white noise) with E(~;)  < co. Consider the regression of y, on y,-1 
(without intercept) for t = 1,2, . . . , T .  Then 

D F p  statistic: T - (b - 1) += DF,, 
d 

D F t  statistic: t += DF,, 
d 

where j is the OLS estimate of the ytPl coefficient, t is the t -value for the hypoth- 
esis that the y, - I coefficient is 1, and DF, and DF, are the random variables defined 
in (9.3.6) and (9.3.9). 

Thus, we have two test statistics, T . (b - 1) and the t-value, for the same I(1) null. 
Comparison of the (generalizations of)  these DF tests will be discussed in the next 
section. 

Keen
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Table 9.1: Critical Values for the Dickey-Fuller p Test 

Sample 
size (T) 

Probability that the statistic is less than entry 
0.01 0.025 0.05 0.10 0.90 0.95 0.975 0.99 

Panel (a): T . ( j  - 1) 
-11.8 -9.3 -7.3 -5.3 1.01 1.41 1.78 
-12.8 -9.9 -7.7 -5.5 0.97 1.34 1.69 
-13.3 -10.2 -7.9 -5.6 0.95 1.31 1.65 
-13.6 -10.4 -8.0 -5.7 0.94 1.29 1.62 
-13.7 -10.4 -8.0 -5.7 0.93 1.28 1.61 
-13.8 -10.5 -8.1 -5.7 0.93 1.28 1.60 

Panel (b): T . (6'' - 1) 
-17.2 -14.6 -12.5 -10.2 -0.76 0.00 0.65 
-18.9 -15.7 -13.3 -10.7 -0.81 -0.07 0.53 
-19.8 -16.3 -13.7 -11.0 -0.83 -0.11 0.47 
-20.3 -16.7 -13.9 -11.1 -0.84 -0.13 0.44 
-20.5 -16.8 -14.0 -11.2 -0.85 -0.14 0.42 
-20.7 -16.9 -14.1 -11.3 -0.85 -0.14 0.41 

Panel (c): T ( j r  - 1) 
-22.5 -20.0 -17.9 -15.6 -3.65 -2.51 -1.53 
-25.8 -22.4 -19.7 -16.8 -3.71 -2.60 -1.67 
-27.4 -23.7 -20.6 -17.5 -3.74 -2.63 -1.74 
-28.5 -24.4 -21.3 -17.9 -3.76 -2.65 -1.79 
-28.9 -24.7 -21.5 -18.1 -3.76 -2.66 -1.80 
-29.4 -25.0 -21.7 -18.3 -3.77 -2.67 -1.81 

SOURCE: Fuller (1976, Table 8.5.1), corrected in Fuller (1996, Table 10.A.l). 

Panel (a) of Table 9.1 has critical values for the finite-sample distribution of the 

random variable T . ( j  - 1) for various sample sizes. The solid curve in Figure 9.3 
graphs the finite-sample distribution of j for T = 100, which shows that the OLS 
estimate of p is biased downward (i.e., the mean of j is less than 1). These are 
obtained by Monte Carlo assuming that E, is Gaussian and yo = 0. By Proposition 

9.3, as the sample size T increases, those critical values converge to the critical 

values for the distribution of DF,, reported in the row for T = 00. (Since yo does 

not have to be zero and Er does not have to be Gaussian for the asymptotic results 
in Proposition 9.3 to hold, we should obtain the same limiting critical values if the 

finite-sample critical values were calculated with a different assumption about the 

initial value yo and the distribution of E,.) From the critical values for T = 00, 
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0.6 0.7 0.8 0.9 1 .O 

- without intercept or time - - - - - - - - -  with intercept - - - - with time 

Figure 9.3: Finite-Sample Distribution of OLS Estimate 
of AR(1) Coefficient, T = 100 

we can see that the DF, distribution, too, is skewed to the left, with the 5 percent 

lower tail critical value of -8.1 (so Prob(DF, < -8.1) = 5%) and the 5 percent 

upper tail critical value of 1.28. The small-sample bias in j is reflected in the 

skewness in the limiting distribution of T . ( j  - 1). 

Critical values for DF, (the limiting distribution of the t-value) are in the row 

for T = oo of Table 9.2, Panel (a). Like DF,, it is skewed to the left. The table 

also has critical values for finite-sample sizes. Again, they assume that yo = 0 and 
is normally distributed. 

Incorporating the Intercept 

A shortcoming of the tests based on the AR(1) equation without intercept is its lack 

of invariance to an addition of a constant to the series. If the test is performed on a 

series of logarithms (as in Example 9.1 below), then a change in units of measure- 

ment of the series results in an addition of a constant to the series, which affects 

the value of the test statistic. To make the test statistic invariant to an addition of a 

constant, we generalize the model from which the statistic is derived. Consider the 

model 

YI = a + 21, 21 = P Z ~ - I  + { E , }  independent white noise. (9.3.10) 
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Table 9.2: Critical Values for the Dickey-Fuller t-Test 

Sample Probability that the statistic is less than entry 
size ( T )  0.01 0.025 0.05 0.10 0.90 0.95 0.975 0.99 

Panel (a): t 
-1.95 -1.60 0.92 1.33 1.70 2.15 
-1.95 -1.61 0.91 1.31 1.66 2.08 
-1.95 -1.61 0.90 1.29 1.64 2.04 
-1.95 -1.62 0.89 1.28 1.63 2.02 
-1.95 -1.62 0.89 1.28 1.62 2.01 
-1.95 -1.62 0.89 1.28 1.62 2.01 

Panel (b): t w  

-2.99 -2.64 -0.37 0.00 0.34 0.71 
-2.93 -2.60 -0.41 -0.04 0.28 0.66 
-2.90 -2.59 -0.42 -0.06 0.26 0.63 
-2.88 -2.58 -0.42 -0.07 0.24 0.62 
-2.87 -2.57 -0.44 -0.07 0.24 0.61 
-2.86 -2.57 -0.44 -0.08 0.23 0.60 

Panel (c): t S  

-3.60 -3.24 -1.14 -0.81 -0.50 -0.15 
-3.50 -3.18 -1.19 -0.87 -0.58 -0.24 
-3.45 -3.15 -1.22 -0.90 -0.62 -0.28 
-3.42 -3.13 -1.23 -0.92 -0.64 -0.31 
-3.42 -3.13 -1.24 -0.93 -0.65 -0.32 
-3.41 -3.13 -1.25 -0.94 -0.66 -0.32 

SOURCE: Fuller (1976, Table 8.5.2), corrected in Fuller (1996, Table 10.A.2). 

The process {y,] obtains when a constant a is added to a process satisfying (9.3.1). 
Under the null of p = 1, ( 2 , )  is a driftless random walk. Since y, can be written as 

{y,] too is a driftless random walk with the initial value of yo = a + zo. Under the 
alternative of p c 1, {y,] is stationary AR(I) with mean a. Thus, the class of I(0) 
processes included in (9.3.10) is larger than that in (9.3.1). 

By eliminating {z,] from (9.3.10), we obtain an AR(1) equation with intercept 
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where 

a* = (1 - p)a. 

Since a* = 0 when p = 1, the 1(1) null (that the DGP is a driftless random walk) is 

the joint hypothesis that p = 1 and a* = 0 in terms of the coefficients of regression 
(9.3.1 1). Without the restriction a* = 0, ( y , }  could be a random walk with drift. 
We will develop tests of a random walk with drift in a moment. Until then, we 
continue to take the null to be a random walk without drift. 

Let j w  here be the OLS estimate of p in (9.3.11) and tw be the t-value for the 
null of p = 1. It should be clear that a would not affect the value of bw or its OLS 
standard error; adding the same constant to y, for all t merely changes the estimated 

intercept. Therefore, the finite-sample as well as large-sample distributions of the 

DF pa statistic, T . (bw - l ) ,  and the DF t" statistic, tw, will not depend on a 

regardless of the value of p. 

As you will be asked to prove in Analytical Exercise 2, T . (jw - 1) converges 

in distribution to a random variable represented as 

and tw converges in distribution to 

Here, Ww(.) is a demeaned standard Wiener process introduced in Section 9.2. 

These limiting distributions are free from nuisance parameters such as a .  The 
basic idea of the proof is the following. First, obtain a demeaned series by sub- 

tracting the sample mean from {y,} (or equivalently, as the OLS residuals from the 
regression of {y,} on a constant). Second, use the Frisch-Waugh Theorem (intro- 

duced in Analytical Exercise 4 of Chapter 1) to write T . ( j w  - 1) and the t-value 
in formulas involving the demeaned series. Finally, use Proposition 9.2(c) and (d). 
Summarizing the discussion, we have 

Proposition 9.4 (Dickey-Fuller tests of a driftless random walk, the case with 
intercept): Suppose that {y,} is a driftless random walk (so {Ay,} is independent 
white noise) with E(~:) < cm. Consider the regression of  y, on (1, ytPl  ) for 
t = l , 2 ,  . . . , T .  Then 

DF pw statistic: T . ( j w  - 1) + DFF, 
d 

Keen
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DF t p  statistic: t p  + D F ~ ,  
d 

where b p  is the OLS estimate of  the y,-1 coefficient, tp is the t-value for the 
hypothesis that the y,-1 coefficient is 1 ,  and DFF and D F ~  are the two random 
variables defined in (9.3.13) and (9.3.14). 

Critical values for DFF are in Table 9.1, Panel (b), and those for D F ~  are in 
Table 9.2, Panel (b), in rows for T = m. The distribution is more strongly skewed 
to the left than in the case without intercept. The table also has critical values for 
finite-sample sizes based on the assumption that E, is normal. The finite-sample 
distribution of i?p for T = 100 is graphed in Figure 9.3. It shows a greater bias 
for i?p than for 6 (the OLS estimate without intercept). Unlike in the case without 
intercept, the finite-sample critical values do not depend on yo. This is because, 
when p = 1, a change in the initial value yo only adds the same constant to y, for 
all t ,  so the values of the DF pp and tp statistics are invariant to yo. 

We started out this subsection by saying that the 1(1) null is the joint hypothesis 
that p = 1 and a* = 0. Yet the test statistics are for the hypothesis that p = 1. For 
the unit-root tests, this is the practice in the profession; test statistics for the joint 
hypothesis are rarely used. 

Example 9.1 (Are the exchange rates a random walk?): Let y, be the 
log of the spot yen/$ exchange rate. To make the tests invariant to the choice 
of units (e.g., yen/$ vs. yen/$), we fit the AR(1) model with intercept, so 
Proposition 9.4 is applicable. For the weekly exchange rate data used in the 
empirical application of Chapter 6 and graphed in Figure 6.3 on page 424, 
the AR(1) equation estimated by OLS is 

yt = 0.162 + 0.9983376 y,-l, R~ = 0.997, SER = 2.824. 
(0.435) (0.0019285) 

Standard errors are in parentheses. Because of the lagged variable y,-1, the 
actual sample period is from the second week rather than the first week of 
1975. So T = 777 and 

Since the alternative hypothesis is that p < 1, a one-tailed test is called for. 
(If you think that the process might be an explosive AR(1) with p > 1, you 
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should perform a two-tailed test.) From Table 9.1, Panel (b), for DF:, the 
(asymptotic) critical value that gives 5 percent to the lower tail is - 14.1. 
That is, 

Prob(DFz < -14.1) = 0.05. 

The test statistic of -1.29 is well above this critical value, so the null is 
easily accepted at the 5 percent significance level. Turning to the DF t test, 
from Table 9.2, Panel (b), the 5 percent critical value is -2.86. The t-value 
of -0.86 is greater, so the null hypothesis is easily accepted. 

Incorporating Time Trend 

As was mentioned in Section 9.1, most economic time series appear to have lin- 
ear time trends. To make the DF tests applicable to time series with trend, we 

generalize the model once again, this time by adding a linear time trend: 

~t = a + S . t + zr , zt = pzt-1 + E ! ,  { E ~ }  independent white noise. (9.3.15) 

Here, S is the slope of the linear trend which may or may not be zero. Under the 
null of p = 1, { z , }  is a driftless random walk, and y, can be written as 

with yo = a + zo. So { y , }  is a random walk with drift if S # 0 and without drift 

if S = 0. Under the alternative that p < 1, the process, being the sum of a linear 
trend and a zero-mean stationary AR(1) process, is trend stationary. 

By eliminating { z , }  from (9.3.15) we obtain 

where 

a* = (1 - p)a  + pS, S* = (1 - p)S. (9.3.18) 

Since S* = 0 when p = 1, the J(1) null (that the DGP is a random walk with 

or without drift) is the joint hypothesis that p = 1 and S* = 0 in terms of the 
regression coefficients. In practice, however, unit-root tests usually focus on the 

single restriction p = 1. 
As in the AR(1) model with intercept, the statement of Proposition 9.3 can be 

readily modified to the AR(1) model with trend. Let 6' be the OLS estimate of the 

p in (9.3.17) and t 3 e  the t-value for the null of p = 1. As you will be asked to 
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prove in Analytical Exercise 3, T - (b' - 1) converges in distribution to 

and t' converges in distribution to 

Here, Wr(.) is a detrended standard Wiener process introduced in Section 9.2. The 
basic idea of the proof is to use the Frisch-Waugh Theorem to write T . (fir - 1) and 
t' in formulas involving detrended series and then apply Proposition 9.2(e) and (f). 
Summarizing the discussion, we have 

Proposition 9.5 (Dickey-Fuller tests of a random walk with or without drift): 
Suppose that {y,} is a random walk with or without drift with E(~:) < oo. Con- 
sidertheregression of  y, on (1, t ,  y , -~ )  fort = 1,2 ,  . . . , T .  Then 

DFp'  statistic: T . (b' - 1) -+ DF,', (9.3.21) 
d 

D F  t ' statistic: t ' -+ D F: , 
d 

(9.3.22) 

where j' is the OLS estimate of  the y,- 1 coefficient, t ' is the t -value for the hypoth- 
esis that the y,- 1 coefficient is 1 ,  and D F,' and D F: are the two random variables 
defined in (9.3.19) and (9.3.20). 

Critical values for DF,' are in Table 9.1, Panel (c), and those for DF: are in Table 
9.2, Panel (c). The table also has critical values for finite sample sizes based on the 
assumption that F ,  is normal (the initial value yo as well as the trend parameters a 

and S need not be specified to calculate the finite-sample distributions because they 
do not affect the numerical values of the test statistics under the null of p = 1). For 
both the DF p' and t' statistics, the distribution is even more strongly skewed to the 
left than that for the case with intercept. Now for all sample sizes displayed in the 
tables, the 99 percent critical value is negative, meaning that more than 99 percent 
of the time j' is less than unity when in fact the true value of p is unity! This 
is illustrated by the chained curve in Figure 9.3, which graphs the finite-sample 
distribution of j' for T = 100. 
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Two comments are in order about Proposition 9.5. 

(Numerical invariance) The test statistics jr and tr are invariant to (a,  6) regard- 
less of the value of p; adding a + 6 . t to the series {y,} merely changes the OLS 
estimates of a* and 6* but not jr or its t-value. Therefore, the finite-sample 
as well as large-sample distributions of T . (6' - 1) and t r  will not depend on 
(a,  6), regardless of the value of p. 

(Should the regression include time?) Since the test statistics are invariant to 
the value 6 in the DGP, Proposition 9.5 is applicable even when 6 = 0. That is, 
the jr and t' statistics can be used to test the null of a driftless random walk. 
However, if you are confident that the null process has no trend, then the DF pp 
and tp tests of Proposition 9.4 should be used, with the regression not including 
time, because the finite-sample power against stationary alternatives is generally 
greater with j p  and tp than with j' and t r  (you will be asked to verify this in 
Monte Carlo Exercise 1). On the other hand, if you think that the process might 
have a trend, then you should use 5' and t', with time in the regression. If you 
fail to include time in the regression and use critical values from Table 9.1, Panel 
(b), and Table 9.2, Panel (b), when indeed the DGP has a trend, then the test will 
not be correctly sized in large samples (i.e., the probability of rejecting the null 
when the null is true will not approach the prespecified significance level (the 
nominal size) as the sample size goes to infinity). This is simply because the 
limiting distributions of j p  or tp when the DGP has a trend are not DFF or 
DF: . 

Q U E S T I O N S  FOR R E V I E W  

1. (Superconsistency) Let j be the OLS coefficient estimate as in (9.3.2). Verify 
that TI-" ( j  - 1) -+,Ofor0 < I ]  < 1 i f p  = 1. 

2. (Limiting distribution under general driftless I(1)) In the AR(1) model (9.3.1), 
drop the assumption that the error term is independent white noise by replacing 
E ,  by u, and assuming that (u,} is a general zero-mean I(0) process satisfying 
(9.2.1)-(9.2.3). So the process under the null of p = 1 is a general driftless 
I(1) process. Show that T - ( j  - 1) converges in distribution to 

where h2 = long-run variance of { Ay,} and yo = Var(Ay,). 

Keen
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3. (Consistency of s2) The usual OLS standard error of regression for the AR(1) 
equation, s ,  is defined in (9.3.8). If (pl < 1,  we know from Section 6.4 that 
s 2  is consistent for Var(~,). Show that, under the null of p = 1, s2  remains 
consistent for Var(e,). Since Ay, = E, when p = 1, s2  is consistent for yo 

(= Var(Ay,)) as well. Hint: Rewrite s h s  

Also, E[(Av,)~]  = yo. Use the result we have used repeatedly: if XT + p  0 and 

YT +d Y ,  then XT - YT + p  0. 

4. (Two tests for a random walk) Consider two regressions. One is to regress 
Avt on AY,-~,  and the other is to regress Ay, on ytPl .  To test the null that {y,} 
is a driftless random walk, which distribution should be used, the t-value from 
the first regression or the t-value from the second regression? 

5. (Consistency of DF tests) Recall that a test is said to be consistent against a 
set of alternatives if the probability of rejecting a false null hypothesis when 

the true DGP is any of the alternatives approaches unity as the sample size 
increases. Let T . (B - 1) be as defined in (9.3.3). 

(a) Suppose that {y,} is a zero-mean I(0) process and that its first-order auto- 
correlation coefficient is less than 1 (so E(~:) > E(y, ytPl)). Show that 

Thus, the DF p test is consistent against general I(0) alternatives. Hint: 

Show that, if {y,} is I(O), 

plim = E(yt YI-1) 

T+m E ( Y ~ - d 2  

(b) Show that the DF t test is consistent against general zero-mean I(0) alter- 
natives. Hint: s converges in probability to some positive number when {y,} 

is zero-mean I(0). 
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6. (Effect of yo on test statistics) For f iP  and t M ,  verify that the initial value yo 
does not affect their values in finite samples when p = 1. Does this hold true 

when p < l ?  [Answer: No, because the effect of a change in yo on y, depends 

on t.] Does the finite-sample power against the alternative of p < 1 depend on 

yo? [Answer: Yes.] 

7. (Sargan-Bhargava, 1983, statistic) Basing the test statistic on the OLS coeffi- 
cient estimator is not the only way to derive a unit-root test. For a sample of 

(yo, yl, . . . , yT), the Sargan-Bhargava statistic is defined as 

(a) Verify that it is the reciprocal of the Durbin-Watson statistic. 

(b) Show that, if {y,) is a driftless random walk, then 

1 

SB + 1 [ ~ ( r ) ] '  dr. 
d 

T T 7 2 
Hint: E,=,y: = y;, + yT. Also, y;/T2 +, 0. 

(c) Verify that, under an 1(0) alternative with E[(A?,)~]  # 0, SB +, 0. (So 

the test rejects the 1(1) null for small values of SB.) 

- - - - 

9.4 Augmented Dickey-Fuller Tests 

The 1(1) null process in the previous section was a random walk, which does not 

allow for serial correlation in first differences. The tests of this section control for 
serial correlation by adding lagged first differences to the autoregressive equation. 

They are due to Dickey and Fuller (1979) and came to be known as the Augmented 
Dickey-Fuller (ADF) tests. 

'The Augmented Autoregression 
The 1(1) null in the simplest ADF tests is that {y,) is ARIMA(p, 1,0), that is, { Ay,) 

is a zero-mean stationary AR(p) process: 
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where { E ~ }  is independent white noise and where the associated polynomial equa- 
tion, l - z - c2z2 - . - - - cPzP = 0, has all the roots outside the unit circle. (Later 
on we will allow {Ay,) to be stationary ARMA(p, q) . )  The first difference process 
{Ay,) is thus an I(0) process because it can be written as Ay, = @(L)E, where 

The model used to derive the test statistics includes this process as a special case: 

Indeed, (9.4.3) reduces to (9.4.1) when p = 1. 
Equation (9.4.3) can also be written as an AR(p + 1): 

where the 4's are related to (p, 51, . . . , 5,) by 

Conversely, any (p + 1)-th order autoregression can be written in the form (9.4.3). 
This form (9.4.3) was originally proposed by Fuller (1976, p. 374). It is called the 
augmented autoregression because it can be obtained by adding lagged changes 
to the level AR(1) equation (9.3.1). 

It is easy to show (Review Question 2) that the polynomial equation associated 
with (9.4.4) has a root inside the unit circle if p > 1. Thus, if we take the position 
that the DGP is either 1(1) or I(O), then p cannot be greater than 1 and the I(0) 
alternative is that p < 1. 

Limiting Distribution of the OLS Estimator 
Having set up the model, we now turn to the task of deriving the limiting distri- 
bution of the OLS estimate of p in the augmented autoregression (9.4.3) under the 
I(1) null. Numerically the same estimate of p can be obtained from the AR(p + 1) 
equation (9.4.4) by calculating the sum of the OLS estimates of (&, 4 2 ,  . . . , @p+l) 
(recall that p = + - - . + 4p+1). For the purpose of deriving the limiting distri- 
bution, however, the augmented autoregression is more convenient. Under the 1(1) 
null, all the p + 1 regressors in (9.4.4) are driftless I(1), but it masks the fact, to 
be exploited below and clear from (9.4.3), that p linear combinations of them are 
zero-mean I(0). 
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To simplify the calculation, consider the special case of p = 1 (one lagged 
change in yt or AR(2)), so that the augmented autoregression is 

We assume that the sample is ( Y - ~ ,  yo, . . . , yT) SO that the augmented autore- 
gression can be estimated for t = 1 , 2 ,  . . . , T (or alternatively, the sample is 

(yl, y2, . . . , yT) but the summations in what follows are from t = 3 to t = T 
rather than from t = 1 to t = T). Write this as 

with 

If b = (j, i l ) '  is the OLS estimator of the augmented autoregression coefficients 
p (= (p ,  C1)'), the sampling error is given by 

The individual terms in (9.4.8) are given by 

We can now apply the same trick we used for the time regression of Section 
2.12. For some nonsingular matrix YT to be specified below, rewrite (9.4.8) as 

where 
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We seek a matrix TT such that T T  . (b - B )  has a nondegenerate limiting distribu- 
tion under the 1(1) null. This is accomplished by setting 

With this choice of the scaling matrix T T ,  it follows from (9.4.9) and (9.4.11) that 

Let us examine the elements of AT and cT and derive their limiting distributions 
under the null of p = 1. 

The (1, 1) element of AT. Since {y,] is 1(1) without drift, it converges in distri- 
bution to h2 . j w2 dr by Proposition 9.2(a) where h2 - long-run variance of 

IAyt 1. 

The (2,2) element of AT. It converges in probability (and hence in distribution) 
to yo (= Var(Ayt)) because {Ay,}, being stationary AR(l), is ergodic station- 
ary with mean zero. 

The off-diagonal elements of AT. They are 1 1 8  times 

which is the average of the product of zero-mean I(0) and driftless 1(1) vari- 
ables. By Proposition 9.2(b), the similar product (1 I T)  xT=, Ayt yt-1 con- 
verges in distribution to a random variable. It is easy to show (Review Question 
3) that (9.4.14), too, converges to a random variable. So 1 / n  times (9.4.14), 
which is the off-diagonal elements of AT, converges in probability (hence in 
distribution) to 0. 

Therefore, AT, the properly rescaled X'X matrix, is asymptotically diagonal: 
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SO 

We now turn to the elements of CT 

The first element of CT. Using the Beveridge-Nelson decomposition, it can be 
shown (Analytical Exercise 4) that 

for a general zero-mean I(0) process 

In the present case, Ay, = Cl Ay,-, + E, under the null, so +(L) = (1 - L)-' 

and 

Second element of cT. It is easy to show (Review Question 4) that (AytPl E ~ }  is a 
stationary and ergodic martingale difference sequence, so 

1 
second element of cT = - 1 Ay,-l E, t 4 -- N(0, yo . 

-J7; ,=, d 

where yo = Var(Ay,) and a2 = Var(~,). 

Substituting (9.4.15)-(9.4.19) into (9.4.10) and noting that the true value of 
p is unity under the 1(1) null, we obtain, for the OLS estimate of the augmented 
autoregre~sion,~ 

5 ~ e r e ,  we are using Lemma 2.3(b) to claim that A;' c y  converges in distribution to A-'c where A and c 
are the limiting random variables of AT and C T ,  respectively. Note that, unlike in situations encountered for the 
stationary case, the convergence of AT to A is in distribution, not in probability. We have proved in the text that 
AT converges in distribution to A and CT to c, but we have not shown that ( A T ,  C T )  converges in distribution 
jointly to ( A ,  c ) .  which is needed when using Lemma 2.3(b). However, by, e.g., Theorem 2.2 of Chan and Wei 
(1988). the convergence is joint. 
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Thus, 

a2@(l )  ;[w(1l2 - 11 
T . ( b - 1 ) +  -. 

A2 
or -. T .  (b - 1) + DF,, 

A2 1: ~ ( r ) 2 &  a2@(l>  d 

where DF, is none other than the DF p distribution defined in (9.3.6). Note that 
the estimated coefficient of the zero-mean I(0) variable (AY,-~)  has the usual f i  
asymptotics, while that of the driftless I(1) variable (y, - l )  has a nonstandard lim- 
iting distribution. 

Deriving Test Statistics 
There are no nuisance parameters entering the limiting distribution of the statistic 
-. " T . (b - 1)  in (9.4.20), but the statistic itself involves nuisance parameters 
0 2 $ ( ' )  

through - " By the formula (9.2.4) for the long-run variance A2 of {Ay,}, this 
021c.(1) ' 

ratio equals @(I), which in turn equals & by (9.4.18) under the null. Now go 

back to the augmented autoregression (9.4.6). Since f 1 ,  the OLS estimate of cl,  is 
consistent by (9.4.21), a consistent estimator of ' is (1 - E l ) - ' .  It then follows 

1 -C1 

from (9.4.20) that 

T . ( j - 1 )  
+ DF,. 

1 - f l  d 

That is, the required correction on T . ( j  - 1 )  is done through the estimated coeffi- 
cient of lagged Ay in the augmented autoregression. After the correction is made, 
the limiting distribution of the statistic does not depend on nuisance parameters 
controlling serial correlation of {Ay,} such as A2 and yo. 

The OLS t-value for the hypothesis that p = 1 ,  too, has a limiting distribution. 
It can be written as 
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J T 

s . ( I ,  1 ) element of (EX, 4) - I  

- T . ( b - 1 )  - 
s . J(1, 1) element of (AT)-' ' 

where s is the usual OLS standard error of regression. It follows easily from 
(9.4.15), (9.4.20), the consistency of s2 for a2, and Proposition 9.2(a) and (b) for 
c, = yf that 

t + DF,, 
d 

(9.4.24) 

where DF, is the DF t distribution defined in (9.3.9). Therefore, for the t-value, 
there is no need to correct for the fact that lagged Ay is included in the augmented 
autoregression. 

All these results for p = 1 can be generalized easily: 

Proposition 9.6 (Augmented Dickey-Fuller test of a unit root without inter- 
cept): Suppose that { y , )  is ARIMA(p, 1,O) so that ( A y , )  is a zero-mean station- 
ary AR(p) process following (9.4.1). Consider estimating the augmented autore- 
gression, (9.4.3), and let (b, e l ,  t2, . . . , fp) be the OLS coefficient estimates. Also 
let t be the t -value for the hypothesis that p = 1.  Then 

T .  (6 - 1) 
ADF p statistic: ,. .. .. + DF,, (9.4.25) 

1 - c 2 - . . . -  d SP 
ADFt statistic: t + DF,, 

d 
(9.4.26) 

where DF, and DF, are the two random variables defined in (9.3.6) and (9.3.9). 

Testing Hypotheses about 5 
The argument leading to this surprisingly simple result is lengthy, but it has a 
by-product. The obvious generalization of (9.4.21) to the p-th order autoregres- 
sion is 
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where yj is the j-th order autocovariance of {Ay,).  By Proposition 6.7, this is the 
same asymptotic distribution you would get if the augmented autoregression (9.4.3) 
were estimated by OLS with the restriction p = 1, that is, if (9.4.1) is estimated 
by OLS. It is easy to show (Review Question 6) that hypotheses involving only the 
coefficients of the zero-mean I(0) regressors (Cl, C2, . . . , Jp) can be tested in the 
usual way, with the usual t and F statistics asymptotically valid. 

In deriving the limiting distributions of the regression coefficients, we have 
exploited the fact that one of the regressors is zero-mean I(0) while the other is 
driftless I(1). A systematic treatment of more general cases can be found in Sims, 
Stock, and Watson (1990) and Watson (1994, Section 2). 

What to Do When p Is Unknown? 
Proposition 9.6 assumes that the order of autoregression, p, for Ay, is known. 
What can we do when the order p is unknown? To distinguish between the true 
order p and the number of lagged changes included in the augmented autoregres- 
sion, we denote the latter by j in this section. We have considered a similar prob- 
lem in Section 6.4. The difference is that the DGP here is a stationary process in 
first differences, not in levels as in Section 6.4, and that the estimation equation is 
an augmented autoregression with p freely estimated. We display below, without 
proof, three large-sample results about the choice of b under which the conclu- 
sion of Proposition 9.6 remains valid. These results are applicable to a class of 
processes more general than is assumed in Proposition 9.6: {Ay,) is zero-mean 
stationary and invertible ARMA(p, q) of unknown order (albeit with an additional 
assumption on E ,  that its fourth moment is finite).6 

So, written as an autoregression, the order of autoregression for Ay, can be 
infinite, as when q > 0, or finite, as when q = 0. 

The first result is that the conclusion of Proposition 9.6 continues to hold when 
b, the number of lagged first differences in the augmented autoregression, is in- 
creased with the sample size at an appropriate rate. 

(1) (Said and Dickey, 1984, generalization of Proposition 9.6) Suppose that @ 
satisfies 

@ -+ oo but - ' - + O a s T - + m .  T1/3 

(That is, j goes to infinity but at a rate slower than T ' / ~ . )  Then the two 
statistics, the ADF p and ADF t ,  based on the augmented autoregression with 

6 ~ e e  Section 6.2 for the definition of invertible ARMA(p, q )  processes. If an ARMA(p, q )  process is invert- 
ible, then it can be written as an infinite-order autoregression. 
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i lagged changes, have the same limiting distributions as those indicated in 
Proposition 9.6. 

This result, however, does not give us a practical guide for the lag length selec- 
tion because there are infinitely many rules for fi  satisfying (9.4.28). A natural 
question is whether any of the rules for selecting the lag length considered in 
Section 6.4 -the general-to-specific sequential t rule or the information-criterion- 
based rules-can be used in the present context. To refresh your memory, the 
information-criterion-based rule is to set i to the j that minimizes 

where SSRj is the sum of squared residuals from the autoregression with j lags: 

The tern C(T)/T is multiplied by j + 1, because the equation has j + 1 coeffi- 
cients including the lagged y, coefficient. For the Akaike information criterion 
(AIC), C(T) = 2, while for the Bayesian information criterion (BIC), also called 
Schwartz information criterion (SIC), C(T) = log(T). In either rule, j is selected 
from the set j = 0, 1,2,  . . . , p,,. In Section 6.4, this upper bound p,, was set 
to some known integer greater than or equal to the true order of the finite-order 
autoregressive process. The i selected by either of these rules is a function of data 
(not just a function of T), and hence is a random variable. 

To be sure, when {Ay,) is stationary and invertible ARMA(p, q), the auto- 
regressive order is infinite when q > 0 and the upper bound p,, obviously cannot 
be set to the true order. But it can be made to increase with the sample size T.  To 
emphasize the dependence of pmax on T, write it as pmax(T). If the rules are thus 
modified, does the Said-Dickey extension of Proposition 9.6 remain valid when j 
is chosen by either of the rules? The answer obtained by Ng and Perron (1995) is 
yes. More specifically, 

(2) Suppose that 6 is selected by the general-to-specific t rule with pmx(T) sat- 
isfying condition (9.4.28) (which in the Said-Dickey extension above was a 

condition for i ,  not for pmax(T)) and pmax(T) > c . Tg for some c > 0 and 
0 < g < 113. Then the limiting distributions of the ADF p and ADF t statistics 
are as indicated in Proposition 9.6.7 

7 ~ h i s  is Theorem 5.3 of Ng and Perron (1995). Their condition A1 is (9.4.28) here. Their condition A2" is 
implied by the second condition indicated here. 
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(3) Suppose that @ is selected by AIC or by BIC with p-(T) satisfying condition 
(9.4.28). Then the same conclusion holds.8 

Thus, no matter which rule - the sequential t ,  AIC, or BIC - for selecting @ you 
employ, the large-sample distributions of the ADF statistics are the same as in 
Proposition 9.6. 

A Suggestion for the Choice of p,,(T) 
The finite-sample distribution, however, depends on which rule you use and also 
on the choice of the upper bound p-(T), and there are infinitely many valid 
choices for the function p-(T). For example, p-(T) = [ T ' / ~ ]  (the integer 
part of ~ ' 1 ~ )  satisfies the conditions in result (2) for the sequential t-test. So does 
pm,(T) = [ 1 0 0 ~ ~ / ' ~ ] .  It is important, therefore, that researchers use the same 
pm,(T) when deciding the order of the augmented autoregression. In this context, 
the Monte Carlo literature examining the small-sample properties of various unit- 
root tests is relevant. Simulations run by Schwert (1989) show that in small and 
moderately large samples (from T = 25 to 1,000), including enough lags in the 
autoregression is important to minimize size  distortion^.^ The choice of @ (the 
number of lags included in the autoregression) that was more or less successful in 

114 controlling the actual size in Schwert's study is [12 . (A) 1. The upper bound 
pm,(T) should therefore give lag selection rules a chance of selecting a @ as large 
as this. Therefore, in the examples and application of this chapter, we use the 
function 

T 1/4 
P-(T) = [12 . (=) ] (integer part of 12 . (9.4.31) 

in any of the rules for selecting the lag length. This function satisfies the conditions 
of results (2) and (3) above. 

The sample period when selecting @ is t = p-(T) + 2, p-(T) + 3, . . . , T. 
The first t is pm(T) + 2 because p-(T) + 1 observations are needed to cal- 
culate p,,(T) lagged changes in the augmented autoregression. Since only T - 
pm,(T) - 1 observations are used to estimate the autoregression (9.4.30) for j = 

1, 2, . . . , p-(T), the sample size in the objective function in (9.4.29) should be 

''I'his is Theorem 4.3 of Ng and Perron (1995). The theorem does not indicate the upper bound p-(T) ,  but 
(as pointed out by Pierre Perron in private communications with the author) Hannan and Deistler (1988, Section 
7.4 (ii)) implies that (9.4.28) can be an upper bound. 

9 ~ e c a l l  that a size distortion refers to the difference between the actual or exact size (the finite-sample prob- 
ability of rejecting a hue null) and the nominal size (the probability of rejecting a hue null when the sample size 
is infinite). 
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T - pm,(T) - 1 rather than T: 

Including the Intercept in the Regression 
As in the DF tests, we can modify the ADF tests so that they are invariant to an 
addition of a constant to the series. We allow {y,) to differ by an unspecified 
constant from the process that follows augmented autoregression without intercept 
(9.4.3). This amounts to replacing the y, in (9.4.3) by y, - a, which yields 

where a* = (1 - p)a.  As in the AR(1) model with intercept, the I(1) null is the 
joint hypothesis that p = 1 and a* = 0. Nevertheless, unit-root tests usually focus 
on the single restriction p = 1. 

It is left as an analytical exercise to prove 

Proposition 9.7 (Augmented Dickey-Fuller test of a unit root with intercept): 
Suppose that { y,) is an ARIMA(p, 1,0) process so that {Ay,] is a zero-mean 
stationary AR(p) process following (9.4.1). Consider estimating the augmented 
autoregression with intercept, (9.4.33), and let ( G ,  cC", ;I, &, . . . , tP) be the OLS 
coefficient estimates. Also let t @  be the t -value for the hypothesis that p = 1. Then 

T . (bC" - 1) 
ADF pC" statistic: .. .. A += DFp", (9.4.34) 

1 -e l  - c 2 - . . . -  d 
(P 

ADFtC" statistic: tC" + D F ~ ,  
d 

(9.4.35) 

where the random variables DF: and D F ~  are defined in (9.3.13) and (9.3.14). 

The basic idea of the proof is to use the Frisch-Waugh Theorem to write ,i3C" and 
the t-value in formulas involving the demeaned series created from {y,).  

Before turning to an example, two comments about Proposition 9.7 are in order. 

(Numerical invariance) As was true in Proposition 9.4, since the regression 
includes a constant, the test statistics are invariant to an addition of a constant to 
the series. 

(Said-Dickey extension) The Said-Dickey-Ng-Perron extension is also appli- 
cable here: if {Ay,)  is stationary and invertible ARMA(p, q) (so Ay, can be 
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written as a possibly infinite-order autoregression), then the ADF p'* and t p  

statistics have the limiting distributions indicated in Proposition 9.7, provided 
that j (the number of lagged changes to be included in the autoregression) is set 
by the sequential t rule or the AIC or BIC rules.1° 

Example 9.2 (ADF on T-bill rate): In the empirical exercise of Chapter 
2, we remarked rather casually that the nominal interest rate R, might have 
a trend for the sample period studied by Fama (1975). Here we test whether 
it has a stochastic trend (i.e., whether it is driftless I(1)). The data set we 
used in the empirical application of Chapter 2 was monthly observations on 
the U.S. one-month Treasury bill rate. We take the sample period to be from 
January 1953 to July 1971 (T = 223 observations), the sample period of 
Fama's (1975) study. The interest rate series does not exhlbit time trend. So 
we include a constant but not time in the autoregression. 

The maximum lag length p,,(T) is set equal to 14 according to the func- 
tion (9.4.31). In the process of choosing the actual lag length 6, we fix the 
sample period from t  = p-(T) + 2 = 16 (April 1954) to t = 223 (July 
1971), with a sample size of 208 (= T - p-(T) - I). The sequential r rule 
picks a b of 14. The objective function in the information-criterion-based 
rule when the sample size is fixed is (9.4.32). The AIC picks b = 14, while 
the BIC picks j? = 1. Given b = 1, we estimate the augmented autoregres- 
sion on the maximum sample period, which is t = b + 2, . . . , T (from March 
1953 to July 197 1) with 221 observations. The estimated regression is 

R~ = 0.944, sample size = 221. 

From this estimated regression, we can calculate 

0.97705 - 1 0.97705 - 1 
ADF C p  = 221 x = -4.22, t p  = = -1.42. 

1 + 0.20 0.0 162 

From Table 9.1, Panel (b), the 5 percent critical value for the ADF pp statistic 
is - 14.1. The 5 percent critical value for the ADF tp statistic is -2.86 from 
Table 9.2, Panel (b). For either statistic, the I(1) null is easily accepted. 

  ON^ and Perron (1995) proved this result about the selection of lag length only for the case without intercept. 
That it can be extended to the case with intercept and also to the case with trend was confirmed in a private 
communication with one of the authors of the paper. 
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Incorporating Time Trend 
Allowing for a linear time trend, too, can be done as in the DF tests. Replacing the 
y, in augmented autoregression (9.4.3) by y, - a - 6 . t ,  we obtain the following 
augmented autoregression with time trend: 

where 

a* = (1 - p)a + (p  - J1 - J2 - - 0 .  - Jp)8, 6* = (1 - p)6. (9.4.37) 

Since 6' = 0 when p = 1, the 1(1) null (that the process is I(1) with or without 
drift) implies that p = 1 and 8' = 0 in (9.4.36), but, as usual, we focus on the 
single restriction p = 1. 

Combining the techniques used for proving Propositions 9.5 and 9.7, it is easy 
to prove 

Proposition 9.8 (Augmented Dickey-Fuller Test of a unit root with linear time 
trend): Suppose that (y,) is the sum of  a linear time trend and an ARIMA(p, 1,O) 
process so that (Ay,) is a stationary AR(p) process whose mean may or may not 
be zero. Consider estimating the augmented autoregression with trend, (9.4.36), 
and let (&, i, br , f I  , f 2 ,  . . . , fp) be the OLS coefficient estimates. Also let t r  be 

the t - value for the hypothesis that p = 1. Then 

ADF pr statistic: T - ( B T - l )  A jDFb, ,. - (9.4.38) 
1 - J 1  - J2 - ... - JP 

ADFtr statistic: t r  + DF:, 
d 

(9.4.39) 

where the random variables DF,S and DF,! are defined in (9.3.19) and (9.3.20). 

Before turning to an example, three comments are in order. 

(Numerical invariance to trend parameters) As in Proposition 9.5, since the 
regression includes a constant and time, neither a nor 6 affects the OLS esti- 
mates of (p, J1, . . . , Jp) and their standard errors, so the finite-sample as well as 
large-sample distribution of the ADF statistics will not be affected by (a,  6). 

(Said-Dickey extension) Again, the Said-Dickey-Ng-Perron extension is 
applicable here: if {Ay,) is stationary and invertible ARMA(p, q)  with possibly 
a nonzero mean, then the ADF pr  and t r  statistics have the limiting distributions 
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indicated in Proposition 9.8, provided that 6 is set by the sequential t-rule or the 
AIC or BIC rules. 

(Should the regression include time?) The same comment we made about the 
choice between the DF tests with or without trend is applicable to the ADF tests. 
If you are confident that the null process has no trend, then the ADF pp and t p  

tests of Proposition 9.7 should be used, with the augmented autoregression not 
including time, because the finite-sample power of the ADF tests is generally 
greater without time in the augmented autoregression. On the other hand, if you 
think that the process might have a trend, then you should use the ADF pr  and 
t r  tests of Proposition 9.8 with time in the augmented autoregression. 

Example 9.3 (Does GDP have a unit root?): As was shown in Figure 9.1, 
the log of U.S. GDP clearly has a linear time trend, so we include time in 
the augmented autoregression. Using the logarithm of U.S. real GDP quar- 
terly data from 1947:Ql to 1998:Ql (205 observations), we estimate the 
augmented autoregression (9.4.36). As in Example 9.2, we set p,,(T) = 

[12 - (205/100)'/~] (which is 14). Also as in Example 9.2, the sample period 
is fixed (t = p,,(T) + 2, . . . , T) in the process of selecting the number of 
lagged changes. The sequential t picks 5 = 12, while both AIC and BIC 
pick 5 = 1. Given 6 = 1, the augmented autoregression estimated on the 
maximal sample o f t  = j + 2, . . . , T (1947:Q3 to 1998:Ql) is 

R~ = 0.999, sample size = 203. 

From this estimated regression, we can calculate 

0.9707388 - 1 
ADF pr  = 203 x = -9.11, 

1 - 0.348 

From Table 9.1, Panel (c), the 5 percent critical value for the ADF pr  statistic 
is -21.7. The 5 percent critical value for the ADF t r  statistic is -3.41 from 
Table 9.2, Panel (c). For either statistic, the I(1) null is easily accepted. 

A little over 50 years of data may not be enough to discriminate between 
the 1(1) and I(0) alternatives. (As noted by Perron (1991), among others, 
the span of the data rather than the sampling frequency, e.g., quarterly vs. 
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annual, is more important for the power of unit-root tests, because 1 - 6 is 
much smaller on quarterly data than on annual data.) We now use annual 
GDP data from 1869 to 1997 for the ADF tests." So T = 129. As before, 
we set pmOx(T) = [12 - (1291 100)'/~] (which is 12) and fix the sample period 
in the process of choosing the lag length. The sequential t picks 9 for j, 
while the value chosen by AIC and BIC is 1. When 5 = 1, the regression 
estimated on the maximum sample of t  = 6 + 2, . . . , T (from 1871 to 1997, 
127 observations) is 

R~ = 0.999, sample size = 127. 

The ADF pr and t r  statistics are -26.2 and -3.53, respectively, which are 
less (greater in absolute value) than their respective 5 percent critical values 
of -21.7 and -3.41. With the annual data covering a much longer span of 
time, we can reject the 1(1) null that GDP has a stochastic trend. 

The impression one gets from Examples 9.1-9.3 is the ease with which the 1(1) 
null is accepted, which leads to the suspicion that the DF and ADF tests may have 
low power in finite samples. The power issue will be examined in the next section. 

Summary of the DF and ADF Tests and Other Unit-Root Tests 
The various 1(1) processes we have considered in this and the previous section 
satisfy the model (a set of DGPs) 

yr = dt + zt, zt = pzt-l + u,, {u , }  -- zero-mean I(0). (9.4.40) 

The restrictions on (9.4.40), besides the restriction that p = 1, that characterize the 
1(1) null for each of the cases considered are the following. 

(1) Proposition 9.3: d, = 0, (u,) independent white noise, 

(2) Proposition 9.4: d, = a!, (u,) independent white noise, 

(3) Proposition 9.5: d, = a! + 6 . t, {u,) independent white noise, 

(4) Said-Dickey extension of Proposition 9.6: d, = 0, (u,) is zero-mean 

ARMA(p, q) ,  

"~nnual GDP data from 1929 are available from the Bureau of Economic Analysis web site. The Balke- 
Gordon GNP data (Bake and Gordon, 1989) were used to extrapolate GDP back to 1869. 
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(5) Said-Dickey extension of Proposition 9.7: d, = a, {u,) is zero-mean 

ARMA(p, 91, 

(6) Said-Dickey extension of Proposition 9.8: d, = a + 6 . t ,  {u,) is zero-mean 

ARMA(p7 9). 

Q U E S T I O N S  F O R  R E V I E W  

1. (Non-uniqueness of the decomposition between zero-mean I(0) and driftless 

I(1)) Assume p = 2 in (9.4.4). Show that the third-order autoregression can 
be written equivalently as 

How are (al ,  a;!, a3) related to &, @3)? Which regressor is zero-mean I(0) 
and which one is driftless I(l)? Verify that the OLS estimate of the y r - ~  coeffi- 
cient from this equation is numerically the same as the OLS estimate of p from 
(9.4.3) with p = 2. 

2. Let @(z) = 1 - @lz - . . . - @ p + l ~ ~ + '  be the polynomial associated with the 
AR(p + 1) process (9.4.4). Show that @(z) = 0 has a real root inside the unit 
circleifp > 1. Hint: @(I)  = 1 - (@I  + . . . + @ p + l )  = 1 - p  < O i f  p > 1. 
@(O) = 1 > 0. 

h2 3. Prove that (9.4.14) +d ~ ( 1 ) ~  + ?. Hint: The asymptotic distribution 
T * of $ z:=, A ~ , - I  y,-I is the same as that of $ z,=, Ay, y,. Also, AY, y, = 

Ay, y,-I + ( ~ y , ) ~ .  Use Proposition 9.2(b). 

4. Let {Ay,) be a zero-mean I(0) process satisfying (9.2.1)-(9.2.3). (The zero- 
mean stationary AR(p) process for {Ay,) considered in Proposition 9.6 is a 
special case of this.) 

(a) Show that { A ~ , - I  E, } is a stationary and ergodic martingale difference 
sequence. Hint: Since {E,) and {Ay,] are jointly ergodic stationary, {AytPl .  
E,) is ergodic stationary. To show that {Ay,- l~ , ]  is a martingale difference 

sequence, use the Law of Iterated Expectations. { E , _ ~ .  E , - ~ ,  . . . ) has more 

information than {AyrP2 Ayr-3 . . . ). 

2 (b) Prove (9.4.19). Hint: You need to show that E[(AY,-~ E , ) ~ ]  = yo . CJ . 
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5. Verify (9.4.24). Hint: From (9.4.20) and (9.2.4), 

Also, by (9.4.1 5) and (9.2.4), 

s - J(1. 1) element of (AT)-' -+ d l / J s .  (9.4.41) 

Since @(I)  > 0 by the stationarity condition, d m  = @(I) .  

6. (t-test on <) It is claimed in the text (right below (9.4.27)) that the usual t -  

value for each < is asymptotically standard normal. Verify this for the case of 

p = 1. Hint: (9.4.27) for p = 1 is 

You need to show that 8 times the standard error of converges in prob- 

ability to the square root of a 2 / y o .  8 times the standard error of i1 is s . 
J(2,2) element of ( ~ ~ 1 - l .  

9.5 Which Unit-Root Test to Use? 

Besides the DF and ADF tests, a number of other unit-root tests are available (see 

Maddala and Kim, 1998, Chapter 3, for a catalogue). The most prominent among 

them are the Phillips (1987) test for case (4) (mentioned at the end of the previous 
section) and the Phillips-Perron (1988) test, a generalization of the Phillips test 

to cover cases (5) and (6). (The Phillips tests are derived in Analytical Exercise 

6.) Their tests are based on the OLS estimate of the y,-1 coefficient in an AR(1) 

equation, rather than an augmented autoregression, with the long-run variance of 

{Ay,} estimated from the residuals of the AR(1) equation. We did not present 

them in the text because the finite-sample properties of the tests are rather poor 

(see below). There is a new generation of unit-root tests with reasonably low size 

distortions and good power. They include the ADF-GLS test of Elliott, Rothenberg, 

and Stock (1996) and the M-tests of Perron and Ng (1996). 
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Local-to-Unity Asymptotics 
These and most other unit-root tests are consistent against all fixed I(0) alterna- 
tives.'* Which consistent test should be chosen over the other? Recall that in 
Section 2.4 we defined the asymptotic power against a sequence of local alterna- 
tives that drift toward the null at rate 8. It turns out that in the unit-root context 
the appropriate rate is T rather than f i  (see, e.g., Stock, 1994, pp. 2772-2773). 
That is, the probability of rejecting the null of p = 1 when the true DGP is 

has a limit between 0 and 1 as T goes to infinity. This limit is the asymptotic 
power. The sequence of alternatives described by (9.5.1) is called local-to-unity 
alternatives. By definition, the asymptotic power equals the nominal size when 
c = 0. It can be shown that the DF or ADF p tests are more powerful than the 
DF or ADF t tests against local-to-unity alternatives (see Stock, 1994, pp. 2774- 
2776). That is, for any nominal size and c, the asymptotic power of the DF or ADF 
p statistic is greater than that of the DF or ADF t-statistic. On this score, we should 
prefer the p-based test to the t-based test, but the verdict gets overturned when we 
examine their finite-sample properties. 

Small-Sample Properties 

Turning to the issue of testing an 1(1) null against a fixed, rather than drifting, I(0) 
alternative, the two desirable finite-sample properties of a test are a reasonably low 
size distortion and high power against I(0) alternatives. There is a large body of 
Monte Carlo evidence on the finite-sample properties of the DF, ADF, and other 
unit-root tests (for a reference, see the papers cited on p. 2777 of Stock, 1994, and 
see Ng and Perron, 1998, for a comparison of the ADF-GLS and the M-tests). 
Major findings are the following. 

Virtually all tests suffer from size distortions, particularly when the null is in a 

sense close to being I(0). The M-test generally has the smallest size distortion, 
followed by the ADF t. The size distortion of the ADF p is much larger than 
that of the ADF t .  For example, the I(1) null considered by Schwert (1989) is 

Yt - Yz-i = Et + O E ~ - ~ ,  { E ~ }  Gaussian i.i.d. (9.5.2) 

When 0 is close to -1, this 1(1) process is very close to a white noise process, 

 hat the DF tests are consistent against general I(0) alternatives was verified in Review Question 5 to Section 
9.3. For the consistency of the ADF tests, see, e.g., Stock (1994, p. 2770). 
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because the AR root of unity nearly equals the MA root of -8. Simulations by 
Schwert (1989) show that the ADF p and Phillips-Perron Z ,  and Z,  tests (see 
Analytical Exercise 6) reject the 1(1) null far too often in finite samples when 8 

is close to -1. In particular, for the Phillips-Perron tests, the actual size when 
the nominal size is 5 percent is more than 90 percent even for sample sizes as 
large as 1,000 when 8 = -0.8. 

In the case of ADF tests, how the lag length @ is selected affects the finite- 
sample size and power. For a given rule for choosing @, the power is generally 
higher for the ADF p-test than for the ADF t-test. 

The power is generally much higher for the ADF-GLS and the M-tests than for 

the ADF t- and p-tests. 

Unlike the M-statistic, the ADF-GLS statistic can be calculated easily by standard 
regression packages. In the empirical exercise of this chapter, you will be asked to 
use the ADF-GLS to test an 1(1) null. 

9.6 Application: Purchasing Power Parity 

The theory of purchasing power parity (PPP) states that, for any two countries, 
the currency exchange rate equals the ratio of the price levels of the two countries. 
Put differently, once converted to a common currency, national price levels should 
be equal. Let P, be the price index for the United States, P;" be the price index for 
the foreign country in question (say, the United Kingdom), and St be the exchange 
rate in dollars per unit of the foreign currency. PPP states that 

or taking logs and using lower-case letters for them,13 

PPP is related to but different from the law of one price, which states that (9.6.1) 
holds for any good, with P, representing the dollar price of the good in question 

'3~quation (9.6.1) or (9.6.2) is a statement of "absolute PPP'' What is called relative PPP requires only that 
the first difference of (9.6.2) hold, that is, the rate of growth of the exchange rate should offset the differential 
between the rate of growth in home and foreign price indexes. Relative PPP should not be confused with the 
weaker version of PPP to be introduced below. 
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and P;" the foreign currency price of the good. If international price arbitrage 

works smoothly, the law of one price should hold at every date t. If the law of one 
price holds for all goods and if the basket of goods for the price index is the same 

between two countries, then PPP should hold. 
Due to a variety of factors limiting international price arbitrage, PPP does not 

hold exactly at every date t.14 A weaker version of PPP is that the deviation 
from PPP 

which is the real exchange rate, is stationary. Even if it does not enforce the law 

of one price in the short run, international arbitrage should have an effect in the 

long run. 

The Embarrassing Resiliency of the Random Walk Model? 
For many years researchers found it difficult to reject the hypothesis that real 

exchange rates follow a random walk under floating exchange regimes. As Rogoff 

(1996) notes, this was somewhat of an embarrassment because every reasonable 
theoretical model suggests the weaker version of PPP. However, studies since the 

mid 1980s looking at longer spans of data have been able to reject the random walk 

null. Recent work by Lothian and Taylor (1996) is a good example. It uses annual 

data spanning two centuries from 179 1 to 1990 for dollarlsterling and franclsterling 

real exchange rates to find that the random walk null can be rejected. In what fol- 
lows, we apply the ADF t-test to their data on the dollar/sterling (dollars per pound) 

exchange rate. 

The dollarlsterling real exchange rate, calculated as (9.6.3) and plotted in Fig- 

ure 9.4, exhibits no time trend. We therefore do not include time in the augmented 

autoregression. If we were dealing with the weak version of the law of one price, 
with P, and P: denoting the home and foreign prices of a particular good, then we 

could exclude the intercept from the augmented autoregression because a change 

in units of measuring the good does not affect z,. But P, and P;" here are price 

indexes, and a change in the base year leads to adding a constant to z,. To make 

the test invariant to such changes, a constant is included in the augmented autore- 

gression. By applying the ADF test, rather than the DF test, we can allow for serial 

correlation in the first differences of z ,  under the null, but the lag length chosen by 

BIC (with p,,,(T) = [12 . (200/100)'/4] = 14) turned out to be 0, so the ADF t- 

test reduces to the DF t-test and an augmented autoregression reduces to an AR(1) 

equation. The estimated AR(1) equation is 

14see, e.g.. Section 4 of Rogoff (1996) for a list of factors that prevent PPP from holding. 



Unit-Root Econometrics 605 

Figure 9.4: Dollar/Sterling Real Exchange Rate, 1791 -1 990, 191 4 Value 
Set to 0 

The DF t-statistic (tw) is -3.5 (= (0.8869 - 1)/0.0326), which is significant at 
1 percent. Thus, we can indeed reject the hypothesis that the sterling/dollar real 
exchange rate is a random walk. 

An obvious caveat to this result is that the sample period of 1791-1990 includes 
fixed and floating rate periods. It might be that international price arbitrage works 
more effectively under fixed exchange rate regimes. If so, the zt-1 coefficient 
should be closer to 0 during fixed rate periods. Lothian and Taylor (1996) report 
that if one uses a simple Chow test, one cannot reject the hypothesis that the zt-1 
coefficient is the same before and after floating began in 1973. In the empirical 
exercise of this chapter, you will be asked to verify their finding and also use the 
ADF-GLS to test the same hypothesis. 

P R O B L E M  S E T  FOR C H A P T E R  9 

A N A L Y T I C A L  E X E R C I S E S  

1. Prove Proposition 9.2(b). Hint: By the definition of Aft ,  we have f t  = f t P 1  + 
Aft.  So 
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From this, derive 

Sum this over t = 1, 2, . . . , T to obtain 

Divide both sides by T to obtain 

Apply Proposition 6.9 and the Ergodic Theorem to the terms on the right-hand 

side of (*). 

2. (Proof of Proposition 9.4) Let jP be the OLS estimate of p in the AR(1) 
equation with intercept, (9.3.1 l),  and define the demeaned series (y:-,) (t = 

l , 2 ,  . . . ,  T) by 

w - - Y O + Y ~ + . . - + Y T - I  YtP l  = Yt-1 - Y ,  Y = T 
(t = 1 2 . .  , T). (1) 

This y:-, equals the OLS residual from the regression of y,-, on a constant for 
t = 1 , 2  , . . . ,  T. 

(a) Derive 

Hint: By the Frisch-Waugh Theorem, jW is numerically equal to the OLS 

coefficient estimate in the regression of yt on y:-, (without intercept). Thus, 

11 11 Use the fact that cT=~ yrPI = 0 to show that EL, (yt - yt-,) . y,-, = 
11 ~ T = l ( v t  - yt-1) . Y , - , .  
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(b) (Easy) Show that, under the null hypothesis that {y,} is driftless 1(1) (not 
necessarily driftless random walk), 

where yo is the variance of Ay,, h2 is the long-run variance of Ay,, and 
WY(-) is a demeaned standard Brownian motion introduced in Section 9.2. 
Hint: Use Proposition 9.2(c) and (d) with {, = y,. 

(c) (Trivial) Verify that T - (BY - 1) converges to DF; (defined in (9.3.13)) if 
{y,} is a driftless random walk. Hint: If y, is a random walk, then h2 = yo. 

(d) (Optional) Lets be the standard error of regression for the AR(1) equation 
with intercept, (9.3.11). Show that s2  is consistent for yo (= Var(Ay,)) 
under the null that {y,} is driftless 1(1) (so Ay, is zero-mean I(0) satisfying 
(9.2.1)-(9.2.3)). Hint: Let (&*, BY) be the OLS estimates of (a*, p). Show 

that &* converges to zero in probability. Write s2 as 

Since plim&* = 0, it should be easy to show that the first term on the right- 

hand side of (5) converges in probability to yo = E [ ( A ~ , ) ~ ] .  To prove that 

the second term converges to zero in probability, take for granted that 

(e) Show that tY +d DC if {y,} is a driftless random walk. Hint: Since 

{y,} is a driftless random walk, h2 = yo = a2 (= variance of E , ) .  So s is 
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consistent for [T . 

j p  - 1 
tp = 

s x J(2.2) element of (X'X)-' 

Show that the square root of the (2.2) element of (c:=, x,x;)-' is 

where x, - [ l ,  ~ ~ - 1 1 '  

3. (Proof of Proposition 9.5) Let fir be the OLS estimate of p in the AR(1) 
equation with time trend, (9.3.17), and define the detrended series (y:-,) (t = 
1 , 2 , .  . . , T) by 

where (2, $) are the OLS coefficient estimates for the regression of ytPl on 
( l , t ) f o r t =  l , 2  , . . . ,  T. 

(a) Derive 

Hint: By the Frisch-Waugh Theorem, fir is numerically equal to the OLS 

estimate of the y:-, coefficient in the regression of y, on y:-, (without inter- 

cept or time). Thus, 

Show that ~ f = ,  (Y, -yL1) .Y:-, = CTXl (yt -Yt-l) .).':I. (BY construction, 
T cT=~ y;-, = 0 and C , = ,  t - y:-, = 0 (these are the normal equations).) 

(b) (Easy) Show that, under the assumption that y, = ar + S . t + 6, where (6,) 
is driftless I(1), 
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where yo is the variance of Ay,, h2 is the long-run variance of Ay,, and 
Wr (.) is a detrended standard Brownian motion introduced in Section 9.2. 
Hint: Let t:-, be the residual from the hypothetical regression of tt_, on 

(1, t) for t = 1, 2, . . . , T where tt = yt - cr - 6 . t (this regression is 

hypothetical because we do not observe (6,)). Then t:-, = y:-, for t = 1, 
2, . . . . T, because <, differs from yt only by a linear trend cr + 6 . t. Use 

Proposition 9.2(e) and (f). Since Ay, = 6 + At, under the null, the variance 

of At, equals that of Ayt and the long-run variance of At,  equals that of 

AY,. 

(c) (Trivial) Verify that T . (b r  - 1) converges to DF,S (defined in (9.3.19)) 
if {y,} is a random walk with or without drift. 

4. (Proof of (9.4.16)) In the text, 

was left unproved. Prove this under the condition that {y,} is driftless 1(1) 
so that {Ay,} is zero-mean I(0) satisfying (9.2.1)-(9.2.3). Hint: The F, in 

(9.4.16) is the innovation process in the MA representation of {Ay,].  Using 

the Beveridge-Nelson decomposition, we have 

rlt- 

Show that the second and the third term on the right-hand side of this equa- 

tion converge in probability to zero. Once you have done Analytical Exercise 1 

above, it should be easy to show that 
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5. (Optional, proof of Proposition 9.7) To simplify the calculation, set p = 1, so 
the augmented autoregression is 

Let (&*, jw, i l )  be the OLS coefficient estimates. Show that 

Hint: By the Frisch-Waugh Theorem, ( j p ,  tl) are numerically the same as the 

OLS coefficient estimates from the regression of yt on (yr-, , ( A ~ ~ - ~ ) ( ~ ) ) ,  where 

yr-, is the residual from the regression of y,-I on a constant and ( A ~ , - ~ ) ( ~ )  is 

the residual from the regression of AytPl on a constant for t = 1.2.  . . , T. 
Therefore, if b = ( j w ,  il)', jl = (p, <I)', and x, = (yr-I , ( ~ y , - ~ ) ( ~ ) ) ' ,  then 

they satisfy (9.4.8). So 

I 
(1, 1) element of AT = - ~ ( y ~ - l ) 2 ,  

T2 t=l 

1 T 

1 st element of eT = - yr-l . E, . T t=l 

Apply Proposition 9.2(c) and (d) with 6, = yt to these expressions. 

6. (Phillips tests) Suppose that (y,} is driftless 1(1), so Ay, can be serially corre- 
lated. Nevertheless, estimate the AR(1) equation without intercept, rather than 
the augmented autoregression without intercept, on {y,}. Let p̂  be the OLS 
estimate of the y,-, coefficient. Define 

where 3; is the standard error of j ,  s is the OLS standard error of regression, 
i2 is a consistent estimate of ;12, Po is a consistent estimate of yo, and t is the 
t-value for the hypothesis that p = 1. 
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(a) Show that Z ,  and Z ,  can be written as 

Hint: By the algebra of least squares, 

(b) Show that 

Z ,  + DF, and Zt  + DF,. 
d d 

Hint: Use Proposition 9.2(a) and (b) with 6, = y,. 

7. (Optional) Show that a (L)  in (9.2.5) is absolutely summable. Hint: A one-line 
proof is 

Justify each of the equalities and inequalities. 

M O N T E  C A R L 0  E X E R C I S E S  

1. (You have less power with time) In this simulation, we wish to verify that the 
finite-sample power against stationary alternatives is greater with the DF tfi-test 
than with the DF tr-test, that is, inclusion of time in the AR(1) equation reduces 
power. The DGP we examine as the stationary alternative is a stationary AR(1) 
process: 

Choose the sample size T to be 100 and the nominal size to be 5 percent. 
Your computer program for calculating the finite-sample power should have 

the following steps. 
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(1) Set counters to zero. There should be two counters, one for the DF t p  and 
the other for t r .  They will record the number of times the (false) null gets 
rejected. 

(2) Start a do loop of a large number of replications (1 million, say). In each 
replication, do the following. 

(i) Generate the data vector (yo, y1, . . . , yT). 

Gauss Tip: As was mentioned in the Monte Carlo exercise for Chapter 
1, to generate (yl , y2, . . . , yT), avoid creating a do loop within the 
current do loop; use the matrix operators. The matrix formula is 

Y = r .Yo+ A E 
( T x l )  ( T x ~ )  ( T x T ) ( T x l )  

where 

To define r, use the Gauss command s e w .  To define A, use 
t oep l  i t z and l o w m a t .  r and A should be defined in step (I), 
outside the current do loop. 

(ii) Calculate t p  and t r  from (yo, y l ,  . . . , yT). (So the sample size is actu- 
ally T + 1.) 

(iii) Increase the counter for t p  by 1 if t p  < -2.86 (the 5 percent critical 
value for D F ~ ) .  Increase the counter for t r  by 1 if t r  < -3.41 (the 5 
percent critical value for DF:). 

(3) After the do loop, for each statistic, divide the counter by the number of 
replications to calculate the frequency of rejecting the null. This frequency 
converges to the finite-sample power as the number of Monte Carlo repli- 
cations goes to infinity. 
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Power should be about 0.124 for the DF tp-test (so only about 12 percent of 
the time can we reject the false null!) and 0.092 for the DF t'-test. So indeed, 
power is less when time is included in the regression, at least against this par- 
ticular DGP. 

2. (Size distortions) In this Monte Carlo simulation, we calculate the size dis- 
tortions for the ADF pp- and tp-tests. Our null DGP is the one examined by 
Schwert (1989): 

For T = 100 and the nominal size of 5 percent, calculate the finite-sample or 
exact size for bp and tp. It would be useful to select the number of lagged 
changes in the augmented autoregression by one of the data-dependent meth- 
ods (the sequential t ,  the AIC, or the BIC), but to keep the computer program 
simple and also to save CPU time, set it equal to 4. Thus, the regression equa- 
tion, as opposed to the DGP, is 

Since the sample includes yo, the sample period that can accommodate four 
lagged changes is from t = 5 (not p + 2 = 6) to t = T and the actual sample 
size is T - 4. Verify that the size distortion is less for the ADF tp- than for the 
ADF pp-test. (The size should be about 0.496 for the ADF pp and 0.290 for 
the ADF tp.) 

E M P I R I C A L  E X E R C I S E S  

Read Lothian and Taylor (1996, pp. 488-509) (but skip over their discussion of the 
Phillips-Perron tests) before answering. The file LT.ASC has annual data on the 
following: 

Column 1: year 
Column 2: dollarlsterling exchange rate (call it St) 
Column 3: U.S. WPI (wholesale price index), normalized to 100 for 1914 (P,) 
Column 4: U.K. WPI, normalized to 100 for 1914 (P;"). 

The sample period is 1791 to 1990 (200 observations). These are the same data 
used by Lothian and Taylor (1996) and were made available to us. For data sources 
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and how the authors combined them to construct consistent time series, see the 
Appendix of Lothian and Taylor (1 996). (According to the Appendix, the exchange 
rate (and probably WPIs) are annual averages. This is rather unfortunate and point- 
in-time data should have been used, because of the time aggregation problem: if a 
variable follows a random walk on a daily basis, the annual averages of the variable 
do not follow a random walk. See part (f ) below for more on this.) 

Calculate the dollar/sterling real exchange rate as 

Since St is in dollars per pound, an increase means sterling appreciation. The plot 
of the real exchange rate in Figure 9.4 shows no clear time trend, so we apply the 
ADF tp-test. Therefore, the augmented autoregression to be estimated is 

where p is the number of lagged changes included in the augmented autoregression 
(which was denoted in the text). 

(a) (ADF with automatic lag selection) For the entire sample period of 1791- 
1990, apply the sequential t-rule, the AIC, and the BIC to select p (the num- 
ber of lagged changes to be included). Set p- (the maximum number of 
lagged changes in the augmented autoregression, denoted p-(T) in the text) 
by (9.4.3 1) (so p,,, = 14). For the sequential t test, use the significance level 
of 10 percent. (You should find p = 14 by the sequential t ,  14 by AIC, and 0 
by BIC.) Verify that the value of the tp-statistic for p = 0 (if estimated on the 
maximum sample) matches the value reported in Table 1 of Lothian and Taylor 
(1 996) as t,. 

RATS Tip: RATS allows you to change the number of regressors in a do loop. 
Since the RATS OLS procedure LINREG does not allow the standard errors 
to be retrieved, the DF tp cannot be calculated in the program. So calculate 
the DF tp-statistic as the t-value on the z t - I  coefficient in the regression of 
zt - z tP1 .  Also, neither the AIC nor the BIC is calculated by LINREG. So use 
COMPUTE. In the RATS codes below, z is the log real exchange rate and dz 
is its first difference. In applying the sequential t, AIC, and BIC rules, fix the 
sample period to be 1806 to 1990 (which corresponds to p,, + 2, . . . , T). 
The RATS codes for AIC and BIC are 

linreg dz 1806:l 1990:1;# constant z{l) 
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compute ssrr=%rss 

compute akaike = log(%rss/%nobs)+%nreg*2.0/%nobs 

compute schwarz = log(%rss/%nobs)+%nreg*10g(%nobs) 

/ %nobs 
display akaike schwarz 
* run ADF with 1 through 14 lagged changes 
do p=1,14 

linreg dz 1806:l 1990:1;# constant z{l} dz{l to p} 

compute akaike = log(%rss/%nobs)+%nreg*2.0/%nobs 

compute schwarz = log(%rss/%nobs)+%nreg 

*log (%nabs) /%nobs 

display akaike schwarz 

end do 

TSP Tip: Unlike RATS, it appears that TSP does not allow you to change the 
sample period and the number of regressors in a do loop. The OLSQ pro- 
cedure prints out the BIC, but not the AIC, so the AIC must be calculated 
using the SET command. 

(b) (DF test on the floating period) Apply the DF tw-test to the floating exchange 
rate period of 1974-1 990. Because of the lagged dependent variable z,-1, the 
first equation is for t = 1975: 

21975 = const. + PZ1974 + error. 

So the sample size is 16. Can you reject the random walk null at 5 percent? 

(c) (DF test on the gold standard period) Apply the DF tw-test to the gold standard 
period of 1870-1913. Take t = 1 for 187 1, so the sample size is 43. Can you 
reject the random walk null at 5 percent? Is the estimate of p (the z,-I coeffi- 
cient in the regression of z, on a constant and zr-,) closer to zero than in (b)? 

(d) (Chow test) Having rejected the I(1) null, we proceed under the maintained 
assumption that the log real exchange rate z, follows a stationary AR(1) pro- 
cess. To test the null hypothesis that there is no structural change in the AR(1) 
equation, split the sample into two subsamples, 179 1-1973 and 1974-1990, 
and apply the Chow test. You may recall that the Chow test was originally 
developed for models with strictly exogenous regressors. If K is the number 
of regressors including a constant (2 in the present case), it is an F-test with 
(K, T - 2K) degrees of freedom. This result is not directly applicable here, 
because in the AR(1) equation the regressor is the lagged dependent variable 
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which is not strictly exogenous. However, as you verified in Analytical Exer- 

cise 12 of Chapter 2, if the variables (the regressors and the dependent variable) 
are ergodic stationary (which is the case here because (z , }  is ergodic station- 
ary when lpl < 11, then in large samples, with the sizes of both subsamples 
increasing, K . F is asymptotically X 2 ( ~ ) .  This result does not require the 
regressors to be strictly exogenous. Calculate K . F and verify the claim (see 
pp. 498-502 of Lothian and Taylor, 1996) that "there is no sign of a structural 
shift in the parameters during the floating period." In the present case of a 

lagged dependent variable, there is an issue of whether the equation for 1974, 

21974 = const. + ~ ~ 1 9 7 3  + error, 

should be included in the first subsample or in the second. It does not matter in 

large samples; include the equation in the first subsample (so the sample size 
of the first subsample is 183). (Note: K . F should be about 1.26.) 

(e) (The ADF-GLS) As was mentioned in Section 9.5, the ADF-GLS test achieves 
substantially higher power at a cost of only slightly higher size distortions. The 
ADF-GLS ti" and tr-statistics are calculated as follows. As in the ADF tb- and 

tr-tests, the null process is 

yt = dt + 21. zt = pzt - ]  + u t ,  p = 1, (u , }  zero-mean I(0) process. (3) 

Write dt = xi/?. For the case where dl is a constant. x, = 1 and /? = a ,  while 

for the case where d, is a linear time trend, x, = (1, t)' and B = (a, 6)'. We 
assume the sample is of size T with ( y l ,  y2, . . . , yT). 

(i) (GLS estimation of B )  In estimating the regression equation 

yt = x:B +error, (t = 1:  2 , .  . .  , T),  (4) 

do GLS assuming that the error process is AR(1) with the autoregressive 
coefficient of = 1 + t/ T. (The value of c will be specified in a moment.) 
That is, estimate /? by OLS by regressing 

(Unlike in the genuine GLS, the first observations, yl and XI, are not 
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weighted by d m ,  but this should not matter in large samples.) Set 

F according to 
2 = -7 

in the demeaned case (with x, = l),  

in the detrended case. (Roughly spealung, this choice of F ensures that the 
asymptotic power at c = F where p = 1 + c / T  is nearly 50 percent which 
is the asymptotic power achieved by an ideal test specifically tailored to 

A 

this alternative of c = I?.) Call the resulting estimator BGLS and define 
A 

jt -- yt - x;BGLs. (This should not be confused with the GLS residual, 
A 

which is (yt - fiyt-1) - (xt - Fxt-l)'BGLs.) 

(ii) (ADF without intercept on the residuals) Estimate the augmented autore- 
gression without intercept using jt instead of y,: 

j t  = ~ j t - I  + ti . (jt-I - jr-2) + .  . . + tl, . ( j tPp  - jt-p-l) + error 

The t-value for p = 1 is the ADF-GLS t-statistic; call it the ADF-GLS r w  
if x, = 1 and the ADF-GLS t' if x, = (1, t)'. The limiting distribution 
of the ADF-GLS tp is that of DF, (which is tabulated in Table 9.2, Panel 
(a)), while that of the ADF-GLS t' is tabulated in Table I.C. of Elliott et al. 
(1996). Reproducing their lower tail critical values 

-3.48 for 1%, -3.15 for 2.5%. -2.89 for 5%, and -2.57 for 10%. 

Elliott et al. (1996) show for the ADF-GLS test that the asymptotic power 
is higher than those of the ADF p- and t-tests, and that compared with 
the ADF tests, the finite-sample power is substantially higher with only a 
minor deterioration in size distortions. 

Apply the ADF-GLS tw-test to the gold standard subsample 187G1913. 
Choose the lag length by BIC with p,,,, (the maximum number of lagged 
changes in the augmented autoregression, denoted p,,,,(T) in the text) by 
(9.4.31) (so p,, = 9). Can you reject the null that the real exchange rate 
is driftless I(1)? (Note: The BIC will pick 0 for p. The statistic should be 
-2.24. You should be able to reject the 1(1) null at 5 percent.) 

TSP Tip: An example of TSP codes assuming p = 0 for this part is the 

following. 

Keen
Rectangle
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? 

? (e) ADF-GLS 
? 

? Step 1: GLS demeaning 
? 

set rhobar=l-7/(1913-1870+1); 
smpl 1870 1913; 
const=l; 

ct=l; 
zt=z; ? z is the log real exchange rate 

smpl 1871 1913; 

zt=z-rho bar*^ (-1) ; 

ct=const-rhobar*const(-1); 
smpl 1870 1913; 

olsq zt ct; 
z=z-@coef (1) ; 

? @coef(l) is the GLS estimate of the mean 
? 

? Step 2: DF with demeaned variable 

? 

smpl 1871 1913; 
olsq z z(-1) ; 
set t=(@coef (1)-l)/@ses(l);print t; 

(f) (Optional analytical exercise on time aggregation) Suppose y, is a random 
walk without drift. Create from this time-averaged series by the formula 

(Think of y, as the exchange rate on day t and jj as an annual average of daily 
exchange rates for year j.) Show that { j j }  is not a random walk. More specif- 
ically, show that 
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A N S W E R S  T O  S E L E C T E D  Q U E S T I O N S  

A N A L Y T I C A L  E X E R C I S E S  

1. Since ~(6:) < a, t0/n converges in mean square (and hence in probability) 
to 0 as T + a. Thus, the second term on the right-hand side of (*) in the hint 
can be ignored. Regarding the first term, we have 

The first term on the right-hand side of this equation can be ignored. By 
Proposition 6.9, the second term converges to N(0, k2) because At, is a linear 

process with absolutely summable MA coefficients. So the first term on the 
right-hand side of (*) converges in distribution to (k2/2)x where X - X2(1). 

Since {At,} is ergodic stationary, the last term on the right-hand side of (*) 
converges in probability to 4 E [ ( A ~ , ) ~ ]  by the Ergodic Theorem. 

5. The (1, 1) element of AT converges to the random variable indicated in Propo- 

sition 9.2(c). Regarding the first element of CT, by Beveridge-Nelson, 

Therefore, 
w fi 

Yt-, = +(l)w;-l + 17,-,, 

where 
W - - X o + " ' + x ~ - l  xtPl = xtPl - X ,  x = forx = w , ~ ,  

T 

and 

The second term on the right-hand side of this equation can be ignored asymp- 
totically. By Proposition 9.2(d) for 6, = w, (a driftless random walk), the first 

term on the right-hand side converges to 

Keen
Rectangle
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From this. we have 

The AT matrix is asymptotically diagonal for the demeaned case too. The off- 
diagonal elements of AT are equal to 1 / f i  times 

Since cT=~ yr-, = 0, this equals 

It is easy to show, by a little bit of algebra analogous to that in Review Question 
3 of Section 9.4 and Proposition 9.2(d), that (6) has a limiting distribution. So 
1 1 8  times (6), which is the off-diagonal elements of AT,  converges to zero 
in probability. Then, using the same argument we used in the text for the case 
without intercept, it is easy to show that 51 is consistent for (1. So @ ( l )  is 
consistently estimated by 1/(1 - i t ) .  Taken together, 

E M P I R I C A L  E X E R C I S E S  

(a) With p = 0, the estimated AR(1) equation is 

The value of t f i  is -3.47, which matches the value in Table 1 of Lothian and 
Taylor (1996). The 5 percent critical value is -2.86 from Table 9.2, Panel (b). 

(b) The estimated AR(1) equation for 1974-1990 is 

zr = const. + 0 . 7 7 0 4 ~ , - ~ ,  SSR = 0.150964, R2 = 0.539, T = 16. 
(0.1 904) 

tfi = - 1.21 > -2.86. We fail to reject the null at 5 percent. 
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(c) The estimated AR(1) equation for 1870-1913 is 

zt = const. + 0.7222 zrP1,  SSR = 0.069429, R~ = 0.538, T = 43. 
(0.1045) 

t p  = -2.66 > -2.86. We fail to reject the null at 5 percent. 

(d) The estimated AR(1) equation for 1791-1974 is 

zt  = const. + 0.8993 z , - ~ ,  SSR = 0.837772, R~ = 0.805, T = 183. 
(0.0329) 

From this and the results in (a) and (b), 

The 5 percent critical value for x2(2) is 5.99. So we accept the null hypothesis 
of parameter stability. 

(e) The ADF-GLS tfi = -2.24. The 5 percent critical value is -1.95 from Table 
9.2, Panel (a). So we can reject the 1(1) null. 
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